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Foreword 


This book is the fifth volume in the series of Collected Papers on Advancing Uncertain 
Combinatorics through Graphization, Hyperization, and Uncertainization: Fuzzy, Neutrosophic, 
Soft, Rough, and Beyond. This volume specifically delves into the concept of Various 
SuperHyperConcepts, building on the foundational advancements introduced in previous volumes. 

The series aims to explore the ongoing evolution of uncertain combinatorics through innovative 
methodologies such as graphization, hyperization, and uncertainization. These approaches integrate and 
extend core concepts from fuzzy, neutrosophic, soft, and rough set theories, providing robust frameworks 
to model and analyze the inherent complexity of real-world uncertainties. 

At the heart of this series lies combinatorics and set theory—cornerstones of mathematics that 
address the study of counting, arrangements, and the relationships between collections under defined rules. 
Traditionally, combinatorics has excelled in solving problems involving uncertainty, while advancements 
in set theory have expanded its scope to include powerful constructs like fuzzy and neutrosophic sets. These 
advanced sets bring new dimensions to uncertainty modeling by capturing not just binary truth but also 
indeterminacy and falsity. 

In this fifth volume, the exploration of Various SuperHyperConcepts provides an innovative lens 
to address uncertainty, complexity, and hierarchical relationships. It synthesizes key methodologies 
introduced in earlier volumes, such as hyperization and neutrosophic extensions, while advancing new 
theories and applications. From pioneering hyperstructures to applications in advanced decision-making, 
language modeling, and neural networks, this book represents a significant leap forward in uncertain 
combinatorics and its practical implications across disciplines. 

The book is structured into 17 chapters, each contributing unique perspectives and advancements 
in the realm of Various SuperHyperConcepts and their related frameworks: 

Chapter 1 introduces the concept of Body-Mind-Soul-Spirit Fluidity within psychology and 
phenomenology, while examining established social science frameworks like PDCA and DMAIC. It 
extends these frameworks using Neutrosophic Sets, a flexible extension of Fuzzy Sets, to improve their 
adaptability for mathematical and programming applications. The chapter emphasizes the potential of 
Neutrosophic theory to address multi-dimensional challenges in social sciences. 

Chapter 2 delves into the theoretical foundation of Hyperfunctions and their generalizations, such 
as Hyperrandomness and Hyperdecision-Making. It explores higher-order frameworks like Weak 
Hyperstructures, Hypergraphs, and Cognitive Hypermaps, aiming to establish their versatility in addressing 
multi-layered problems and setting a foundation for further studies. 

Chapter 3 extends traditional decision-making methodologies into HyperDecision-Making and n- 
SuperHyperDecision-Making. By building on approaches like MCDM and TOPSIS, this chapter develops 
frameworks capable of addressing complex decision-making scenarios, emphasizing their applicability in 
dynamic, multi-objective contexts. 

Chapter 4 explores integrating uncertainty frameworks, including Fuzzy, Neutrosophic, and 
Plithogenic Sets, into Large Language Models (LLMs). It proposes innovative models like Large Uncertain 
Language Models and Natural Uncertain Language Processing, integrating hierarchical and generalized 
structures to advance the handling of uncertainty in linguistic representation and processing. 

Chapter 5 introduces the Natural n-Superhyper Plithogenic Language by synthesizing natural 
language, plithogenic frameworks, and superhyperstructures. This innovative construct seeks to address 


challenges in advanced linguistic and structural modeling, blending attributes of uncertainty, complexity, 
and hierarchical abstraction. 

Chapter 6 defines mathematical extensions such as NeutroHyperstructures and AntiHyperstructures 
using the Neutrosophic Triplet framework. It formalizes structures like neutro-superhyperstructures, 
advancing classical frameworks into higher-dimensional realms. 

Chapter 7 explores the extension of Binary Code, Gray Code, and Floorplans through 
hyperstructures and superhyperstructures. It highlights their iterative and hierarchical applications, 
demonstrating their adaptability for complex data encoding and geometric arrangement challenges. 

Chapter 8 investigates the Neutrosophic TwoFold SuperhyperAlgebra, combining classical 
algebraic operations with neutrosophic components. This chapter expands upon existing algebraic 
structures like Hyperalgebra and AntiAlgebra, exploring hybrid frameworks for advanced mathematical 
modeling. 

Chapter 9 introduces Hyper Z-Numbers and SuperHyper Z-Numbers by extending the traditional 
Z-Number framework with hyperstructures. These extensions aim to represent uncertain information in 
more complex and multidimensional contexts. 

Chapter 10 revisits category theory through the lens of hypercategories and superhypercategories. 
By incorporating hierarchical and iterative abstractions, this chapter extends the foundational principles of 
category theory to more complex and layered structures. 

Chapter 11 formalizes the concept of n-SuperHyperBranch-width and its theoretical properties. By 
extending hypergraphs into superhypergraphs, the chapter explores recursive structures and their potential 
for representing intricate hierarchical relationships. 

Chapter 12 examines superhyperstructures of partitions, integrals, and spaces, proposing a 
framework for advancing mathematical abstraction. It highlights the potential applications of these 
generalizations in addressing hierarchical and multi-layered problems. 

Chapter 13 revisits Rough, HyperRough, and SuperHyperRough Sets, introducing new concepts 
like Tree-HyperRough Sets. The chapter connects these frameworks to advanced approaches for modeling 
uncertainty and complex relationships. 

Chapter 14 explores Plithogenic SuperHyperStructures and their applications in decision-making, 
control, and neuro systems. By integrating these advanced frameworks, the chapter proposes innovative 
directions for extending existing systems to handle multi-attribute and contradictory properties. 

Chapter 15 focuses on superhypergraphs, expanding hypergraph concepts to model complex 
structural types like arboreal and molecular superhypergraphs. It introduces Generalized n-th Powersets as 
a unifying framework for broader mathematical applications, while also touching on hyperlanguage 
processing. 

Chapter 16 defines NeutroHypergeometry and AntiHypergeometry as extensions of classical 
geometric structures. Using the Geometric Neutrosophic Triplet, the chapter demonstrates the flexibility of 
these frameworks in representing multi-dimensional and uncertain relationships. 

Chapter 17 establishes the theoretical groundwork for SuperHyperGraph Neural Networks and 
Plithogenic Graph Neural Networks. By integrating advanced graph structures, this chapter opens pathways 
for applying neural networks to more intricate and uncertain data representations. 

We hope this volume inspires further exploration of uncertain combinatorics and its limitless 
potential for addressing the intricacies of our world. 


Takaaki Fujita, Florentin Smarandache 
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Chapter 1 


Reconsideration of Neutrosophic Social Science and Neutrosophic 
Phenomenology with Non-classical logic 


Takaaki Fujita | * and Florentin Smarandache’, 
'.. Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. t171d603 @gunma-u.ac.jp 
? University of New Mexico, Gallup Campus, NM 87301, USA. smarand@unm.edu 


Abstract 


Body-Mind-Soul-Spirit Fluidity is a concept rooted in psychology and phenomenology, offering significant 
insights into human decision-making and well-being. Similarly, in social analysis and social sciences, frame- 
works such as PDCA, DMAIC, SWOT, and OODA have been established to enable structured evaluation and 
effective problem-solving. Furthermore, in phenomenology and social sciences, various logical systems have 
been developed to address specific objectives and practical applications. 


This paper extends these concepts using the Neutrosophic theory, revisiting their mathematical definitions and 
exploring their properties. The Neutrosophic Set, an extension of the Fuzzy Set, is a highly flexible framework 
that has been widely studied in fields such as social sciences. By incorporating Neutrosophic Sets, we aim to 
improve their suitability for programming and mathematical analysis, providing advanced methods to tackle 
complex, multi-dimensional problems. 


We hope that this research will inspire further studies and foster the development of practical applications across 
various related disciplines. 


Keywords: Neutrosophic Set, plithogenic set, fuzzy set, Phenomenology 


1 Short Introduction 
1.1 Phenomenology: Body-Mind-Soul-Spirit Fluidity 


Phenomenology is a philosophical approach that investigates conscious experiences as they are perceived, fo- 
cusing on intentionality, subjective interpretation, and the suspension of preconceived notions to reveal the 
essence of phenomena and lived experiences . Its relevance spans disciplines 
such as psychology, sociology (87|[107), education [98], and healthcare [297], highlighting the importance of 
continued research in phenomenological studies. 


Body-Mind-Soul-Spirit Fluidity is a concept originating from psychology and phenomenology (cf. 
{183}|[195}/360]). It reflects the interconnected dimensions of human existence: the physical body, mental pro- 
cesses, emotional soul, and spiritual awareness. Recently, this concept has been extended through the frame- 
work of Neutrosophic Sets, giving rise to Neutrosophic Body-Mind-Soul-Spirit Fluidity, a more flexible and 
robust model for understanding the dynamics of these interconnected dimensions (337). 


1.2 Social Analysis: PDCA, DMAIC, SWOT, OODA, and Five Forces Analysis 


Social Science studies human behavior, societies, and cultures using systematic research and interdisciplinary 
approaches (142393). Social Analysis examines societal structures, relationships, and processes to understand 
social dynamics and address challenges (34)[138}. In the field of Social Analysis and Social Sciences, various 
frameworks have been established to facilitate structured evaluation and problem-solving (138). Notable ex- 
amples include the following frameworks, which are widely recognized for their practical applications. In this 
paper, these concepts will be extended using the Neutrosophic Set framework discussed later. 


¢ PDCA (Plan-Do-Check-Act): A cyclical framework designed for continuous improvement. It involves 
planning strategies, executing actions, evaluating results, and refining processes to achieve better out- 


comes [133]173]256]29T]. 


¢ DMAIC (Define-Measure-Analyze-Improve-Control): A methodology derived from Six Sigma that em- 
phasizes defining problems, collecting and measuring data, analyzing root causes, implementing im- 


provements, and controlling processes to maintain quality [224| : 


¢ SWOT (Strengths-Weaknesses-Opportunities-Threats): A strategic planning tool used to assess internal 
strengths and weaknesses, as well as external opportunities and threats, for effective organizational anal- 


ysis (93]40)237)305]311)391). 


¢ OODA (Observe-Orient-Decide-Act): A decision-making process that focuses on observing situations, 
orienting oneself to the context, making informed decisions, and acting promptly, particularly in dynamic 


or competitive environments [131|[198|[236|/282/298|/415). 


¢ Porter’s Five Forces Analysis: A framework for analyzing industry competition. It examines five key 
forces: industry rivalry, buyer power, supplier power, the threat of substitutes, and the threat of new 


entrants * 


1.3 Neutrosophic Set and Related Set Theories 


Psychology, Phenomenology, and Social Analysis are inherently intertwined with uncertainty. The Neutro- 
sophic Set provides a comprehensive framework for effectively addressing and managing these uncertainties. 
This subsection explains the Neutrosophic Set and its related concepts. 


Set theory is a foundational branch of mathematics that focuses on the study of ’’sets,” which are collections of 
objects . Over time, extensions of classical set theory have been developed to better handle 
the complexities and uncertainties encountered in real-world scenarios. These include Fuzzy Sets [88/358}403| 


Vague Sets [9//58)|63) . Soft Sets [14]/15|[120} 400], Hypersoft Sets [332)333] 
, Hyperfuzzy Sets [119| , and Neutrosophic Sets 2511319 


Each of these frameworks addresses specific forms of ambiguity or uncertainty. For example, Fuzzy Sets as- 
sign to each element a membership degree within the interval [0, 1], representing partial rather than binary 
membership (403). Neutrosophic Sets extend this concept by assigning three independent degrees—truth, in- 
determinacy, and falsity—to each element, making them particularly suitable for managing complex uncertain- 


ties [319/320]. 


1.4 Our Contribution in This Paper 


In this paper, we extend the concepts of Body-Mind-Soul-Spirit Fluidity, PDCA, DMAIC, SWOT, OODA, and 
Five Forces Analysis within the framework of Neutrosophic theory and provide a brief exploration of their 
properties. Furthermore, we investigate various types of logic in the contexts of Neutrosophic Phenomenology 
and Neutrosophic Social Science. It is important to note that the term “logic” here refers specifically to non- 
classical logic. While some of these concepts are already established, we revisit their mathematical definitions 
to facilitate programming and mathematical analysis using Neutrosophic Sets. 


We hope that this research will inspire further studies and encourage the development of practical applications 
in this emerging field. 


2 Preliminaries and Definitions 


This section introduces essential concepts from set theory that are used throughout this work. For a deeper 
exploration of these concepts and their applications, readers are encouraged to consult the cited references as 


necessary [1 13!)159))167}180]207]. Detailed discussions on related operations and extensions are also available 
y 113) Pp 


in the listed references. 


2.1 Core Concepts in Set Theory 


The following are foundational principles in set theory. For additional insights and examples, readers may refer 
to the recommended references [180]. 


Definition 2.1 (Set). [180] A set is defined as a well-determined collection of distinct elements. These elements 
are either included in or excluded from the set. If A is a set and x is one of its elements, this is expressed as 
x € A. Sets are typically denoted using curly braces, e.g., A = {a, b,c}. 


Definition 2.2 (Subset). [180] A set A is said to be a subset of another set B, written A C B, if all elements of 
A are also elements of B. Formally, this is expressed as: 


ACB => Vx(xEA = xeEB). 


We also use the following concepts. 


Definition 2.3. (cf. |168]) The set of real numbers R includes all rational and irrational numbers. Formally, it 
is defined as a complete, ordered field that satisfies the completeness property: 


Every non-empty subset of R that is bounded above has a least upper bound in R. 


Definition 2.4. (cf. [194]) The set of integers Z consists of all whole numbers, including positive, negative, 
and zero: 
Z={...,-2,-1,0,1,2,...}. 


2.2 Fuzzy Sets and Neutrosophic Sets 


Fuzzy Sets and Neutrosophic Sets are often introduced in relation to their foundational counterpart, the Crisp 
Set. Below are formal definitions to establish this context. 


Definition 2.5 (Universe Set). (cf. (252}) A universe set, denoted as U, is the complete set of all elements 
relevant to a particular discussion or problem. It serves as the universal context, encompassing every element 
that could be considered within a given framework. For any subset A, the relationship A C U holds, meaning 
all elements of A must belong to U. 


The universe set U is foundational in set theory, acting as the domain of discourse within which all subsets are 
defined. It is synonymous with concepts such as the underlying set or total set. 


Definition 2.6 (Crisp Set). [259] Let X be a universe set, and let P(X) represent the power set of X, which 
includes all subsets of X. A crisp set A C X is defined by its characteristic function y4 : X — {0,1}, where: 


1 ifxeA, 


wala) = . ree a: 


The characteristic function y, assigns a value of | to elements belonging to A and 0 to those outside it, creating 
a clear and definitive boundary. Crisp sets adhere strictly to binary logic, distinguishing whether an element is 
inside or outside the set. 


A Fuzzy Set assigns each element a degree of membership between 0 and 1, representing partial truth and 
handling uncertainty. 


Definition 2.7 (Fuzzy Set). [403408] A fuzzy set t in a non-empty universe Y is a function t : Y — [0, 1], 
where each element y € Y is assigned a degree of membership in the interval [0, 1]. 


A fuzzy relation 6 is a fuzzy subset of Y x Y. If t is a fuzzy set in Y and 6 is a fuzzy relation on Y, 6 is calleda 
fuzzy relation on T if: 
6(y,z) < min{r(y), T(z)} forall y,z Ee Y. 


Example 2.8 (Temperature Perception). (cf. (64}) Consider the fuzzy set t of “‘warm temperatures” in a uni- 
verse Y = R (all temperatures in Celsius). The membership function t could be defined as: 


0, if y < 15 (cold); 
ry) s4 224 1S < pq 25; 
1, if y > 25 (warm). 


For example, at y = 20°C, the membership degree of ‘‘warm’” is 0.5. 


Example 2.9 (Tall People). (cf. |196]) In a population where height is measured, the fuzzy set t of ‘‘tall people” 
can assign membership values based on height h: 


0, if h < 150 cm (not tall); 
T(h) =4 440 if 150 < h < 180; 
1, if h > 180 cm (tall). 


Here, a person of height 165 cm has a membership degree of 0.5. 


Example 2.10 (Risk Level in Investments). (cf. ||158]) The fuzzy set t of ‘‘high-risk investments” in a universe 
Y of possible investments may assign degrees of risk based on volatility or expected return. For example: 


0, if volatility r < 5%; 
T(r) = aie oer < 19%; 
1, ifr > 15%. 


An investment with volatility r = 10% would have a membership degree of 0.5 in the ‘“‘high-risk” category. 


Neutrosophic Set extends Fuzzy Set by introducing truth, indeterminacy, and falsity, each independently in 
[0, 1], handling uncertainty and contradictions more comprehensively [319]. Unlike Fuzzy Sets, Neutrosophic 
Sets model indeterminacy explicitly, enabling greater flexibility for uncertain, inconsistent, or ambiguous data 
representation. 


Definition 2.11 (Neutrosophic Set). [319 Let X be a non-empty set. A (single-valued) 


Neutrosophic Set A on X is characterized by three membership functions: 
Ta: X—- [0,1], I4:X—- [0,1], Fa: X —- [0,1], 


where for every x € X, T4(x), [4(x), and F(x) denote the degrees of truth, indeterminacy, and falsity, respec- 
tively. These functions satisfy the following condition: 


0 < Ta(x) + J4(x) + Fa(x) <3. 


Example 2.12 (Analysis of Tasks). ’Analysis of Tasks” systematically examines tasks by breaking them into 
components, evaluating resources, priorities, dependencies, and performance for optimization (cf. (70][232}). 
Let U = {a, b,c} be a set of tasks. A Neutrosophic Set S$ can assign the following degrees of truth, indetermi- 
nacy, and falsity to each task: 


¢ Task a: T(a) = 0.8, [(a) =0.1, F(a) =0.1 
¢ Task b: T(b) = 0.5, I(b) = 0.3, F(b) = 0.2 
¢ Task c: T(c) = 0.6, I(c) = 0.2, F(c) = 0.2 


This setup illustrates a scenario where task a has a high likelihood of success, task b is relatively uncertain, 
and task c has a moderate chance of being true. 


Example 2.13 (Analysis of Consumer Sentiment). Consumer Sentiment” measures individuals’ attitudes, 
confidence, and feelings about economic conditions, influencing spending behavior and market trends (59) 134) F 
Consider a product review x. The sentiment of the review can be quantified using Neutrosophic Sets as follows: 


* Ta(x) = 0.6: 60% of users convey positive feedback. 
¢ I,4(x) = 0.3: 30% of users exhibit neutral or uncertain opinions. 


¢ Fa(x) = 0.1: 10% of users express negative feedback. 


Neutrosophic Sets have been widely applied in sentiment analysis to handle uncertainty and partial truths in 


user opinions [31|/164||190}/210/283}. 


Theorem 2.14. A Neutrosophic Set can generalize both Fuzzy Sets and Crisp Sets. 


Proof. This follows directly from the definition, as a Neutrosophic Set encompasses the structures of Fuzzy 
Sets and Crisp Sets as special cases. oO 


As related concepts of Fuzzy Sets, the following are well-known: Hesitant Fuzzy Sets , Picture 


Fuzzy Sets [6]{6||80)[81|/253], Bipolar Fuzzy Sets [12}{13}/18]|61)||152) [248], Hyperfuzzy set [119 
349], Spherical fuzzy sets [25|{199|/200|[221|/338], and Tripolar Fuzzy Sets [288290]. Additionally, related 
concepts of the Neutrosophic Set include the Bipolar Neutrosophic Set |/1| 2391372] , Neutrosophic Soft Set 
[18|/53|[188]191], Hyperneutrosophic set [119], Neutrosophic offset [115]323]324 and Complex 
Neutrosophic Set [16|[17], among others. 


Furthermore, Fuzzy and Neutrosophic concepts have been studied not only in the context of sets but also in 


various fields such as Graph Theory and Algebra . Therefore, research on Fuzzy 


and Neutrosophic frameworks is of great significance. 


2.3 Plithogenic Set: A Generalization of Uncertain Sets 


The Plithogenic Set is recognized as a type of set capable of generalizing Neutrosophic Sets, Fuzzy Sets, and 
other similar uncertain sets [326)/327]. The definition of the Plithogenic Set is provided below. 


Definition 2.15. 326) Let S be a universal set, and P C S. A Plithogenic Set PS is defined as: 


PS = (P,v, Pv, pdf, pCF) 


where: 


* vis an attribute. 
¢ Pv is the range of possible values for the attribute v. 
° pdf : Px Pv — [0,1]* is the Degree of Appurtenance Function (DAF). 


° pCF : Pv x Pv = [0,1]! is the Degree of Contradiction Function (DCF). 
These functions satisfy the following axioms for all a,b € Pv: 
1. Reflexivity of Contradiction Function: 
pCF(a,a) =0 
2. Symmetry of Contradiction Function: 
pCF(a, b) = pCF(b,a) 


Example 2.16. (cf. |125]) The following examples of Plithogenic sets are provided. 


When s = t = 1, PS is called a Plithogenic Fuzzy Set. 


When s = 2,t = 1, PS is called a Plithogenic Intuitionistic Fuzzy Set. 


When s = 3,t = 1, PS is called a Plithogenic Neutrosophic Set. 


When s = 4,t = 1, PS is called a Plithogenic quadripartitioned Neutrosophic Set (cf. 171) ). 


When s = 5,t = 1, PS is called a Plithogenic pentapartitioned Neutrosophic Set (cf. ). 


When s = 6,t = 1, PS is called a Plithogenic hexapartitioned Neutrosophic Set (cf. |265}). 


When s = 7,t = 1, PS is called a Plithogenic heptapartitioned Neutrosophic Set (cf. ). 


When s = 8,t = 1, PS is called a Plithogenic octapartitioned Neutrosophic Set. 


When s = 9,t = 1, PS is called a Plithogenic nonapartitioned Neutrosophic Set. 


The pal Set can generalize various sets that handle uncertainty, including Neutrosophic Sets and Fuzzy 


Sets [119|/326]. Several derived concepts of the Plithogenic Set na been studied [91] (91]|124]229)230)313} 


352], nae with its applications in graph theory and related fields [[125|[128|[129|[316]. Therefore, research on 
Plithogenic Sets is as significant as that on Fuzzy Sets and teat Sets. 


2.4 Uncertain Logic 


This subsection explains Uncertain Logic. Various types of logic, such as Fuzzy Logic [247| 409], Intuition- 


istic Fuzzy Logic [27]69| , Neutrosophic Logic [130 321], Plithogenic Logic [327], and Upside-Down 
Logic [}127| , have been studied under the umbrella of Uncertain Logic. Below, we introduce some of these 
logics. 


Definition 2.17 (Classical Logic). (cf. [75| ) Classical Logic is a formal system of reasoning based 
on binary truth values: true (1) and false (0). It operates under the principles of the law of identity, the law of 
non-contradiction, and the law of excluded middle, ensuring that every proposition is either true or false, with 
no intermediate states. 


Definition 2.18 (Fuzzy Logic). [403] Fuzzy Logic is an extension of classical logic designed to handle rea- 
soning under uncertainty and vagueness. It assigns a degree of truth to each proposition, rather than a binary 
value (true or false). Formally, Fuzzy Logic is defined as a system: 


= (X,u,R), 


where: 


¢ X: A universal set of discourse, representing all possible elements under consideration. 


* yt: X — [0,1]: A membership function that maps each element x € X to a degree of truth in the interval 
[0, 1], where: 
u(x) =1 if x is fully true, 


L(x) =0_ if x is fully false. 


Intermediate values (0 < u(x) < 1) represent partial truth. 
° R: A set of fuzzy rules or relations, typically of the form: 
If Ais X then Bis Y, 
where A, B € X and X,Y are fuzzy sets defined on X. 


Definition 2.19 (Neutrosophic Logic). [319] Neutrosophic Logic extends classical logic by assigning to each 
proposition a truth value comprising three components: 


v(A) = (T,1, F), 


where T,/, F € [0, 1] represent the degrees of truth, indeterminacy, and falsity, respectively. 


Remark 2.20. Fuzzy logic is a special case of Neutrosophic Logic where both indeterminacy and falsity are 
set to zero. Moreover, Plithogenic Logic is known for its ability to generalize both Neutrosophic Logic and 
Fuzzy Logic. 


Definition 2.21 (Plithogenic Logic). [326||327| Plithogenic Logic extends classical and fuzzy logic by incor- 
porating the concepts of contradiction and attribute values to model uncertainty and decision-making under 
complex conditions. Formally, let S be a universal set, and P C S. A Plithogenic Set PS is defined as: 


PS = (P,v, Pv, pdf, pCF), 


where: 


¢ v: An attribute describing elements of P. 
e Py: The range of possible values for the attribute v. 


° pdf : Px Pv — [0,1]*: The Degree of Appurtenance Function (DAF), which assigns a degree of 
belonging for an element of P based on the attribute v. 


e pCF : Pvx Py = [0, 1]': The Degree of Contradiction Function (DCF), which measures the degree of 
contradiction between pairs of attribute values. 


The following axioms must hold for all a,b € Pv: 


1. Reflexivity of Contradiction Function: 
pCF(a,a) =0 


2. Symmetry of Contradiction Function: 
pCF(a, b) = pCF(b,a) 
Example 2.22. (cf. |125]) The following examples of Plithogenic Logic are provided. 


When s = ¢ = 1, PL is called a Plithogenic Fuzzy Logic. 


When s = 2,t = 1, PL is called a Plithogenic Intuitionistic Fuzzy Logic. 


When s = 3,t = 1, PL is called a Plithogenic Neutrosophic Logic. 


When s = 4,t = 1, PL is called a Plithogenic Quadripartitioned Neutrosophic Logic. 


When s = 5,t = 1, PL is called a Plithogenic Pentapartitioned Neutrosophic Logic. 


When s = 6,t = 1, PL is called a Plithogenic Hexapartitioned Neutrosophic Logic. 


When s = 7,t = 1, PL is called a Plithogenic Heptapartitioned Neutrosophic Logic. 


When s = 8,t = 1, PL is called a Plithogenic Octapartitioned Neutrosophic Logic. 


When s = 9,t = 1, PL is called a Plithogenic Nonapartitioned Neutrosophic Logic. 


3 Result and Discussion in this Paper 


This section provides a concise explanation of the mathematical definitions and properties of Neutrosophic 
Phenomenology and Neutrosophic Social Science discussed in this paper. 


3.1 Neutrosophic Phenomenology: Neutrosophic Body-Mind-Soul-Spirit Fluidity 


Neutrosophic Body-Mind-Soul-Spirit Fluidity is a novel concept introduced in [337]. This concept extends the 
traditional idea of Body-Mind-Soul-Spirit Fluidity by incorporating the principles of the Neutrosophic Set. If 
we attempt to define it mathematically, it can be expressed as follows. 


Definition 3.1 (Neutrosophic Phenomenology). Neutrosophic Phenomenology is the study of phenomena and 
consciousness under uncertainty, incorporating neutrosophic components of truth (7), indeterminacy (J), and 
falsity (F’). It provides a framework to model subjective experiences where information is incomplete, ambigu- 
ous, or contradictory. 


Definition 3.2 (Components of Neutrosophic Body-Mind-Soul-Spirit Fluidity). The Neutrosophic Body-Mind- 
Soul-Spirit Fluidity (NBMSSF) integrates the four fundamental aspects of human existence—Body, Mind, Soul, 
and Spirit—within the neutrosophic framework. Each component is defined as follows: 


1. Body: Represents the physical aspect of a person, characterized by biological processes. In neutrosophy, 
the body exists not merely in health or illness but also in neutral states, reflecting the dynamic balance and 
transition between wellness, growth, and decay. 


2. Mind: Encompasses cognitive functions like reasoning and memory. The mind, in neutrosophic terms, tran- 
scends a binary rational/irrational framework, allowing for indeterminate states where beliefs and perceptions 
coexist in varying degrees of clarity, ambiguity, and influence. 


3. Soul: Represents the essence or immaterial core of a person. In neutrosophy, the soul is not limited to good 
or evil but fluctuates between true identity (T), uncertain beliefs (J), and societal misconceptions (F), reflecting 
the full spectrum of human emotional and spiritual experiences. 


4. Spirit: Associated with transcendence and connection to the divine. Neutrosophy views the spirit as existing 
in transitional states, balancing truths of divine experience (T), uncertainties in belief (7), and misconceptions 
about spiritual practices (F). 


Example 3.3 (Real-Life Intuitive and Mathematically Correct Illustration of NBMSSF). Consider the case of 
an individual recovering from a serious illness (cf. (85/86), reflecting the interplay of Body, Mind, Soul, and 
Spirit within the Neutrosophic Body-Mind-Soul-Spirit Fluidity (NBMSSF) framework: 


1. Body: The individual’s physical state fluctuates between health and illness. For instance, while the immune 
system is actively recovering, the body exists in a dynamic state, not fully healthy (7), not completely ill (F), 
and in a transitional phase (J) as new treatments are being adapted. 


2. Mind: Cognitively, the individual experiences varying degrees of clarity and confusion. For example, 
optimism about recovery (7) may coexist with doubts about treatment efficacy (J) or fear of relapse (F), creating 
a nuanced mental state. 


3. Soul: Emotionally, the person may feel both gratitude for life (J) and unresolved pain from the illness (F), 
alongside uncertainty about their spiritual purpose (J). These fluctuations represent the complexity of the soul 
in navigating existential questions. 


4. Spirit: Spiritually, the person seeks connection with the divine or higher purpose. They may experience mo- 
ments of profound clarity and faith (7), intermixed with uncertainties about their beliefs (7), or misconceptions 
about spiritual practices (F), especially during challenging times. 


This example illustrates the NBMSSF concept by highlighting how each component operates within neutro- 
sophic parameters, offering a more comprehensive understanding of human experiences in real-life situations. 


Taking the above components into consideration, Neutrosophic Body-Mind-Soul-Spirit Fluidity is defined as 
follows. 


Definition 3.4 (Neutrosophic Body-Mind-Soul-Spirit Fluidity). Neutrosophic Body-Mind-Soul-Spirit Fluidity 
(NBMSSF) is defined as a mathematical structure consisting of four interacting components Body, Mind, Soul, 
and Spirit. Each component X € {Body, Mind, Soul, Spirit} is characterized by the Neutrosophic Triad T(X), 
I(X), F(X), which satisfies the following conditions: 


1. Neutrosophic Triad: 


T(X) € [0,1] (Degree of Truth) 

I(X) € [0,1] (Degree of Indeterminacy) 
F(X) € [0,1] (Degree of Falsehood) 
T(X) + 1(X) + F(X) = 1. 


2. Dynamics: Each component X’s state is influenced by the other three components Y, Z, W, expressed as a 
fluidity function F(X): 

F(X) = fx(T(Y), WY), FY), T(Z), (Z), F(Z), T(W), 1(W), F(W)), 
where fx is the influence function, determined by the specific application. 


3. Interdependency Model: The state of each component evolves as a system of differential equations: 


dT(X) 
= T,1,F), 
i gr,x(T, 1, F) 
dI(X) 
= T,I,F 
Ai g1,x(T,1,F), 
dF(X 
a: ) = gr,x(T, 1, F), 


where gr7.x, 27,x, and gr.x describe the rate of change for each state. The explicit forms of these functions 
can include interactions between the components, such as gr.x = axT(Y) — Bx F(W), where ax and fx are 
sensitivity coefficients. 


4. Global Fluidity Matrix: The overall state of the system is represented as a matrix: 


T(Body) J(Body) F(Body) 
T(Mind) J(Mind) F(Mind) 
T(Soul) J(Soul)  F(Soul) |’ 
T(Spirit) J(Spirit) F (Spirit) 


S(t) = 


which evolves over time f. 


5. Characteristic Function: Each component’s state transition is described by: 
Ox(T, 1, F) = axT(X) + Bxl(X) + yxF(X), 

where ax, Bx, yx are context-dependent weights. 

6. Constraints: To ensure global balance, the following constraint holds: 


T(X) + 1(X) + F(X) =4. 
X€{Body, Mind, Soul, Spirit} 


Remark 3.5. Fuzzy Body-Mind-Soul-Spirit Fluidity is a special case of Neutrosophic Body-Mind-Soul-Spirit 
Fluidity where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Body-Mind-Soul-Spirit 
Fluidity is notable for its ability to generalize both Neutrosophic and Fuzzy Body-Mind-Soul-Spirit Fluidity. 


Example 3.6. Consider an individual who is generally healthy, mentally active, and emotionally balanced but 
experiencing some uncertainty in spiritual matters. Their states are as follows: 


* Body: T(Body) = 0.7, [(Body) = 0.2, F(Body) = 0.1 (indicating good physical health). 


¢ Mind: T(Mind) = 0.5, [(Mind) = 0.3, F(Mind) = 0.2 (a mixture of clarity and indecision). 


¢ Soul: T(Soul) = 0.6, /(Soul) = 0.2, F(Soul) = 0.2 (emotional stability but with some conflicting 
emotions). 


* Spirit: T(Spirit) = 0.4, 7(Spirit) = 0.4, F(Spirit) = 0.2 (reflecting spiritual uncertainty). 


The global fluidity matrix at this moment is: 


0.7 02 O01 
0.5 03 02 
SM =l06 02 02 
04 04 02 


Example 3.7. Consider an individual recovering from stress (cf. |350\|371]), where fatigue and indecision 
dominate their state. Their characteristics are: 

* Body: T(Body) = 0.6, [(Body) = 0.3, F(Body) = 0.1 (recovering from physical exhaustion). 

¢ Mind: T(Mind) = 0.4, (Mind) = 0.5, F(Mind) = 0.1 (struggling with mental clarity). 

¢ Soul: T(Soul) = 0.5, [(Soul) = 0.4, F(Soul) = 0.1 (seeking emotional balance). 


* Spirit: T(Spirit) = 0.3, /(Spirit) = 0.5, F (Spirit) = 0.2 (spiritually uncertain and seeking direction). 


The fluidity matrix for this scenario is: 


0.6 03 O01 
04 05 01 
SQ) los 04 Oa 
03 05 02 


This example highlights how improving one aspect, such as practicing mindfulness to reduce /(Mind), can 
create cascading positive effects, improving both emotional balance (7(Soul)) and spiritual clarity (7 (Spirit)). 


Example 3.8. Suppose an individual achieves significant spiritual clarity and emotional stability after a trans- 
formative event, such as a retreat or life-changing realization. Their states are: 


¢ Body: T(Body) = 0.8, (Body) = 0.1, F(Body) = 0.1 (excellent physical health). 
¢ Mind: T(Mind) = 0.7, [(Mind) = 0.2, F(Mind) = 0.1 (sharp mental focus). 
¢ Soul: T(Soul) = 0.9, [(Soul) = 0.05, F (Soul) = 0.05 (peaceful emotional state). 


* Spirit: T (Spirit) = 0.85, Z(Spirit) = 0.1, F(Spirit) = 0.05 (strong spiritual connection). 


The fluidity matrix is: 


08 O1 O1 
0.7 02 O1 
SM =Jo9 0.05 0.05]° 


0.85 0.1 0.05 


This scenario models a person who has realigned their physical, mental, and spiritual dimensions, leading to a 
harmonious state. 


The theorems that hold in Neutrosophic Body-Mind-Soul-Spirit Fluidity are presented below. 


Theorem 3.9. Neutrosophic Body-Mind-Soul-Spirit Fluidity has the structure of a Neutrosophic Set. 


Proof. This follows directly from the definition of Neutrosophic Body-Mind-Soul-Spirit Fluidity. Oo 


Theorem 3.10 (Invariant Triad Property). In the context of Neutrosophic Body-Mind-Soul-Spirit Fluidity, un- 
der the specified dynamics, suppose the initial condition satisfies: 


T(Xo) + 1(Xo) + F(Xo) = 1) att =0. 
Then for all t = 0, the following invariant holds: 


Proof. The dynamics of the system are governed by the differential equations for T(X), /(X), and F(X). 
Summing these equations, we have: 


d _ dT(X)  dI(X)  dF(X) 

EX) +1(X) + F(X)) = Go ge a 

By the interdependency model, the rates of change satisfy: 

dT(X) 2: dI(X) " dF (X) 
dt dt dt 


From the system definition, gr_x + g7.x + gr,x = 0. Thus: 


= 8T,X + 81,X + 8F,Xx- 


“(FO + I(X) + F(X)) =0. 


Integrating over time, the sum T(X) + /(X) + F(X) remains constant, and given the initial condition T (Xo) + 
I(Xo) + F(Xo) = 1, the result follows: 


T(X,) +1(X,) + F(X,) =1. forallt>0. 
oO 


Theorem 3.11 (Non-Negativity and Boundedness). In the context of Neutrosophic Body-Mind-Soul-Spirit Flu- 
idity, assume the initial condition: 
T(Xo), I(Xo), F(Xo) € [0, 1]. 


Then for any t = 0, the following holds: 
T(X,), (Xr), F(X) € [0, 1]. 


Proof. The invariant property (Theorem|3.10) ensures that the sum T(X,) + [(X,) + F(X;) = 1 holds for all 
t > 0. Assume by contradiction that one of the components, say T(X;), leaves the interval [0, 1]. 


If T(X,) > 1, then /(X,) + F(X,) < 0, which violates non-negativity. Similarly, if T(X,) < 0, then [(X;) + 
F(X;) > 1, which is also impossible. 


Using standard comparison theorems for differential equations and ensuring non-negativity through Gronwall’s 
inequality, the components T(X;), /(X;), and F(X;) are bounded within [0, 1]. Hence: 


T(X,), [(X1), F(X) € [0,1] for all t >= 0. 
o 


Theorem 3.12 (Global Balance Constraint). In the context of Neutrosophic Body-Mind-Soul-Spirit Fluidity, 
let the Global Fluidity Matrix at time t be: 


T(Body,) I(Body,) F(Body,) 
T(Mind,) 1(Mind,) F(Mind,) 
T(Soul,)  I(Soul;) F(Soul;) 
T(Spirit,) I(Spirit,) F (Spirit,) 


S(t) = 


Then the total balance constraint holds: 


[T(X,) + 1(X;) + F(X,)] =4 forall t = 0. 
X€{Body,Mind,Soul, Spirit} 


Proof. From Theorem each component X satisfies T(X;) + 1(X;) + F(X;) = 1 for allt => 0. Summing 
over all components: 


[T(X) + 1(X) + F(X) ] =4-1=4. 
X€ {Body,Mind, Soul, Spirit} 


This holds for all t > 0, completing the proof. oO 


Based on the discussion above, we redefine Dynamic Neutrosophic Body-Mind-Soul-Spirit Fluidity. This 
model allows the observation and analysis of changes in the Body, Mind, Soul, and Spirit over time. The 
formal definitions and associated properties are presented below. 


Definition 3.13 (Dynamic Neutrosophic Body-Mind-Soul-Spirit Fluidity). Dynamic Neutrosophic Body-Mind- 
Soul-Spirit Fluidity (Dynamic NBMSSF) extends the static NBMSSF framework by incorporating time-dependent 
changes and interactions among its four components: Body, Mind, Soul, and Spirit. Each component X € 
{Body, Mind, Soul, Spirit} evolves over time according to the following properties: 


* Neutrosophic Triad Dynamics: For each component X, the Truth (T(X;)), Indeterminacy (/(X;)), and 
Falsity (F(X;)) values vary with time ¢ and satisfy: 


T(X;), 1(X;), F(X;) € [0,1] and 7(X,) +1(X,) + F(X,;)=1 Vr>0. 


Influence Function: Each component X is influenced by the other three components Y, Z, W through a 
fluidity function F (X;): 


F (Xs) = fx (T(r), 1s), Fle)» T(Zi)s H(Zs), F(Zi)s T(Ws), (Ws), F(W2)) 


where fx is an application-specific function describing how other components affect X. 


Time Evolution Equations: The temporal behavior of each component is modeled by a system of differ- 
ential equations: 


dT(X) 
= T,I,F,t), 
ai 87x ( ) 
dI(X) 
——_= T,I,F,t), 
Ht g1,x(T, I, F,t) 
dF (X 
‘ ) = gr,x(T,1,F,t), 


where g7.x, 81,x,&Fr,x capture the rates of change for Truth, Indeterminacy, and Falsity, potentially de- 
pending on all components and external factors. 


Global Dynamics Matrix: The overall system state at time f is represented by the matrix: 


T(Body,) 1(Body,) F(Body,) 
T(Mind,;) J7(Mind;) F(Mind;) 
T(Soul,) J(Soul,) =F (Soul,) | ° 
T(Spirit,) Z(Spirit,) F(Spirit,) 


S(t) = 


This matrix evolves over time according to the system’s dynamics. 


Invariant Properties and Constraints: 


— Invariant Triad Property: For each component X, T(X;) + [(X;) + F(X;) = 1 remains true for all 
t>0. 


— Global Balance Constraint: Summing over all four components at any time f yields 


(T(X,) + 1(X,) + F(X) = 4. 
Xe {Body,Mind, Soul, Spirit} 
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* Characteristic Dynamics Function: Each component’s combined state can be expressed by a character- 
istic function: 
®x(T,1, F,t) =axT(X;) + Bx 1(X) + yx F(X), 


where ax, Bx, Yx are context-dependent parameters indicating the relative significance of each dimen- 
sion. 


Example 3.14 (Rehabilitation Scenario). Consider an individual undergoing rehabilitation for a sports injury 


(cf. (201}): 


Body: T(Body,) represents the probability of full physical recovery, /(Body,) indicates uncertainty dur- 
ing the healing process, and F(Body,) accounts for residual impairment or setbacks. 


Mind: T(Mind;) measures mental clarity and optimism, /(Mind,) captures confusion or doubts, and 
F(Mind,) reflects negative beliefs about the rehabilitation process. 


Soul: T(Soul,) represents personal resilience or spiritual harmony, /(Soul,) signifies existential uncer- 
tainty, and F(Soul,) might correspond to cultural misconceptions or conflicts. 


Spirit: T(Spirit,) denotes moments of profound insight or faith, /(Spirit,) covers spiritual ambiguity, 
and F(Spirit,) indicates doubts or misunderstandings about spiritual practices. 


As rehabilitation progresses over time f, each triad (T(X;), /(X;), F(X;)) evolves dynamically based on the 
individual’s physical therapy, mental training, emotional support, and spiritual practices. The Invariant Triad 
Property ensures T(X,)+1(X;)+F(X;) = 1 for each component, while the Global Balance Constraint enforces 
the total sum to remain 4 at any time f. 


Theorem 3.15. Dynamic Neutrosophic Body-Mind-Soul-Spirit Fluidity possesses the structure of a Neutro- 
sophic Set. 


Proof. This result follows directly from the definition of Neutrosophic Body-Mind-Soul-Spirit Fluidity, as each 
component (Body, Mind, Soul, and Spirit) is represented using the Neutrosophic Triad (7, /, F'), which satisfies 
the axioms of a Neutrosophic Set. Oo 


Theorem 3.16. Dynamic Neutrosophic Body-Mind-Soul-Spirit Fluidity can be transformed into Neutrosophic 
Body-Mind-Soul-Spirit Fluidity by omitting temporal dependencies. 


Proof. This follows from the definition of Dynamic Neutrosophic Body-Mind-Soul-Spirit Fluidity. By setting 
the time-dependent functions T(X;), /(X;), F(X;) to their initial values at t = 0, the model reduces to the static 
form of Neutrosophic Body-Mind-Soul-Spirit Fluidity. oO 


Question 3.17. Related concepts such as Holistic Well-Being [410], Embodied Cognition [308| , Mind- 
fulness and Meditation Practices , and Psychoneuroimmunology [234 are well-known. 


Is it possible to extend these concepts using Fuzzy Sets and Neutrosophic Sets? Furthermore, what would their 
applications and mathematical structures entail? 


3.2 Logic of Phenomenology 
There is a deep connection between phenomenology and logic, and several logical systems have been studied in 


this context. This subsection explores the logic within phenomenology, including considerations of its potential 
extension to Neutrosophic Logic. 
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3.2.1 Neutrosophic Intentional Logic 


Intentional concepts in phenomenology describe how consciousness always aims at or is directed toward ob- 


jects, revealing the relationship between subject and object in experience (cf. [65]89| ). Intentional 
Logic studies the structure of intentionality, analyzing how mental states are directed toward objects, contents, 


or propositions systematically (cf. |343) ). 


Definition 3.18 (Intentional Logic). Intentional Logic formalizes the structure of intentionality, defined as the 
directedness of mental states toward objects or contents. Let: 


¢ W: the set of all possible worlds. 
¢ S: the set of subjects (agents). 
¢ O: the set of objects (including abstract entities). 


¢ B = {0,1}: the Boolean domain indicating intentional states. 


The intentionality of a subject s € S toward an object o € O in a world w € W is modeled as a relation: 
I:SxOxw-—B, 


where /(s,0, w) = 1 indicates that s intentionally directs their mental state toward o in w. 


Intentional Content. The intentional content of a subject s is defined as: 


I, = {(0, w) | I(s,0,w) = 1}. 


Axioms. Intentional Logic satisfies the following properties: 


1. Existence: For all s € S, there exists at least one o € O and w € W such that I(s,0,w) = 1. 


2. Consistency: For any s € S, if I(s,o0;,w) = 1 and J(s,02,w) = 1, then 0; = 02 (if exclusivity is 
assumed). 


3. Higher-Order Intentionality: If o is an intentional state itself, then o € P(S x O), allowing for recursive 
representation of intentions. 


Definition 3.19 (Neutrosophic Intentional Logic). Neutrosophic Intentional Logic extends classical Intentional 
Logic by incorporating the neutrosophic components of truth (7), indeterminacy (J), and falsity (F’). Let: 


¢ W: the set of all possible worlds. 
¢ S: the set of subjects (agents). 
¢ O: the set of objects (including abstract entities). 


* N= [0, 1]*: the neutrosophic domain, where each component (T, J, F) satisfies 0 < T+1+F <1. 


The intentionality of a subject s € S toward an object o € O in a world w € W is modeled as: 
IN: SxOxW ON, 


where I‘ (s,0,w) = (T,1,F) indicates the degrees of truth (7), indeterminacy (J), and falsity (F) of s’s 
intentional state toward o in w. 
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Neutrosophic Intentional Content. The neutrosophic intentional content of a subject s is defined as: 


IN = {(0,w, (1,1, F)) | I" (s,0, w) = (1,1, F)}. 


Axioms. Neutrosophic Intentional Logic satisfies the following properties: 


1. Existence: For all s € S, there exists at least one o € O and w € W such that I‘ (s, 0, w) = (T, 1, F) with 
T >0. 


2. Consistency: For any s € S, if IN (s,01,w) = (1), hy, Fy) and 1% (s, 02, w) = (To, lo, Fo), then 01 = 02 if 
T, +I =landh, =1,=0. 


3. Higher-Order Neutrosophic Intentionality: If o is an intentional state, then o € P(S x O x N), allowing 
recursive representation of neutrosophic intentionality. 


Remark 3.20 (Neutrosophic Intentional Logic). Fuzzy Intentional Logic is a special case of Neutrosophic 
Intentional Logic where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Intentional 
Logic is notable for its ability to generalize both Neutrosophic and Fuzzy Intentional Logic. 


Example 3.21 (Neutrosophic Intentional Logic). Consider an agent s thinking about the proposition o: ”The 
market will grow by 10% next year” in the world w,. The intentionality is modeled as: 


I sp0, wi) = (1,17), 


where T = 0.6, J = 0.3, and F = 0.1. This means: 


¢ The agent believes the proposition is 60% true (T = 0.6). 
¢ There is a 30% level of uncertainty or indeterminacy due to insufficient data (J = 0.3). 


¢ The agent believes the proposition is 10% false (F = 0.1). 


Higher-Order Intentionality. If the agent s also contemplates their own belief about o, this is represented 
as: 
IN (s, IN (s,0,w1), w2) = (1,1, F’), 


where w2 is a meta-level world reflecting the agent’s introspection. 


Visualization of Content. The neutrosophic intentional content of s is: 
IN = {(0,w1, (0.6, 0.3,0.1))}. 


This captures the agent’s nuanced and uncertain attitude toward the proposition o in w}. 


3.2.2 Neutrosophic Ontological Logic 


Ontology is the study of existence and reality, exploring entities, their properties, relationships, and categories 


. Ontology is often studied in connection with phenomenology [261]. Concepts like 
Ontological Logic |262) are also recognized within ontology. 


To define this within the framework of Neutrosophic Logic, we first mathematically define Ontological Logic 
and then extend it. The definition is provided below. 


Definition 3.22 (Ontological Logic). Ontological Logic formalizes the relationships, properties, and existence 
of entities. Let: 
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e U: the universe of discourse, partitioned into: 
U=EUPURUT, 
where E: entities, P: properties, R: relations, and T: time. 
«0: PXExXT —B: a function assigning truth values to properties of entities at specific times. 


e R: EXE —B: a function defining binary relations between entities. 


The ontological structure is defined as a tuple: 


O =(E,P,R,T,©). 


Core Axioms. Ontological Logic satisfies the following axioms: 


1. Identity: For every entity e € E, there exists at least one property p € P and time t € T such that 
o(p,e,t) =1. 


2. Non-Contradiction: For any e € E, p € P,t € T, o(p,e,t) = 1 implies o(-p, e,t) = 0. 


3. Temporal Consistency: For persistent properties p € P, if o(p,e,t,) = 1, then o(p,e,tz) = 1 for all 
to 2 ft}. 


Mereological Relations. Part-whole relationships are formalized as: 
PwCEXeE, 


where (€1,€2) € Pw indicates that e; is a part of e2. The following properties hold: 


* Transitivity: (€1, e2), (€2,e3) € Pw = > (1,63) € Py. 
° Antisymmetry: (e€1,€2) € Pw A (€2,e1) € Pw => e1 = e2. 


Example 3.23 (Ontological Logic in Healthcare System). Consider a healthcare system (cf. (44]/416}) where 
entities, properties, relations, and time are formalized as follows: 


¢ E = {Patient, Doctor, Medication, Treatment Plan}: A set of entities. 
¢ P = {isHealthy, isPrescribed, isAdministered, isEffective}: A set of properties. 
¢ R = {treats, prescribes, monitors}: A set of relations between entities. 


* T = {Day 1, Day 2,..., Day 30}: A set of time points. 


Property Assignment. The property function o assigns truth values to properties of entities over time: 


1 if the medication is prescribed at time f, 


o (isPrescribed, Medication, t) = . 
0 otherwise. 


Relations. The relation function R formalizes interactions between entities. For example: 


R(Doctor, Patient) = treats, | R(Doctor, Medication) = prescribes. 
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Core Axioms in Context. The core axioms of Ontological Logic can be applied to this healthcare example: 


¢ Identity: Every patient e € E must have at least one property p € P at a specific time f: 
Ape P,teéT s.t. o(p, Patient, t) = 1. 
Example: o (isHealthy, Patient, Day 10) = 1. 


¢ Non-Contradiction: A medication cannot simultaneously be prescribed and not prescribed at the same 
time: 
o (isPrescribed, Medication, t) = 1 = > o(-isPrescribed, Medication, t) = 0. 


¢ Temporal Consistency: If a treatment plan is effective on Day 5, it must remain effective for subsequent 
days unless modified: 


o (isEffective, Treatment Plan, Day 5) = 1 = > o(isEffective, Treatment Plan,t)=1 Vt > Day 5. 


Mereological Relations. Part-whole relationships in the healthcare system are defined as follows: 
Pw = {(Medication, Treatment Plan)}. 
Here, medication e; is a part of the treatment plan e2. The transitivity and antisymmetry properties hold: 
¢ Transitivity: If Medication A is part of Treatment Plan X, and Treatment Plan X is part of Healthcare 
Protocol Y, then Medication A is part of Healthcare Protocol Y. 
(Medication A, Treatment Plan X) € Pw A (Treatment Plan X, Healthcare Protocol Y) € Pw 
=> (Medication A, Healthcare Protocol Y) € Py. 


¢ Antisymmetry: If Medication A is part of Treatment Plan X and vice versa, then Medication A and 
Treatment Plan X are identical: 


(Medication A, Treatment Plan X) € Pw A (Treatment Plan X, Medication A) € Pw 


=> Medication A = Treatment Plan X. 


The definition of Neutrosophic Ontological Logic, which incorporates the principles of Neutrosophic Logic 
into Ontological Logic, is provided below. 


Definition 3.24 (Neutrosophic Ontological Logic). Neutrosophic Ontological Logic extends classical Onto- 
logical Logic by incorporating the neutrosophic components of truth (T), indeterminacy (J), and falsity (F). 
Let: 


¢ U: the universe of discourse, partitioned as: 
U=EUPURUT, 
where E: entities, P: properties, R: relations, and T: time. 


* N= [0, 1]*: the neutrosophic domain, where (T, 1, F) satisfies 0 < T+/+F <1. 


° 0 : Px ExT —N: a function assigning neutrosophic truth values to properties of entities at specific 
times. 


¢ RN : EXEXT — WN: a function assigning neutrosophic truth values to binary relations between entities. 


The neutrosophic ontological structure is defined as a tuple: 


ON =(E,P,R,T,o%, RY). 
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Core Axioms. Neutrosophic Ontological Logic satisfies the following axioms: 


1. Neutrosophic Identity: For every entity e € E, there exists at least one property p € P and time t € T 
such that: 
oN (p,e,t) =(T,1,F), whereT > 0. 


2. Neutrosophic Non-Contradiction: For any e € E,p € P,t € T, oN (p,e,t) = (T,1,F) implies that 
oN (ap,e,t) = (F,1,T). 


3. Neutrosophic Temporal Consistency: For persistent properties p € P, if 7 (p,e,t;) = (1,1, F1) and 
ty > t,, then: 
oN (p, €,to) = (Tr, ln, Fx), where T> < 7; and Fp > F). 


4. Neutrosophic Mereological Relations: Part-whole relationships Pw € E x E are assigned neutrosophic 
truth values: 
RN (e1, et) = (T,1,F), 


where (T, /, F) represents the degree to which e, is a part of e2 at time f. 


Remark 3.25 (Neutrosophic Ontological Logic). Fuzzy Ontological Logic is a special case of Neutrosophic 
Ontological Logic where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Ontological 
Logic is notable for its ability to generalize both Neutrosophic and Fuzzy Ontological Logic. 


Example 3.26 (Neutrosophic Ontological Logic for healthcare system). Consider a healthcare system modeled 
as ON with: 

* e,: a hospital. 

* €2: a healthcare network to which the hospital belongs. 

¢ p: the property ’provides emergency services.” 


¢ ft: the current time. 


Property Evaluation. The property p for the entity e; at t is evaluated as: 
o (p,e1,t) = (0.8,0.1,0.1), 


indicating that: 


¢ There is an 80% certainty (T = 0.8) that the hospital provides emergency services. 
¢ There is a 10% uncertainty (J = 0.1) due to incomplete data. 


¢ There is a 10% falsity (F = 0.1) based on occasional service disruptions. 


Mereological Relation. The hospital’s membership in the healthcare network is represented as: 
RN (e, €2,t) = (0.9, 0.05, 0.05), 


indicating a 90% certainty (T = 0.9) that the hospital is part of the network, with 5% uncertainty (J = 0.05) 
and 5% falsity (F = 0.05) due to occasional administrative errors. 


Temporal Consistency. If p represents ’provides emergency services,” and at a later time ¢’ > t, the hospi- 
tal’s performance declines, the evaluation might adjust to: 


o (p,e1,t’) = (0.6, 0.2, 0.2). 


This reflects reduced certainty (T = 0.6) and increased falsity (F = 0.2) due to degraded service. 
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3.3 Neutrosophic Social Analysis 


This subsection provides a mathematical definition of the PDCA (Plan-Do-Check-Act), DMAIC (Define-Measure- 
Analyze-Improve-Control), SWOT Analysis (Strengths, Weaknesses, Opportunities, Threats), and OODA Loop 
(Observe, Orient, Decide, Act) cycles using the concept of Neutrosophic Sets, incorporating truth, indetermi- 
nacy, and falsehood degrees for decision-making under uncertainty. 


First, as a broad perspective, Neutrosophic Social Analysis is roughly defined as follows. It extends Social 
Analysis by incorporating the principles of Neutrosophic Logic. 


Definition 3.27 (Neutrosophic Social Analysis). Neutrosophic Social Analysis is the evaluation of social sys- 
tems, behaviors, and relationships under uncertainty. It incorporates neutrosophic components of truth (7), 
indeterminacy (J), and falsity (F’) to model complex, ambiguous, or conflicting social dynamics. 


3.3.1 PDCA Cycle with Neutrosophic Sets 


The PDCA (Plan-Do-Check-Act) cycle is a continuous improvement framework consisting of four stages: plan- 


ning, implementing, evaluating results, and refining processes ||133| . These four stages are ex- 
tended within the framework of Neutrosophic Sets as follows. It is worth noting that several studies have 


explored the application of the PDCA cycle in the Fuzzy domain and the Neutrosophic domain |24\)137)/392]. 
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Definition 3.28 (Neutrosophic PDCA cycle). The Neutrosophic PDCA cycle is an extension of the traditional 
Plan-Do-Check-Act (PDCA) cycle, incorporating Neutrosophic Sets to model uncertainty, indeterminacy, and 
truth. The cycle consists of four stages: 


1. Plan (P): Represented by a Neutrosophic Set P: 
P = {(x,Tp(x), Ip(x), Fp(x)) | x € Planning Elements}, 
where: 


* Tp(x): Degree to which the plan is expected to succeed. 
¢ Ip(x): Degree of uncertainty associated with the plan. 


¢ Fp(x): Degree to which the plan is expected to fail. 
2. Do (D): Represented by a Neutrosophic Set D: 
D = {(y,Tp(v), p(y), Fo(y)) | y € Execution Elements}, 
where: 


* Tp(y): Degree to which the execution is successful. 
¢ Ip(y): Degree of uncertainty during execution. 


* F'p(y): Degree to which the execution is unsuccessful. 
3. Check (C): Represented by a Neutrosophic Set C: 
C = {(z,Tc(z), 1c(z), Fc(z)) | z € Evaluation Criteria}, 
where: 


* Tc(z): Degree to which evaluation criteria are met. 
¢ Ic¢(z): Degree of uncertainty in the evaluation process. 


¢ Fc(z): Degree to which evaluation criteria are not met. 
4. Act (A): Represented by a Neutrosophic Set A: 
A = {(w, Ta(w), La(w), Fa(w)) | w € Improvement Elements}, 


where: 
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* Ta(w): Degree to which the improvement is effective. 
¢ I4(w): Degree of uncertainty in the improvement’s impact. 


¢ F4(w): Degree to which the improvement is ineffective. 


Example 3.29. Consider applying the Neutrosophic PDCA cycle to a marketing campaign (cf. [250 ): 


¢ Plan (P): Tasks such as Develop Ad Content” and ”Set Budget” might have the following values: 
— Develop Ad Content: Tp = 0.7, Ip = 0.2, Fp = 0.1 
— Set Budget: Tp = 0.6, Jp = 0.3, Fp = 0.1 
¢ Do (D): Execution tasks such as *>Run Ad Campaign” and Monitor Metrics”: 
— Run Ad Campaign: Tp = 0.8, Ip = 0.1, Fp = 0.1 
-— Monitor Metrics: Tp = 0.6, Ip = 0.3, Fp = 0.1 
* Check (C): Evaluation criteria such as *ROI Improvement [206]” and ’Engagement Increase [157]: 


— ROI Improvement: Tc = 0.7, Ic = 0.2, Fe = 0.1 
— Engagement Increase: Tc = 0.5, Ic = 0.4, Fc = 0.1 


¢ Act (A): Improvement actions such as Adjust Budget” and Redesign Ad Content”: 


— Adjust Budget: T4 = 0.6, [4 = 0.3, Fa = 0.1 
— Redesign Ad Content: T4 = 0.8, [4 = 0.1, F4 = 0.1 


This demonstrates how the Neutrosophic PDCA cycle integrates uncertainty and truth degrees into planning, 
execution, evaluation, and improvement stages. 


Theorem 3.30. Neutrosophic PDCA cycle has the structure of a Neutrosophic Set. 


Proof. This follows directly from the definition of Neutrosophic PDCA cycle. oO 


Question 3.31. Numerous derived concepts of PDCA, such as the PDSA Cycle (Plan-Do-Study-Act) [66] 


, OPDCA Cycle (Observe-Plan-Do-Check-Act) |179} , and SDCA Cycle (Standardize-Do-Check- 
Act) [22| , are widely known. 


What characteristics emerge when concepts like Neutrosophic Sets are applied to these derived cycles? Fur- 
thermore, what potential applications could result from such adaptations? 


3.3.2 DMAIC Cycle with Neutrosophic Sets 


The DMAIC Cycle is a Six Sigma methodology [23 1|/263] designed for process improvement [242]. It consists 
of five phases: Define, Measure, Analyze, Improve, and Control, aiming to optimize processes systemati- 


cally [224 356]. This framework is widely utilized in business management and has also 
been explored in Fuzzy and Neutrosophic contexts [141| . The following outlines an extension of the 


DMAIC Cycle using Neutrosophic Sets. 
Definition 3.32 (Neutrosophic DMAIC cycle). The Neutrosophic DMAIC cycle is an extension of the tradi- 
tional Define-Measure-Analyze-Improve-Control (DMAIC) cycle, incorporating Neutrosophic Sets to model 
uncertainty, indeterminacy, and truth. The cycle consists of five stages: 
1. D efine (D): Represented by a Neutrosophic Set D f: 
Df = {(x, Tp; (x), Ip, (x), Fo, (x)) | x € Definition Elements}, 


where: 
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* Tp, (x): Degree to which the definition is accurate. 
* Ip,(x): Degree of uncertainty in the definition. 


* Foy (x): Degree to which the definition is inaccurate. 
2. Measure (M): Represented by a Neutrosophic Set M: 
M = {(y, Tu (y), Im (y), Fu (y)) | y € Measurement Elements}, 
where: 


¢ Ty(y): Degree of reliability of the measurement. 
¢ Iw(y): Degree of uncertainty in the measurement process. 


¢ Fy(y): Degree to which the measurement is unreliable. 
3. Analyze (A): Represented by a Neutrosophic Set Ay: 
An = {(z, Ta, (2), La,, (2), Fa, (z)) | z € Analysis Elements}, 
where: 


* T,,,(z): Degree to which the analysis results are correct. 
° I,,,(z): Degree of uncertainty in the analysis. 


¢ F,,,(z): Degree to which the analysis results are incorrect. 
4. Improve (I): Represented by a Neutrosophic Set [,: 
In = {(w, T1,, (w), L7,, (w), Fr, (w)) | w € Improvement Actions}, 
where: 


° T;,,(w): Degree to which the improvement is successful. 
* I7,,(w): Degree of uncertainty about the improvement’s effectiveness. 


° F7,,(w): Degree to which the improvement fails. 
5. Control (C): Represented by a Neutrosophic Set C;: 
C; = {(v, Tc, (v), Ic, (v), Fe, (v)) | v € Control Elements}, 
where: 


* Tc, (v): Degree to which control is effective. 
* Ic,(v): Degree of uncertainty in the control process. 


¢ Fc,(v): Degree to which control is ineffective. 


Example 3.33. A production process is a sequence of operations transforming raw materials into finished 
products efficiently [197 . Consider applying the Neutrosophic DMAIC cycle to improve a production 
process: 


¢ Define (D): Tasks such as ’Identify Core Needs” and ’’Set Goals”: 


— Identify Core Needs: Tp, = 0.8, Ip, = 0.1, Fp, = 0.1 
— Set Goals: Tp; = 0.7, Ip, = 0.2, Fp, = 0.1 


¢ Measure (M): Measuring performance metrics like ’Production Efficiency” and Customer Satisfaction”: 


— Production Efficiency: Ty = 0.9, I = 0.05, Fry = 0.05 
— Customer Satisfaction: Ty = 0.7, Ing = 0.2, Fy = 0.1 


¢ Analyze (A): Analyzing issues such as *Supply Chain Delays” and ’Equipment Downtime”: 
— Supply Chain Delays: T4,, = 0.6, I4, = 0.3, Fa, =0.1 
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— Equipment Downtime: 74, = 0.7, [4, = 0.2, Fa, =0.1 

¢ Improve (I): Improvement actions such as ’Add New Suppliers” and ”Upgrade Machinery”: 
— Add New Suppliers: 77,, = 0.7, I7,, = 0.2, Fy,, = 0.1 

= 0.8, 77, = 0.1, Fy, = 0.1 


m 


— Upgrade Machinery: T7,, 


* Control (C): Control measures like ’Real-Time Monitoring” and ’Automated Alerts”: 


— Real-Time Monitoring: Tc, = 0.9, Ic, = 0.05, Fe, = 0.05 
— Automated Alerts: Tc, = 0.8, Ic, = 0.1, Fe, = 0.1 


This demonstrates how the Neutrosophic DMAIC cycle integrates uncertainty and truth degrees into defining, 
measuring, analyzing, improving, and controlling stages. 


Theorem 3.34. Neutrosophic DMAIC cycle has the structure of a Neutrosophic Set. 


Proof. This follows directly from the definition of Neutrosophic DMAIC cycle. Oo 


Question 3.35. Several derived concepts of the DMAIC cycle are widely recognized, including the DMADV 
Cycle (Define-Measure-Analyze-Design-Verify) and the DCOV Cycle (Define-Characterize- 


Optimize-Verify) (30|/203) . 


What unique characteristics arise when concepts such as Neutrosophic Sets are incorporated into these derived 
cycles? Additionally, what potential applications might be enabled by such adaptations? 


3.3.3. SWOT Analysis with Neutrosophic Sets 


SWOT Analysis is a strategic planning tool used to assess a project or organization’s internal and external 
factors. It identifies four key dimensions: Strengths, Weaknesses, Opportunities, and Threats, aiming to develop 


effective strategies [[2|/93]/140]/237|/305|[311|[39 1}. 


This framework is widely applied across various industries, including business, education (2). and healthcare 
281], and has also been studied within Fuzzy and Neutrosophic contexts [37] 309]. The following outlines 
an extension of SWOT Analysis using Neutrosophic Sets. 


Definition 3.36. The Neutrosophic SWOT Analysis extends the traditional Strengths-Weaknesses-Opportunities- 
Threats framework by incorporating Neutrosophic Sets to model uncertainty, indeterminacy, and truth. The 
analysis consists of four components: 


1. Strengths (S): Represented by a Neutrosophic Set S: 
S = {(x, Ts (x), Is (x), Fs(x)) | x € Strength Elements}, 
where: 


* Ts(x): Degree to which x is a strength. 
¢ Is(x): Degree of uncertainty in determining x as a strength. 


¢ Fs(x): Degree to which x is not a strength. 
2. Weaknesses (W): Represented by a Neutrosophic Set W: 
W = {(y, Tw(y), Jw), Fw()) | y € Weakness Elements}, 
where: 


¢ Tw(y): Degree to which y is a weakness. 


¢ Iw(y): Degree of uncertainty in determining y as a weakness. 
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¢ Fw(y): Degree to which y is not a weakness. 


3. Opportunities (O): Represented by a Neutrosophic Set O: 
O = {(z,To(z), lo(z), Fo(z)) | z € Opportunity Elements}, 
where: 


* To(z): Degree to which z is an opportunity. 
¢ I9(z): Degree of uncertainty in determining z as an opportunity. 


* Fo(z): Degree to which z is not an opportunity. 
4. Threats (T): Represented by a Neutrosophic Set T: 
T = {(w, Tr(w), Ir(w), Fr(w)) | w € Threat Elements}, 
where: 


¢ T;(w): Degree to which w is a threat. 
¢ I7(w): Degree of uncertainty in determining w as a threat. 


¢ Fr(w): Degree to which w is not a threat. 


Example 3.37. Consider applying Neutrosophic SWOT Analysis to evaluate a company: 


* Strengths (S): ’Brand Recognition [153]” and Skilled Workforce [376]”: 


— Brand Recognition: Ts = 0.9, [5 = 0.05, Fs = 0.05 
— Skilled Workforce: Ts = 0.8, Js = 0.1, Fs = 0.1 


¢ Weaknesses (W): ’High Operational Costs” and *Limited Market Presence”: 


— High Operational Costs: Tw = 0.7, Iw = 0.2, Fw =0.1 
— Limited Market Presence: Tw = 0.6, Jw = 0.3, Fw =0.1 


* Opportunities (O): *>Emerging Markets” and ’ Technological Advancements”: 


— Emerging Markets: To = 0.8, Ig = 0.15, Fo = 0.05 
— Technological Advancements: Tg = 0.9, Io = 0.05, Fo = 0.05 


* Threats (T): ”Economic Recession [346]” and *New Competitors”: 


— Economic Recession: Tr = 0.7, I7 = 0.2, Fr = 0.1 
— New Competitors: Tr = 0.6, Ir = 0.3, Fr = 0.1 


This analysis demonstrates how Neutrosophic Sets model strengths, weaknesses, opportunities, and threats with 
varying degrees of truth, uncertainty, and falsehood. 


Theorem 3.38. Neutrosophic SWOT Analysis has the structure of a Neutrosophic Set. 


Proof. This follows directly from the definition of Neutrosophic SWOT Analysis. oO 


Question 3.39. Several extended concepts of SWOT Analysis are widely recognized, including SWOC Anal- 
ysis (Strengths, Weaknesses, Opportunities, Challenges) , SOAR Analysis (Strengths, 
Opportunities, Aspirations, Results) [174 , and Dynamic SWOT Analysis 396]. 


What mathematical characteristics and potential applications could emerge if these frameworks were extended 
using Neutrosophic Sets? 
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3.3.4 OODA Cycle with Neutrosophic Sets 


The OODA Cycle (Observe-Orient-Decide-Act) is a decision-making framework designed to enable effective 


responses in dynamic and competitive environments [13 1) . It emphasizes observing the 


situation, orienting oneself based on the context, making informed decisions, and taking timely actions. The 
following outlines an extension of the OODA Cycle using Neutrosophic Sets. 


Definition 3.40. The Neutrosophic OODA Loop extends the traditional Observe-Orient-Decide-Act framework 
by incorporating Neutrosophic Sets to model uncertainty, indeterminacy, and truth. The loop consists of four 
stages: 


1. Observe (O): Represented by a Neutrosophic Set Oz: 
Op = {(x, To, (x), Lo, (x), Fo, (x)) | x € Observation Elements}, 
where: 


* To, (x): Degree to which x is accurately observed. 
* Io, (x): Degree of uncertainty in observing x. 


* Fo, (x): Degree to which x is inaccurately observed. 
2. Orient (O): Represented by a Neutrosophic Set O;: 
O, = {(y, To, (y), lo, (y), Fo, (y)) | y € Orientation Elements}, 
where: 


* To,(y): Degree to which orientation is correct. 
* Io, (y): Degree of uncertainty in orientation. 


* Fo,(y): Degree to which orientation is incorrect. 
3. Decide (D): Represented by a Neutrosophic Set D-: 
De = {(z, Tp, (2), Ip. (2), Fo,.(2)) | z € Decision Elements}, 
where: 


° Tp.(z): Degree to which the decision is correct. 
* Ip.(z): Degree of uncertainty in the decision. 


* Fp,(z): Degree to which the decision is incorrect. 
4. Act (A): Represented by a Neutrosophic Set A-: 
Ac = {(w, Ta, (w), 4. (w), Fa, (w)) | w € Action Elements}, 
where: 


* T4.(w): Degree to which the action is effective. 
¢ I4.(w): Degree of uncertainty in the action. 


¢ F,4.(w): Degree to which the action is ineffective. 


Example 3.41. Consider applying the Neutrosophic OODA Loop to a business decision: 


* Observe (O): Observing market trends such as *Customer Preferences 347] and Competitor Actions 
(26): 


— Customer Preferences: To, = 0.8, Jo, = 0.1, Fo, = 0.1 
— Competitor Actions: To, = 0.7, Io, = 90.2, Fo, = 9.1 
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* Orient (O): Orienting strategies based on Market Positioning (60}” and Customer Segmentation [|74]”: 


— Market Positioning: To, = 0.7, Jo, = 0.2, Fo, =0.1 


— Customer Segmentation: To, = 0.8, Jo, =0.1, Fo, = 0.1 
¢ Decide (D): Making decisions on Budget Allocation [414] and ”Market Entry |186]”: 


— Budget Allocation: Tp, = 0.7, Ip, = 0.2, Fp, = 0.1 
— Market Entry: Tp, = 0.6, Ip, = 0.3, Fp, = 0.1 


¢ Act (A): Implementing actions like ’Launch New Product” and Improve Distribution Channels”: 


— Launch New Product: T,4,, = 0.8, J4, = 0.1, Fa, =0.1 
— Improve Distribution Channels: T,4, = 0.7, J4, = 0.2, Fa, = 0.1 


This example illustrates how the Neutrosophic OODA Loop integrates truth, uncertainty, and falsehood degrees 
into observing, orienting, deciding, and acting stages. 


Theorem 3.42. Neutrosophic OODA Loop has the structure of a Neutrosophic Set. 


Proof. This follows directly from the definition of Neutrosophic OODA Loop. oO 


3.3.5 Neutrosophic Porter’s Five Forces Analysis 


Neutrosophic Porter’s Five Forces Analysis is an extended framework based on the classic Porter’s Five Forces 
Analysis. This approach evaluates industry competition through five key factors: rivalry among existing com- 
petitors, bargaining power of buyers, bargaining power of suppliers, threat of substitutes, and threat of new 


Several related studies have been conducted within the contexts of Fuzzy Sets and Neutrosophic Sets [240]. 
The formal definition is provided below. 


Definition 3.43. The Neutrosophic Porter’s Five Forces Analysis extends the traditional framework by incor- 
porating Neutrosophic Sets to model uncertainty, indeterminacy, and truth across the five competitive forces: 


1. Threat of New Entrants (N): Represented by a Neutrosophic Set N: 
N = {(x, Ty (x), In (x), Fn (x)) | x € New Entrant Factors}, 


where: 


¢ Ty (x): Degree to which x increases the threat of new entrants. 
¢ Iy(x): Degree of uncertainty regarding the influence of x. 


¢ Fx (x): Degree to which x does not influence the threat of new entrants. 


2. Bargaining Power of Suppliers (S): Represented by a Neutrosophic Set S: 


S= {(y, Ts(y), [s(y), Fs(y)) | y € Supplier Factors}, 
where: 


¢ Ts(y): Degree to which y increases supplier bargaining power. 
¢ Is(y): Degree of uncertainty regarding the influence of y. 


¢ Fs(y): Degree to which y does not influence supplier bargaining power. 
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. Bargaining Power of Buyers (B): Represented by a Neutrosophic Set B: 


B = {(z,Tp(z), [p(z), Fa(z)) | z € Buyer Factors}, 
where: 


* Tp(z): Degree to which z increases buyer bargaining power. 
° Ig(z): Degree of uncertainty regarding the influence of z. 
¢ F(z): Degree to which z does not influence buyer bargaining power. 


. Threat of Substitutes (U): Represented by a Neutrosophic Set U: 


U = {(w, Ty (w), Iu (w), Fy (w)) | w € Substitute Factors}, 
where: 


* Ty(w): Degree to which w increases the threat of substitutes. 
* Iy(w): Degree of uncertainty regarding the influence of w. 


¢ Fy(w): Degree to which w does not influence the threat of substitutes. 


. Industry Rivalry (R): Represented by a Neutrosophic Set R: 


R = {(v, Tr(v), Ir(v), Fr(v)) | v € Rivalry Factors}, 
where: 


* Tr(v): Degree to which v intensifies industry rivalry. 
* Ir(v): Degree of uncertainty regarding the influence of v. 
¢ FRr(v): Degree to which v does not influence industry rivalry. 


Example 3.44. Consider applying Neutrosophic Porter’s Five Forces Analysis to a retail business (cf. [208]): 


Threat of New Entrants (N): Factors such as *Low Capital Requirements” and Lack of Brand Loyalty”: 


— Low Capital Requirements: Ty = 0.8, Jy = 0.15, Fy = 0.05 
— Lack of Brand Loyalty: Ty = 0.7, Iy = 0.2, Fy =0.1 


Bargaining Power of Suppliers (S): Factors such as ”’Few Suppliers” and ’High Switching Costs”: 
— Few Suppliers: Ts = 0.9, Is = 0.05, F's = 0.05 
— High Switching Costs: Ts = 0.8, J5 = 0.1, Fs = 0.1 

Bargaining Power of Buyers (B): Factors such as ’’Availability of Alternatives” and ”Price Sensitivity”: 
— Availability of Alternatives: Tg = 0.7, Ig = 0.2, Fg = 0.1 
— Price Sensitivity: Tg = 0.8, Ig = 0.1, Fg = 0.1 

Threat of Substitutes (U): Factors such as ’Ease of Switching” and ’Low Cost of Substitutes”: 
— Ease of Switching: Ty = 0.8, Jy = 0.1, Fu =0.1 
— Low Cost of Substitutes: Ty = 0.7, Iy = 0.2, Fy =0.1 

Industry Rivalry (R): Factors such as High Number of Competitors” and Slow Market Growth”: 
— High Number of Competitors: Tr = 0.9, Ir = 0.05, Fr = 0.05 
— Slow Market Growth: Tr = 0.8, Ip = 0.1, Fr = 0.1 


This example illustrates how Neutrosophic Sets can quantify and model the dynamics of Porter’s Five Forces 
in the context of a competitive market. 


Theorem 3.45. Neutrosophic Porter’s Five Forces has the structure of a Neutrosophic Set. 


Proof. This follows directly from the definition of Neutrosophic Porter’s Five Forces. oO 


Question 3.46. As a related concept, frameworks such as six-forces analysis have been studied | 19} 189]. 
Can the principles of Neutrosophic Logic be applied to these frameworks, and what potential applications might 
emerge? 
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3.4 Some Neutrosophic (Social or Business) Logic 


In the field of Social Science, various logics have been studied (e.g., ). This paper aims to explore 
potential extensions of these logics, including their expansion into Neutrosophic Logic. 


3.4.1 Neutrosophic Institutional Logics 


Institutional Logics are frameworks guiding behavior within societal institutions, integrating material practices 
and symbolic systems to shape actions and norms [43| : 


Definition 3.47 (Institutional Logics). [363] Institutional logics are formalized as a structure L = (I,S,R,C), 
where: 


1. f = {h,h,...,[,} is a finite set of institutional orders. Each I; € £ corresponds to a domain such as 
markets, states, families, or religions. 


2. S is the set of structural-symbolic systems, defined as: 
S = {S; = (Mj, C;) |i € {1,2,..., k}}, 
where: 


¢ M,; is aset of material practices, formalized as a function M; : X — Y, where X represents resource 
inputs and Y represents outputs. 


¢ C; is a symbolic system, defined as a tuple C; = (2, G), where = is a set of cultural symbols and 
G : Xx -— [0,1] is a probability distribution encoding the salience of each symbol. 


3. R CL XS is arelation mapping institutional orders 7; € J to their corresponding structural-symbolic 
systems S; € S. 


4. C isa set of constraints, where C : A xX J — B maps actions A and institutional orders J to a boolean 
domain B = {0, 1}, enforcing domain-specific norms and rules. 


Definition 3.48 (Behavior under Institutional Logics). The behavior of an actor a € A within an institutional 
logic £ is defined as a function: 
B (a) = arg max U(b | L£), 
beB 


where B is the set of all possible behaviors, and U : B x £— Ris a utility function defined as: 


k 


U(b | L£) =" (wi (f(b, Mi) + fo(b,C))); 


i=1 


with: 


* w; € [0,1] representing the weight of the i-th institutional order. 
* fu(b, M;) quantifying the compatibility of behavior b with material practices M;. 
* fc(b, C;) quantifying the alignment of behavior b with symbolic systems C;. 


Definition 3.49 (Institutional Change). Institutional change occurs when the relation R or constraints C are 
updated due to exogenous events or endogenous contradictions. Formally, institutional change is a process: 


DM: L, > Liat, 


where £, and £,4; represent institutional logics at time ¢ and t + 1, respectively, and © satisfies: 
®(L£,) = (7,.5',R',C’), 


with S’,R’,C’ reflecting updated material practices, symbolic systems, or constraints. 
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Remark 3.50 (Neutrosophic Institutional Logic). Fuzzy Institutional Logic is a special case of Neutrosophic 
Institutional Logic where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Institutional 
Logic is notable for its ability to generalize both Neutrosophic and Fuzzy Institutional Logic. 


Example 3.51 (Market Logic). Consider a market logic Lmarket = (Zmarket» Smarket» Rmarket» Cmarket), Where: 


¢ Imarket represents the institutional order of markets. 
° Smarket = (Mexchange, Cprofit) with: 


— Mexchange formalized as a function Mexchange(P, q) = p + q, Where p is price and q is quantity. 


— Chrofit representing the cultural schema of profit maximization, encoded as G (profit) = 1. 


* Crarket(@, Imarket) = | if a adheres to legal and competitive norms, otherwise 0. 


The following describes Institutional Neutrosophic Logics, which extend this concept using Neutrosophic 
Logic. 


Definition 3.52 (Institutional Neutrosophic Logics). Institutional Neutrosophic Logics extend classical Insti- 
tutional Logics by incorporating uncertainty, represented by the neutrosophic components of truth (T), indeter- 
minacy (J), and falsity (F). Formally, an Institutional Neutrosophic Logic is defined as: 


LP (ES) RCN), 
where N maps each proposition P about an institutional action or state to a neutrosophic value: 
N(P) = (7,1, F), 


with T,/,F ¢€ [0,1] satisfyingO <T+/+F <1. 


¢ T: Degree to which P is true within the institutional logic. 
e I: Degree to which P is indeterminate due to conflicting or insufficient evidence. 


e F: Degree to which P is false. 


The behavior under Institutional Neutrosophic Logics is defined by a neutrosophic utility function: 


k 


UN (b| LN) =D) (wr: (fay (bs Mi) + £2'(0.CD)) 


i=l 
where ie and te incorporate neutrosophic evaluations of material practices and symbolic systems. 


Remark 3.53. Institutional Fuzzy Logic is a special case of Institutional Neutrosophic Logic where both in- 
determinacy and falsity are set to zero. Furthermore, Institutional Plithogenic Logic can also be defined using 
Plithogenic Logic. 


Example 3.54 (Neutrosophic Market Logic). Consider a neutrosophic market logic 


N 
ee ae = C market» Smarket> R markets Crarket. NV ) 


, where: 


¢ N(P) = (T, I, F) evaluates propositions such as The market will grow by 10% next year” with T = 0.6, 
I =0.3, and F = 0.1. This reflects a moderately confident prediction with some uncertainty and minimal 
falsity. 


* U’ incorporates these neutrosophic values into decision-making. For example, an investor uses T, I, F 
to decide whether to allocate resources, balancing the confidence (7) against the uncertainty (/) and risk 


(F). 
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¢ Material practices Mmarket include pricing strategies modeled as Mmarket(p,q) = p- q, Where p is the 
price per unit and gq is the quantity sold. 


* Symbolic systems Cprofit prioritize profit maximization, encoded as G (profit) = 1. 


Theorem 3.55. Institutional Neutrosophic Logics naturally incorporate the structure of Neutrosophic Logic. 


Proof. This follows directly from the definition of Institutional Neutrosophic Logics, as they extend the prin- 
ciples and framework of Neutrosophic Logic to institutional contexts. oO 


Theorem 3.56. Institutional Neutrosophic Logics naturally incorporate the structure of Institutional Logics. 


Proof. This follows directly from the definition of Institutional Neutrosophic Logics, as they integrate the 
fundamental aspects of traditional Institutional Logics into a neutrosophic framework. oO 


Theorem 3.57. Every Institutional Neutrosophic Logic LN is a superset of Institutional Fuzzy Logic LY. 


Proof. By definition, an Institutional Neutrosophic Logic LN = (I,S,R,C, N) includes a neutrosophic map- 
ping: 
N(P) = (T,1,F), 


where T, 1, F € [0,1] and0 < T+1+F < 1. In Institutional Fuzzy Logic £L* = (I,S,R,C,F), the mapping: 


can be viewed as a special case of N(P) where J = 0 and F = 0. Since L£° is defined within the constraints of 
LN, every Institutional Fuzzy Logic is inherently embedded within an Institutional Neutrosophic Logic. Thus, 
LN is asuperset of LY. Oo 


Theorem 3.58. Institutional Neutrosophic Logic can model multiple institutional orders simultaneously, pre- 
serving independence and interdependence of Jj. 


Proof. Let LN = (I,S,R,C,N), where I = {I,,h,...,1;} is the set of institutional orders. The neutro- 
sophic mapping N(P) = (7,1, F) applies independently to propositions P; within each institutional order 
I;. Additionally, interdependencies between institutional orders are encoded in the relation R C £ x S. The 
independence of J; is preserved by maintaining separate evaluations for each J;, while interdependencies are 
modeled via shared structural-symbolic systems S and constraints C. Thus, LY accommodates both indepen- 
dence and interdependence among multiple institutional orders. Oo 


3.4.2. Dominant Neutrosophic Logic 


Dominant Logic refers to the mindset or cognitive framework organizations use to make decisions, allocate 


resources, and interpret information, shaping strategy and performance [162 378). 


Definition 3.59 (Dominant Logic). (cf. [378]) Let F be a firm operating a portfolio of businesses B = {B,, Bo,..., Bn}. 
The Dominant Logic £ of the firm is a cognitive and operational framework defined as: 


L£=(S,D,K,P), 
where: 
© S = {S1,5S2,...,Sm}: A set of schemas, where each schema S; is a mapping: 
S;:6 (9A, 


that transforms environmental inputs & (e.g., market trends) into actionable decisions A. 


37 


¢ D: A decision-making function defined as: 
D:VxC oR, 


where ‘V represents strategic variables (e.g., product pricing, market share), C represents organizational 
capabilities, and D(v, c) is the resource allocation decision. 


* K: A knowledge structure represented as a directed graph (N, &), where WN is the set of knowledge nodes 
and & are directed edges encoding the relationships among knowledge components. 


° P = {P\, P2,...,Px}: A set of performance metrics, where each P; : O — R maps observable out- 
comes O (e.g., revenue, market share) to a real-valued evaluation. 


Remark 3.60 (Neutrosophic Dominant Logic). Fuzzy Dominant Logic is a special case of Neutrosophic Dom- 
inant Logic where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Dominant Logic is 
notable for its ability to generalize both Neutrosophic and Fuzzy Dominant Logic. 


Example 3.61 (Application of Dominant Logic). Consider a firm F with two businesses: 
B = {B, : Consumer Electronics, Bz : Healthcare Products}. 


The firm’s Dominant Logic £ is described as follows: 


* Schemas (S): S; is a schema that responds to market trends by adjusting product pricing. For instance: 


S; (Increase in demand) = Increase price by 10%. 


Decision-making (D): The firm allocates R&D resources to maximize revenue. For example: 
D (Budget Share: 0.6, Capabilities: Advanced R&D) = 0.8, 


indicating 80% of the R&D budget is allocated to Consumer Electronics. 


Knowledge Structure (K): Nodes represent domain expertise such as ‘‘Electronics Design’’ and ‘‘Health- 
care Regulation,’’ with directed edges denoting knowledge dependencies. 


Performance Metrics (P.): Metrics include P; = Revenue Growth and P2 = Customer Retention, mea- 
sured as: 


l= 


Revenuegurrent — Revenue previous 


Revenue previous 


Through this Dominant Logic, the firm evaluates whether R&D investments optimize the metrics P; and Po, 
adapting to feedback from market performance. 


Definition 3.62 (Strategic Fit). A Dominant Logic £ achieves strategic fit if, for each business B; € 8, there 
exists a schema S$; € S and a decision D(v,c) such that: 


P ;(B;) is maximized for all P; € P. 


Example 3.63 (Strategic Fit). In the earlier example, the firm aligns D with F by prioritizing R&D spending 
in Consumer Electronics, where revenue growth (P,) shows the highest marginal return per unit investment. If 
the healthcare business (B2) exhibits diminishing returns, resources are reallocated to B; to maximize overall 
firm performance. 


Next, the following describes Dominant Neutrosophic Logic, which extends Dominant Logic using Neutro- 
sophic Logic. 


Definition 3.64 (Dominant Neutrosophic Logic). Dominant Neutrosophic Logic is an extension of Dominant 
Logic that incorporates neutrosophic components of truth (7), indeterminacy (J), and falsity (F) to handle 
uncertainty and incomplete information in decision-making processes. It is formally defined as a tuple: 


LN =(SN, ON KN PY), 


where: 
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Las sis". Sy. ..., 5} is a set of neutrosophic schemas. Each schema oy is a mapping: 
SNE 3 AN, 


where & is the space of environmental inputs, and A’ is the space of neutrosophic-valued actions defined 
as: 
AN ={(T,1,F)|T,1,F € [0,1], T+I+F < 1}. 


Here, T represents the degree of truth, J represents the degree of indeterminacy, and F represents the 
degree of falsity. 


2. DN is a neutrosophic decision-making function: 
DEV KC avn, 


where ‘V is the space of strategic variables, C is the space of organizational capabilities, and DY (v, c) 
assigns a neutrosophic value to each decision. 


3. KN is a neutrosophic knowledge structure, represented as a directed graph (NV, &), where: 
INSTR TR cake fs 


is a set of knowledge nodes, and each KN is associated with a neutrosophic value (7;, /;, F;). The edges 
in & represent knowledge dependencies, each assigned a neutrosophic weight. 


4, PN = {PN, jah hares an } is a set of neutrosophic performance metrics. Each metric Py is a function: 
PY :O9 AN, 
where O is the space of observable outcomes, and Pe (0) = (7;,1;, F;) evaluates the outcome o in terms 
of truth, indeterminacy, and falsity. 


Remark 3.65. Dominant Neutrosophic Logic generalizes Dominant Logic by explicitly modeling uncertainty 
and conflict through the neutrosophic components (T, /, F’). Fuzzy Dominant Logic is a special case where 
indeterminacy (/) and falsity (F) are zero, ie., (T, 7, F) = (T,0,0). 


Example 3.66 (Application of Dominant Neutrosophic Logic). Consider a firm F managing two business 
domains: 
8 = {B, : Artificial Intelligence, B) : Healthcare Devices}. 


The Dominant Neutrosophic Logic £% for F can be described as follows: 


1. Neutrosophic Schema (SN ): A schema S evaluates the proposition Invest in AI R&D” based on market 
trends: 
S\ (Positive market trend) = (T = 0.8, / = 0.15, F = 0.05). 


2. Neutrosophic Decision-making (D‘ ): Allocates resources with uncertainty in mind. For example: 


DN (R&D Budget: 60%, Capabilities: AI Research) = (T = 0.7, 7 = 0.2, F = 0.1). 


3. Neutrosophic Knowledge Structure (K‘ ): Nodes include Market Trends” and ” Technology Readiness,” 
with neutrosophic weights: 


(Market Trends) — (AI Research) = (T = 0.9, J = 0.05, F = 0.05). 


4. Neutrosophic Performance Metrics (P' ): Metrics include revenue growth, evaluated as: 


PY (Revenue Growth) = (T = 0.75, I = 0.2, F = 0.05). 


The neutrosophic framework helps the firm balance confidence (7), uncertainty (J), and risk (F). 


Theorem 3.67. Dominant Neutrosophic Logic naturally incorporates the structure of Neutrosophic Logic. 
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Proof. This follows directly from the definition of Dominant Neutrosophic Logic, as it extends the principles 
and framework of Neutrosophic Logic to dominant logical structures and reasoning processes. oO 


Theorem 3.68. Dominant Neutrosophic Logic naturally incorporates the structure of Dominant Logic. 


Proof. This follows directly from the definition of Dominant Neutrosophic Logic, as it integrates the funda- 
mental aspects of traditional Dominant Logic into a neutrosophic framework. oO 


Theorem 3.69. Dominant Neutrosophic Logic is a superset of Fuzzy Dominant Logic. 


Proof. Fuzzy Dominant Logic is a special case of Dominant Neutrosophic Logic where J = 0 and F = 0, 
reducing the neutrosophic value (7, /, F) to (T,0,0). Since Dominant Neutrosophic Logic allows T,/, F to 
independently range within [0, 1] under the constraint T+7+F < 1, Fuzzy Dominant Logic is fully embedded 
within this broader framework. Thus, Dominant Neutrosophic Logic generalizes Fuzzy Dominant Logic. O 


Theorem 3.70. Dominant Neutrosophic Logic accommodates multiple schemas, preserving independence and 
interdependence among decision components. 


Proof. Let LN = (SN, DN,KN, PN), where SY = {SN, Len ..., 5} represents neutrosophic schemas. 
Each schema Ne operates independently as a mapping SN :& — AN, where AN = {(T,I, F)}. Interde- 
pendence is introduced through shared resources or dependencies represented in KY, a directed graph linking 
knowledge nodes. This structure preserves independence at the schema level while modeling interdependen- 
cies through relationships in K. Thus, Dominant Neutrosophic Logic effectively manages independent and 
interdependent components. oO 


Theorem 3.71. Dominant Neutrosophic Logic enhances decision-making by explicitly modeling uncertainty 
and conflict through (T, I, F). 


Proof. In traditional Dominant Logic, decisions rely on deterministic or probabilistic values, lacking explicit 
representation of indeterminacy or falsity. Dominant Neutrosophic Logic extends this framework by incor- 
porating neutrosophic values (T,/, F), allowing decisions to account for truth, uncertainty, and conflict si- 
multaneously. This enriched representation improves decision-making in complex scenarios with incomplete 
or conflicting information, as each decision component D% evaluates strategic variables and organizational 
capabilities under neutrosophic uncertainty. oO 


3.4.3 Service-Dominant Neutrosophic Logic 


Service-Dominant Logic emphasizes value co-creation through service exchange, viewing goods as service 
delivery mechanisms, focusing on relationships, collaboration, and customer-centricity in value creation [147 


215}219]260)317379}381). 


Definition 3.72 (Service-Dominant Logic). (cf. [379||380]) Service-Dominant Logic (S-D Logic) is a theo- 
retical framework that conceptualizes value creation as a collaborative process among multiple actors within a 
service ecosystem. Formally, it is defined as a tuple: 


Lsp =(A,R,£,V), 
where: 


1. A = {A}, A2,..., An}: A set of actors in the service ecosystem, where each actor A; is a resource 
integrator. 


2. R = {pi;}: A set of resource exchanges between actors A; and A;, where: 
pij = (Rij, Eiy), 


with R;; being the resource provided by A; to A;, and E;; being the corresponding value exchange. 
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3. L = {,h,...,Im}: A set of institutional arrangements, where each J; defines the rules, norms, and 
practices governing resource exchanges within the ecosystem. 


4. V ={V1,V2,...,Vp}: A set of value cocreation processes, where each V; is a mapping: 
Vi: AXROR, 
assigning a value v € R to each interaction based on the integration of resources by the actors. 


Example 3.73 (Service Ecosystem). Consider a healthcare service ecosystem: 
A = {Patients, Doctors, Pharmacies, Insurers}. 


Here: 


¢ Resource exchanges (R) include the transfer of medical knowledge (R;;) from doctors to patients and 
financial resources (R ;;) from insurers to healthcare providers. 


¢ Institutional arrangements (J) include healthcare regulations and insurance policies. 


¢ Value cocreation processes (V) evaluate outcomes such as patient health improvement or cost-effectiveness. 


Through this framework, the ecosystem collectively cocreates value. 


Definition 3.74 (Service-Dominant Neutrosophic Logic). Service-Dominant Neutrosophic Logic (SDN Logic) 
extends Service-Dominant Logic by incorporating neutrosophic components of truth (7), indeterminacy (J), 
and falsity (F’) to address uncertainty and incomplete information within a service ecosystem. Formally, SDN 
Logic is defined as: 

Lspn =(A,R™,L,V%), 


where: 


1. A = {A, A2,..., An}: A set of actors in the service ecosystem. Each actor A; is a resource integrator 
and decision-maker. 


Qo RNS {pj }: A set of neutrosophic resource exchanges between actors A; and A,, where: 


Pi = (Rij, (Tij, Liz, Fiz), 


with R;; being the resource provided by A; to A;, and (7;;, /i;, Fi; ) representing the neutrosophic truth, 
indeterminacy, and falsity values of the resource exchange. 


3. TL = {l,h,..., Im}: A set of institutional arrangements defining the rules, norms, and practices gov- 
erning interactions and exchanges within the ecosystem. 


AV SIV. va" tian vy }: A set of neutrosophic value cocreation processes, where each VN is amap- 
ping: 
VV: AXRN SAN, 


assigning a neutrosophic value (7, /, F) to each interaction based on the integration of resources by the 
actors. 
The neutrosophic constraints require that: 
T,J,F€ [0,1], T+l+F <1. 


Remark 3.75 (Neutrosophic Service-Dominant Logic). Fuzzy Service-Dominant Logic is a special case of 
Neutrosophic Service-Dominant Logic where both indeterminacy and falsity are set to zero. Furthermore, 
Plithogenic Service-Dominant Logic is notable for its ability to generalize both Neutrosophic and Fuzzy Service- 
Dominant Logic. 
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Example 3.76 (Healthcare Service Ecosystem). A Healthcare Service Ecosystem is a dynamic network of 
interconnected stakeholders collaboratively co-creating value through services, resources, and relationships to 
improve health outcomes (cf. ). Consider a healthcare service ecosystem: 


A = {Patients, Doctors, Pharmacies, Insurers}. 


Here: 


¢ Neutrosophic resource exchanges (R) include the transfer of medical advice (R; ;) from doctors to pa- 
tients with: 


aie Patient (Medical Advice, (T = 0.9, 1 = 0.05, F = 0.05)). 


¢ Institutional arrangements (J) include healthcare regulations and insurance policies. 


* Neutrosophic value cocreation processes (V% ) evaluate outcomes such as patient health improvement. 
For instance: 


ye (Doctor, Patient) = (T = 0.85, J = 0.1, F = 0.05). 


Health Improvement 


Through this framework, the ecosystem balances confidence (7), uncertainty (J), and risk (F) in resource 
exchanges and value creation. 


Theorem 3.77. Service-Dominant Neutrosophic Logic generalizes Service-Dominant Logic by incorporating 
neutrosophic components (T, I, F). 


Proof. Service-Dominant Logic Lyp is defined as Lsp = (A,R,L,V), where R represents deterministic 
resource exchanges and V deterministic value cocreation processes. Service-Dominant Neutrosophic Logic 
Lspn = (A,RN,L,V%) extends Lsp by introducing RN and V™, where resource exchanges and value 
cocreation processes are represented with neutrosophic components (T, J, F). These components allow Lspn 
to explicitly model uncertainty (J) and conflict (F’), which are absent in £Ls5p. Thus, Service-Dominant Neu- 
trosophic Logic generalizes Service-Dominant Logic. oO 


Theorem 3.78. Service-Dominant Neutrosophic Logic inherently possesses the structure of Neutrosophic 
Logic. 


Proof. Service-Dominant Neutrosophic Logic Lspn incorporates neutrosophic resource exchanges R% and 
neutrosophic value cocreation processes V™, which map interactions and outcomes to neutrosophic values 
(7,1, F). These mappings align directly with the principles of Neutrosophic Logic, where T,/, F represent 
truth, indeterminacy, and falsity, respectively. As 7+ 1+ F < 1 is a fundamental constraint in both frameworks, 
L£spn haturally inherits the structure of Neutrosophic Logic. oO 


Theorem 3.79. Service-Dominant Neutrosophic Logic balances resource exchanges and value cocreation un- 
der uncertainty, enabling robust decision-making. 


Proof. In Service-Dominant Neutrosophic Logic Lspn, resource exchanges Piy = (Rij, (Tj, lij, Fij)) ex- 
plicitly account for uncertainty (/) and falsity (F) in interactions. Neutrosophic value cocreation processes 
VN : AXRN — AN integrate these components to evaluate outcomes with confidence (T) while accom- 
modating uncertainty and conflict. This balanced approach ensures that decision-making within the service 
ecosystem is robust, adapting to incomplete or conflicting information. Oo 


Theorem 3.80. Service-Dominant Neutrosophic Logic enables dynamic optimization of resource exchanges 
and value cocreation processes in complex ecosystems. 


Proof. The neutrosophic components (7, /, F) in Service-Dominant Neutrosophic Logic allow dynamic as- 
sessment of resource exchanges Py and value processes yr . By continuously updating (7,/, F) based on 
new information, the framework adapts to changes in the service ecosystem, optimizing interactions and out- 
comes. This flexibility supports decision-making in complex and evolving environments, where uncertainty 
and conflicting information are prevalent. oO 
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3.4.4 Neutrosophic Critical Thinking (Neutrosophic Critical Logic) 


Critical Thinking is the objective analysis and evaluation of information to form reasoned judgments, empha- 
sizing logic, and evidence 275}. 


Definition 3.81 (Critical Thinking). Critical thinking is the systematic, recursive, and logical process of ana- 
lyzing, evaluating, and synthesizing information to derive coherent conclusions and self-reflectively improve 
reasoning. Mathematically, it can be represented as: 


C(X) =RoF c&0A0TL(X), 


where: 


1. £ : X — R (Interpretation Function): A function that maps raw data X € X into a structured represen- 
tation R € R, capturing its semantic meaning. Formally: 


LI(X)=R, where R is a structured framework. 


2. A: R — P(E) (Analysis Operator): A function that decomposes R into its atomic elements or sub- 
components {@;, é2,...,@,} GC &, where P(S) denotes the power set of €&. Formally: 


A(R) = {e; | e; represents an atomic element of R}. 


3. 6: & — [0,1] (Evaluation Metric): A function that assigns a weight w(e;) to each element e;, quanti- 
fying its credibility or logical strength. Formally: 


&(e;) =w(e;), w(e;) indicates the reliability of e;. 
4. F : P(E) > C (Inference Function): A function that aggregates weighted elements {(e;, w(e;))} into 


a conclusion C € C based on logical or probabilistic rules. Formally: 
F ({(e;, w(e;))}) =C, where C is logically consistent. 
5. R:C — C’ (Self-Regulation Operator): A recursive function that reassesses and refines all preceding 
steps, resulting in an improved critical thinking process C’. Formally: 
R(C)=C’, C’ is an updated process. 


Remark 3.82. The critical thinking process C is inherently recursive, as the self-regulation operator R allows 
iterative improvement. This ensures both logical rigor and adaptability to new information. 


Example 3.83. Consider X as a dataset of experimental observations supporting a scientific hypothesis. The 
process proceeds as follows: 


1. Interpretation (I): Organize X into a structured hypothesis R. 

2. Analysis (A): Decompose R into key premises {e1, €2,..., én}. 

3. Evaluation (&): Assign weights w(e;) to each premise based on empirical evidence. 
4. Inference (F ): Derive a conclusion C by combining weighted premises. 

5. Regulation (R): Reassess I, A,&,F and refine the conclusion C. 


Definition 3.84 (Neutrosophic Critical Thinking). Neutrosophic Critical Thinking (NCT) is an extension of 
classical critical thinking that operates under the framework of neutrosophic logic, incorporating degrees of 
truth (T), indeterminacy (J), and falsity (Ff). This enables reasoning and decision-making in the presence of 
uncertainty and contradictions. Formally, NCT is a structured process defined as: 


NCT(X) =R% oF 0 SN O AN o JN (X), 


where X € X is the input data or information, and the components are defined as follows: 
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1. TN : X a RN (Neutrosophic Interpretation): A mapping that converts raw data X into a neutrosophic 
representation RY ¢ R%. For each proposition P in R’, a neutrosophic truth value is assigned: 


N(P)=(T,1,F), T,1,F € [0,1], O<T+/+F <1, 
where: 


¢ T: Degree to which P is true. 
e I: Degree to which P is indeterminate (uncertain or conflicting). 


e F: Degree to which P is false. 


2. AN : RN > P(EN) (Neutrosophic Analysis): Decomposes RN into atomic components {€1,€2,...,e@n} © 
&, where each component e; represents a fundamental unit of RN. Each e; is associated with a neu- 
trosophic evaluation: 


A (R™) = {(e;, N(e;)) | e; is an atomic component of RY }. 
3. SN: EN = [0, iF (Neutrosophic Evaluation): Assigns a neutrosophic truth value N(e;) = (Te,, Le;, Fe;) 
to each atomic component e;, quantifying its truth, indeterminacy, and falsity. Formally: 


EN (6) = (Tejs Leys Fos Togs Tors Fe, € WO. 1s: Top # Ie, + Fe, 1. 


4. FN : P(EN) — CN (Neutrosophic Inference): Synthesizes the neutrosophic evaluations {(e;, N(e;))} 
into a conclusion C', represented as: 


N(CN) = (Tc, Ic, Fe); 
where: 


n n n 
Tc = wile, Ic =) wiles Fo = )) wiFe,, 
i=l i=] i=] 


and w; are weights such that >)", w; = 1. 


5. RX : CN = CN (Neutrosophic Self-Regulation): A recursive operator that re-evaluates and refines CY 
by iteratively applying the process to updated information or revised assumptions. Formally: 


N(ON) — CN 
R (Cc ) z Cipdated? 
where CX incorporates new evaluations or corrections. 
updated 


Remark 3.85 (Neutrosophic Critical Thinking). Fuzzy Critical Thinking is a special case of Neutrosophic Crit- 
ical Thinking where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Critical Thinking 
is notable for its ability to generalize both Neutrosophic and Fuzzy Critical Thinking. 


Example 3.86 (Neutrosophic Decision-Making in Scientific Hypotheses). Let X represent experimental data 
supporting a scientific hypothesis. The process unfolds as follows: 


1. Interpretation (I ): Convert X into R“ , where each proposition P (e.g., ’The hypothesis holds under 
condition A”) is assigned N(P) = (T,1, F). 


2. Analysis (A™ ): Decompose R into atomic premises {e1, e2,...,@n}, with N(e;) = (Te;,1e;, Fe;)- 


3. Evaluation (E% ): Assign T.,, Ie;, Fe; values to each e; based on empirical evidence and logical consis- 
tency. 


4. Inference (F™ ): Compute N(CY) = (Tc, Ic, Fc) as the weighted aggregate of N(e;). 
5. Self-Regulation (R ): Reassess N(C%) and update components based on additional data or new hy- 


potheses. 


For instance, a hypothesis with N(CY ) = (0.7, 0.2, 0.1) indicates 70% confidence, 20% uncertainty, and 10% 
falsity. 
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Theorem 3.87. Neutrosophic Critical Thinking inherently extends classical critical thinking by modeling un- 
certainty and contradiction through (T, I, F). 


Proof. In classical critical thinking, each proposition P is evaluated as either true or false, lacking an explicit 
representation of uncertainty or contradiction. Neutrosophic Critical Thinking extends this framework by as- 
signing to each proposition N(P) = (T, I, F), where: 


T,J,Fe [0,1], T+i+F <1. 


This representation allows propositions to simultaneously have degrees of truth (T), indeterminacy (J), and 
falsity (F). By incorporating 7 and F’, Neutrosophic Critical Thinking explicitly accounts for uncertainty and 
contradictions, providing a more comprehensive framework for reasoning in ambiguous or complex scenarios. 

Oo 


Theorem 3.88. Neutrosophic Critical Thinking improves decision-making by balancing confidence, uncer- 
tainty, and falsity in evaluations. 


Proof. In Neutrosophic Critical Thinking, the inference process fF aggregates neutrosophic evaluations: 
N(C%) = (Te, Ic, Fe), 


where: 
n n n 
To=) wile, Ic=)\ wiles Fo=)\wiFe: 
i=l i=l i=1 


The weights w; are adjusted based on the importance or reliability of atomic components e;. This balanced 
approach enables decision-making that considers confidence (Tc), uncertainty (Jc), and falsity (Fc), allowing 
for nuanced conclusions that classical frameworks cannot achieve. oO 


Theorem 3.89. Neutrosophic Critical Thinking provides a self-regulating mechanism for iterative reasoning 
and decision-making. 


Proof. The self-regulation operator R in Neutrosophic Critical Thinking re-evaluates and refines conclusions 
CN by incorporating new data or updated assumptions: 


RN(CN) = Caio 


This recursive process ensures that decisions and conclusions remain adaptive to evolving information, im- 
proving robustness and accuracy over time. Such iterative refinement is absent in classical critical thinking, 
highlighting the advanced capabilities of the neutrosophic approach. oO 


Theorem 3.90. Neutrosophic Critical Thinking is applicable to systems with incomplete or conflicting data, 
where classical critical thinking fails. 


Proof. In systems with incomplete or conflicting data, propositions P cannot be fully classified as true or false. 
Neutrosophic Critical Thinking assigns N(P) = (T,/, F), where indeterminacy (/) captures the ambiguity or 
conflict. By explicitly modeling J alongside T and F, the framework accommodates incomplete or contradictory 
information, enabling reasoning and decision-making where classical approaches are inadequate. oO 


3.4.5 Neutrosophic Climate Change Logic 


In social science, Climate Change Logic models the interplay between human behavior, policies, and environ- 
mental impacts, analyzing strategies to mitigate climate change while accounting for societal, economic, and 


regulatory factors [23||42\|77||166|[373}. 
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Definition 3.91 (Climate Change Logic). Climate Change Logic is a formal mathematical system for modeling, 
evaluating, and optimizing the dynamic interactions between environmental states, human activities, and their 
impacts on climate systems under uncertainty. It is formally expressed as: 


Lec = (S,A,T, F,P,V,C,R,U), 


where: 


° S = {s1,52,...,5,}: A finite or infinite set of environmental states representing measurable climate- 
related variables such as CO? concentration, global temperature rise, or sea-level rise. 


° A = {aj,a2,...,4m}: A finite set of human activities or interventions influencing the state transitions, 
such as emissions, deforestation, industrial output, or renewable energy adoption. 


° T = {to,t,...,fp}: A discrete or continuous time horizon over which environmental dynamics and 
human interventions are observed. 


* F:SxAxT — A(S): The state transition function, where F'(s, a, t) gives the probability distribution 
over S at time ¢ + 1, conditioned on the current state s € S$ and activity a € A. Here, A(S) is the set of 
probability distributions on S. 


¢ P : S —> [0,1]: The risk function, assigning the probability of adverse events (e.g., natural disasters, 
economic damage) occurring at state s. 


¢ V:SxT — Rt: The valuation function, quantifying the severity of impacts or costs (e.g., economic 
losses, biodiversity loss, or health damage) associated with state s at time f. 


* C:AXxT —R*: The activity cost function, representing the cost associated with implementing activity 
a at time f. 


* R:SxA— Rt: The regulation function, defining the regulatory or mitigation costs required to control 
the state transition induced by activity a from state s. 


© U:P(S x A) — R: The utility function, capturing the decision-maker’s preferences over states and 
actions, accounting for both immediate and future impacts. 


Climate Impact Evaluation. The cumulative climate impact J over a time horizon T is expressed as: 


pe ie SY. PCs) + Fst) -V(s,0) dt. 


seSacA 


Optimal Climate Policy. The optimal climate policy 2* is a strategy that minimizes the cumulative impact 
T and total costs C, while accounting for regulatory constraints: 


ty 
a” = arg min [ I+ )° C(a,t) +)" R(s,a) dt}, 


% aéA ses 


subject to: 
F(s,a,t)€ A(S), VWteT,seS,aeAd. 


Here, IT is the set of all feasible policies mapping states S to actions A. 


46 


Uncertainty in Climate Change Logic. If uncertainty in state transitions or valuations is represented by a 
neutrosophic framework, the state transition function F N and valuation function V% are extended as follows: 


FN (s,a,t) = (Tp.Ip. Fr), V%(s,t) = (Iv. lv, Fv), 
where T, J, and F denote the truth, indeterminacy, and falsity components, respectively. 


The cumulative neutrosophic impact J’ becomes: 
tp 
yN -[ 23 > (Tr — Fr) - P(s) -V (5,1) dt. 
% seSacA 


Example 3.92 (Climate Change Logic: Renewable Energy vs. Forest Regeneration). Consider a climate policy 
scenario where policymakers aim to reduce greenhouse gas (GHG) emissions [258] over a time horizon T = 
{to, t1, t2}. The components of the Climate Change Logic are as follows: 


¢ S = {s1, 52,53}: Environmental states. 


— s,: Low GHG emissions. 
— so: Moderate GHG emissions. 


— s3: High GHG emissions. 
e A = {a , a2, a3}: Climate mitigation activities. 


— a,: Adoption of renewable energy (solar, wind). 
— dz: Forest regeneration programs. 


— a3: No intervention. 
° F: Sx AxT — A(S): State transition probabilities under mitigation activities. 
F(s3,41,t1) =0.7, F(s3, 42,01) = 0.6. 


Interpretation: At t,, adopting a; reduces s3 to lower states with 70% probability, while az achieves a 
60% reduction probability. 


¢ V: SxT — Rt: Climate impact valuation. 
V(s3,t2) = 100, V(s2,t2)=50, V(s1,t2) = 10. 


Interpretation: The cost of high emissions (53) at f2 is 100, while moderate (s2) and low emissions (51) 
cost 50 and 10, respectively. 


*C:AxT—R': Activity cost function. 
C(a1,t1) =30, C(a2,t1) =20, C(a3,t) = 0. 


Interpretation: The implementation costs of a; (renewable energy) and az (forest regeneration) at ft) are 
30 and 20, respectively. a3 (no intervention) incurs no cost. 


* R:SxXA— Rt: Regulatory compliance cost. 
R(s3, a3) = 50. 


Interpretation: Maintaining high emissions (s3) under no intervention (a3) incurs regulatory penalties 
of 50. 


Cumulative Climate Impact. The total climate impact J over T is calculated as: 


r= [OY Fan vison at 


0 seSaceA 
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Cost-Benefit Comparison. The total costs Ciotai for each policy (activity) include implementation costs and 
regulatory penalties: 
Crotal(a1) = 30, Crota(a2) = 20, — Crotal(a3) = 50. 


Optimal Policy. The optimal activity a* minimizes the sum of cumulative climate impact and total costs: 


a* = arg min [J + Cota] . 
acA 


Results. 


* a, (renewable energy) achieves the largest emission reduction probability (70%), reducing J significantly, 
but incurs higher upfront costs. 


* dp» (forest regeneration) provides a lower reduction probability (60%) but is more cost-effective. 


* a3 (no intervention) results in the highest regulatory penalties and climate impact, making it the least 
optimal choice. 


Thus, policymakers must evaluate trade-offs between emission reductions and associated costs to determine 
the optimal climate mitigation policy. 


Definition 3.93 (Neutrosophic Climate Change Logic). Neutrosophic Climate Change Logic is a formalized 
framework that models climate systems, human activities, and their interactions under uncertainty, indetermi- 
nacy, and falsity. It is defined as: 


ENG = (S, A,T, Pepe, Vv, OCR SIE), 


where: 


° S ={51,52,...,8n}: A finite or infinite set of environmental states (e.g., temperature rise, CO2 concen- 
tration, sea-level change). 


° A= {aj,a2,...,4m}: A finite set of human activities or mitigation strategies that influence state transi- 
tions, such as energy consumption, reforestation, or carbon capture. 


° T = {to,t1,...,tp}: A time domain (discrete or continuous) representing the temporal evolution of 
climate states. 


¢ FN :§xAxT = [0,1]: The neutrosophic state transition function, where: 
FN(s,a,t) = (Tr, Ip, Fr), 


assigns the degrees of truth (77), indeterminacy (J), and falsity (F-) for the probability of transitioning 
to a new state s € S under activity a at time f. 


¢ PN : § — [0,1]: The neutrosophic risk function, where: 
P'(s) = (Tp, Ip, Fp), 
represents the neutrosophic probabilities of risks (e.g., disasters or adverse effects) occurring at state s. 
¢ VN : Sx T — R?: The neutrosophic valuation function, where: 
VN (s,t) = (Tv, Iv, Fy), 


gives the truth (Ty), indeterminacy (/y), and falsity (Fy) components of the impacts or costs associated 
with state s at time ¢ (e.g., economic loss, biodiversity decline). 
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© CN :AxT — R?: The neutrosophic cost function, where: 
CN (a,t) = (Fes Ic, Fe), 
quantifies the truth, indeterminacy, and falsity of the costs incurred by implementing activity a at time t. 
¢ RN : $x A — R?: The neutrosophic regulation function, where: 
RN (s,a) = (Tr, Ir, Fr), 
represents the costs or regulatory constraints (with uncertainty) for controlling state s under activity a. 


° UN : P(S x A) > R*: The neutrosophic utility function, evaluating the decision-maker’s preferences 
over states and actions, incorporating truth, indeterminacy, and falsity. 


Neutrosophic Climate Impact. The cumulative neutrosophic climate impact J‘ over a time horizon T is 


defined as: ; 
P 
ca (Tr - Fr)- PN (s)-V(s,t) dt, 
Dy Dee 


0 seSaéA 


where Tp and Fr are the truth and falsity degrees from F’. 


Optimal Neutrosophic Climate Policy. The optimal policy 73, minimizes the cumulative neutrosophic im- 
pact and costs while respecting regulatory constraints: 


tp 
a . N N N 
Ty = arg min i f + ) C™ (a, t) + ) R =) dt 


acA ses 


> 


subject to: 
FN (s,a,t) €[0,1]°, VteT, s€S,aeA. 


Neutrosophic Uncertainty Representation. In this framework, uncertainty is explicitly represented through 
neutrosophic triplets: 
(T, I, F), 


where: 


¢ T: Degree of truth, reflecting known and verified information. 
e I: Degree of indeterminacy, accounting for ambiguity or incomplete information. 


¢ F: Degree of falsity, representing contradictory or false information. 


The neutrosophic extension allows for a comprehensive evaluation of climate change processes, enabling decision- 
makers to handle uncertain, incomplete, and conflicting data effectively. 


Remark 3.94 (Neutrosophic Climate Change Logic). Fuzzy Climate Change Logic is a special case of Neutro- 
sophic Climate Change Logic where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic 
Climate Change Logic is notable for its ability to generalize both Neutrosophic and Fuzzy Climate Change 
Logic. 


Example 3.95 (Neutrosophic Climate Change Logic: GHG Emission Reduction). Consider a scenario where 
policymakers aim to reduce greenhouse gas (GHG) emissions to mitigate climate change. Let the components 
of Neutrosophic Climate Change Logic be defined as follows: 


° S = {s1, 52,53}: Set of environmental states. 
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— s,: Low GHG emission level (below target threshold). 
— s2: Moderate GHG emission level. 


— s3: High GHG emission level. 
A = {a}, a2, a3}: Set of mitigation actions. 


— a,: Implementation of renewable energy (solar, wind). 
— ay: Industrial carbon capture and storage (CCS). 


— a3: No intervention (business as usual). 
T = {to, t1, t2}: Discrete time steps fo (initial), t; (mid-term), t2 (long-term). 
FN :$x AxT = [0, 1]?: Neutrosophic state transition function. 
FN (9, a1,t1) = (0.8,0.1,0.1),  F (s3, a2, tz) = (0.6, 0.3, 0.1). 


Interpretation: Implementing a, at t; reduces emissions to s with 80% certainty (T = 0.8), 10% inde- 
terminacy (J = 0.1), and 10% falsity (F = 0.1). 


PN : § — [0,1]: Neutrosophic risk function. 
P' (53) = (0.9, 0.05, 0.05), 


indicating a 90% chance of severe climate risks under high emissions (53), with 5% indeterminacy and 
5% falsity. 


VN : § xT — R?: Neutrosophic valuation function for environmental impact. 
V™ (s3,t2) = (-100, 0.2, -5), 


meaning the environmental cost of state s3 at tz is highly negative (T = —100), with 20% uncertainty and 
—5 representing an overestimated loss. 


CN : AxT — R?: Neutrosophic cost function for mitigation actions. 
C™ (a1, t1) = (30,0.1,2), C™ (a2, t2) = (50, 0.2, 5), 


where implementing a, at f; incurs a cost of 30 with 10% indeterminacy, while a2 at tz incurs a higher 
cost of 50 with 20% uncertainty. 


RN : $x A — R?: Neutrosophic regulation function for compliance costs. 
R™ (53,43) = (0,0.1,0), 


indicating no additional regulation cost under s3 with no intervention (a3). 


Neutrosophic Climate Impact. The cumulative neutrosophic climate impact J‘ over T is calculated as: 


IN =) >) > ir - Fr) PN (s)-V" (5,0), 


teT seSacA 


where 7 and FF are the truth and falsity degrees, respectively. 


Optimal Policy. The optimal mitigation policy 7}, minimizes the total neutrosophic impact and associated 
costs: 


oe | oN N N 
Ty = arg min I +>) Sic (a,t) +R (s,a)|. 
teTacA 
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Interpretation. Based on the neutrosophic values: 


¢ Implementing a; (renewable energy) reduces emissions to s2 with high certainty and low indeterminacy, 
making it a cost-effective option. 


* a> (carbon capture) achieves results with moderate certainty but incurs higher costs. 


* a3 (no intervention) results in severe climate risks (s3) with high probability. 


The decision-maker uses the neutrosophic framework to weigh uncertainties, evaluate trade-offs, and determine 
the most effective policy. 


3.4.6 Neutrosophic Social Media Logic 


Social Media Logic refers to the principles driving social media platforms, focusing on programmability, pop- 


ularity, connectivity, and datafication to shape user interactions and content dynamics 377). 


This is extended using Neutrosophic Logic. The definition is provided below. 


Definition 3.96 (Social Media Logic). (cf. [76 ) Social Media Logic (SML) is a mathematical 


framework that models the underlying principles governing social media platforms. It is defined as: 
SML = (P, £,C,D), 


where: 


* Programmability (P): A bidirectional function P : (U x A) > (R x A’), where: 


— U: Set of users, 
— A: Set of algorithms, 
— R: Set of platform responses, 


— A’: Updated state of algorithms based on user interactions. 


* Popularity (£): A scalar function £: C — R*, where C is the set of content items, and £(c) quantifies 
the popularity of content c using a weighted sum of metrics. 


* Connectivity (C): A dynamic graph G = (V, E), where: 


- V=UUC: Set of users and content, 


- ECV~xY: Set of directed edges representing relationships or interactions. 


¢ Datafication (D): A function D : E — R”, mapping each edge e € E to a vector of numerical features 
describing interaction attributes. 


Example 3.97 (Components of Social Media Logic). Consider a simplified social media scenario: 
¢ Programmability (P ): User u, interacts with algorithm ay, resulting in a response r; (e.g., recommended 
content), and updates the algorithm to state a}: 


P (uj, 41) = (71,4}). 


¢ Popularity (£): The popularity of a post c; is calculated as: 
L£(c1) = w1- Likes + w2 - Shares + w3 -Comments, 
where w1, W2, W3 are weights assigned to each metric. 
* Connectivity (C): The platform is represented as a graph G = (V, E), where: 


V = {uy,uU2,C1,C2}, E = {(uy,c1), (C1, u2)}. 
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* Datafication (D): An edge e = (uj, c1) is mapped to a vector representing interaction attributes: 
D(e) = [time_spent, clicks, likes]. 


Definition 3.98 (Social Media Neutrosophic Logic). Social Media Neutrosophic Logic (SMNL) is a frame- 
work for analyzing the uncertainty, indeterminacy, and truthfulness of propositions on social media. It extends 
classical Social Media Logic by incorporating neutrosophic components. Formally, SMNL is defined as: 


SMNL = (P, £,C,D,N), 


where: 


¢ Programmability (P): A bidirectional function P : (U x A) > (R x A’), where: 


— U: Set of users, 


— A: Set of algorithms, 


R: Set of platform responses, 


— A’: Updated state of algorithms influenced by user interactions. 
* Popularity (L): A neutrosophic scalar function £L : C — R*, where C is the set of content items, and: 
L£(c) = (Te, Ics Fe); 
where T,.,1¢, Fe € [0, 1] represent the truth, indeterminacy, and falsity of content c, satisfying: 


0<%T%+1l.+F. <1. 


* Connectivity (C): A dynamic graph G = (V, E), where: 


- V=UUC: Set of users and content, 
- ECVxY: Set of directed edges representing relationships or interactions, 


— Each edge e € E is assigned a neutrosophic value N(e) = (Te, Ie, Fe). 


¢ Datafication (D): A function D : E — R", mapping edges e € E to feature vectors of quantified 
interaction data. 


* Neutrosophic Evaluation (N): A mapping N : P — R°, where P represents propositions about user 
interactions, platform algorithms, or content. For any P, we have: 


N(P) = (7,1, F), 
where T, /, F € [0, 1] denote the degrees of truth, indeterminacy, and falsity, satisfying 0 < T+/+F < 1. 


Remark 3.99 (Neutrosophic Social Media Logic). Fuzzy Social Media Logic is a special case of Neutrosophic 
Social Media Logic where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Social 
Media Logic is notable for its ability to generalize both Neutrosophic and Fuzzy Social Media Logic. 


Example 3.100 (Application of SMNL Components). A social media platform is a digital environment en- 
abling users to create, share, and interact with content, fostering communication, networking, and engagement 


(cf. (62)/68}). 


Consider a social media platform evaluating a post c;: 


¢ Programmability (P): User u; interacts with the platform’s algorithm a;, which generates a response r; 
(e.g., content recommendation) and updates itself to state a: 


P(u1, 41) = (r1,4}). 
¢ Popularity (£): The post c; is evaluated as: 
L£(c1) = (Te,,Te,, Fey) = (0.7, 0.2, 0.1), 


indicating high truthfulness, moderate indeterminacy, and low falsity. 


52 


* Connectivity (C): The platform graph G = (V, E) includes nodes V = {u1,u2,C1, C2} and edges E = 
{(u1, 1), (C1, U2) }. The edge (uj, c,) has a neutrosophic value: 


N((u1,€1)) = (Te, Ie, Fe) = (0.8,0.1,0.1). 


* Datafication (D): The edge (uj, c1) is mapped to a feature vector: 


D((uy, c1)) = [time_spent, clicks, likes] = [300, 5, 10]. 


¢ Neutrosophic Evaluation (N): A proposition P: ’Post c, is reliable” is evaluated as: 
N(P) = (7,1, F) = (0.7, 0.2,0.1). 


Theorem 3.101. Social Media Neutrosophic Logic inherently possesses the structure of a Neutrosophic Logic. 


Proof. This result follows directly from the definition of Social Media Neutrosophic Logic, as it extends the 
principles and components of Neutrosophic Logic to the domain of social media. oO 


Theorem 3.102. Social Media Neutrosophic Logic inherently possesses the structure of a Social Media Logic. 


Proof. This result follows directly from the definition of Social Media Neutrosophic Logic, as it adapts the 
principles and mechanisms of Social Media Logic within a neutrosophic framework. oO 


Theorem 3.103. The neutrosophic popularity function £(c) in SMNL balances truth, indeterminacy, and 
falsity to model content evaluation. 


Proof. The popularity function £(c) in SMNL maps each content item c € C to a neutrosophic value: 


L£(c) =(Te,Te, Fe), Teste, Fe € [0,1], Te tle + Fe < 1. 


This representation balances: 


¢ T.: The degree to which the content is truthful or reliable. 
e I: The degree of uncertainty or ambiguity in evaluating the content. 


¢ F.: The degree to which the content is false or unreliable. 


The constraint T.+/.+F,. < 1 ensures that the evaluation is consistent and accounts for all available information. 
By incorporating J,, SMNL captures ambiguity that deterministic or probabilistic models cannot, providing a 
nuanced evaluation of content. oO 


Theorem 3.104. SMNL explicitly models uncertainty and conflict in social media interactions through neu- 
trosophic connectivity C. 


Proof. The connectivity component C in SMNL is a dynamic graph G = (V, E), where: 
N(e) = (Te, le, Fe), Teste, Fe € [0,1], Tetle+ Fe <1. 


For each edge e € E, the neutrosophic value N(e) represents: 


¢ T.: The degree to which the interaction is meaningful or reliable. 
¢ I.: The degree of uncertainty or ambiguity in the interaction. 


e F.: The degree to which the interaction is misleading or false. 
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By modeling interactions with N(e), SMNL captures the uncertainty and conflict inherent in social media 
interactions, enabling a more accurate analysis of network dynamics. Oo 


Theorem 3.105. SMNL enhances decision-making by integrating neutrosophic evaluations into the programma- 
bility component P. 


Proof. In SMNL, the programmability function Ff is defined as: 
P:(UxXA)—>(RXA’), 


where U is the set of users, A is the set of algorithms, R is the set of platform responses, and A’ is the updated 
state of algorithms. By incorporating neutrosophic evaluations N(P) = (T,/, F) for propositions P about user 
interactions or algorithm behavior, P enables algorithms to: 


¢ Prioritize responses with high T (truthfulness). 
¢ Mitigate decisions with high / (uncertainty). 


e Avoid actions with high F (falsity). 


This integration ensures that platform decisions are robust and adaptive to uncertainty and conflicting informa- 
tion. Oo 


3.4.7 Neutrosophic Critical Service Logic 


In the field of social science, Service Logic is well recognized. As a related concept, Critical Service Logic is 
also known. Critical Service Logic focuses on understanding value creation through interactions, emphasizing 
customer experiences, resources, and context within service ecosystems |148| . This framework is extended 
using Neutrosophic Logic to incorporate uncertainty, indeterminacy, and falsity into the analysis of value co- 
creation processes. Definitions and formalizations are provided below. 


Definition 3.106 (Neutrosophic Critical Service Logic). Neutrosophic Critical Service Logic (NCSL) is a 
mathematical framework for value creation and co-creation under uncertainty, ambiguity, and conflict, using 
neutrosophic components of truth (T), indeterminacy (/), and falsity (Ff). Formally, NCSL is defined as: 


NCSL = (A,R,V™",8%, DN), 


where: 

1. A = {A}, A2,...,An}: A set of actors in the service system, where each actor A; integrates resources 

for value creation. 

A; = (role, capabilities, NV). 
2. R= {R1, Ro,..., Rp}: A set of resources, where each resource Rx includes: 
Ry = (financial, human, technological, NV), 
and each resource effectiveness is evaluated as: 
N(Rx) = (Tr, Ir,» FR): Tr, + Ir, + Fr, <1. 

3. VN = {VN ‘ ve ackod yy }: A set of neutrosophic value functions. Each value function Al maps time 


horizons to neutrosophic evaluations: 


VP :TOR, VWYO=G0.40,F (0). 
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4. 6N = {EN oe puts ake \: A set of neutrosophic environmental states affecting value co-creation, 
where: 
EX: TOR, Ej) = (Tz, (0, 1,0, Fe, (1). 


5. DN= {DN, De say DY: A set of neutrosophic decisions, where each decision DN is defined as: 
DN : (R,6%) 3 WN. 


6. N: A neutrosophic evaluation function assigning a truth value to propositions P about actors, resources, 
or environmental states: 


N(P) = (Tp, Ip, Fp), Tp,Ip,Fp € [0,1], Tpe+Ip+Fp <1. 


Remark 3.107 (Neutrosophic Critical Service Logic). Fuzzy Critical Service Logic is a special case of Neutro- 
sophic Critical Service Logic where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic 
Critical Service Logic is notable for its ability to generalize both Neutrosophic and Fuzzy Critical Service 
Logic. 


Example 3.108 (Neutrosophic Critical Service Logic in Renewable Energy). Renewable energy is energy 
derived from naturally replenishing sources like sunlight, wind, water, and biomass, providing sustainable, 
eco-friendly power [56||92|/214|/369]. Consider a renewable energy service ecosystem where stakeholders 
collaborate to create sustainable energy solutions under uncertainty. 


¢ Actors (A): 
A = {Energy Providers, Governments, Investors, Consumers}. 


Each actor A; integrates resources for value creation. For instance: 


Atnvestors = (Financial support, Capital allocation, N = (T = 0.8, J = 0.15, F = 0.05)). 


¢ Resources (R): Resources include financial investments, technological infrastructure, and human exper- 
tise: 
R, = ($10 Million, 20 Engineers, Solar Panels, (JT = 0.9, J = 0.05, F = 0.05)). 


* Neutrosophic Value Functions (VN ): The value ’energy production efficiency” is measured over a year 


as: 
Viticiency (t) = (Tefticiency: Tefticiency » Fefficiency)s 
where: 
Vatrcieney(12 months) = (0.75, 0.2, 0.05). 


* Neutrosophic Environmental States (6% ): External factors such as government subsidies and climate 
conditions influence outcomes: 


EN 


subsidy \t) = (0.7, 0.2, 0.1). 


* Neutrosophic Decisions (D ): A decision to invest in solar energy is evaluated based on resources and 
environmental states: 
DN 


solar 


N _ yNn 
(Ri, E subsidy) ~ Vesey’ 


In this example, NCSL quantifies the uncertainties (/) and risks (F’) involved in renewable energy investments, 
allowing stakeholders to make informed and balanced decisions. 


Theorem 3.109. The Neutrosophic Critical Service Logic exhibits the structure of a Neutrosophic Set. 
Proof. The result follows directly from the definition. oO 


Theorem 3.110. The Neutrosophic Critical Service Logic exhibits the structure of a Classic Critical Service 
Logic. 
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Proof. The result follows directly from the definition. oO 


Theorem 3.111 (Non-negativity of Neutrosophic Components). For any neutrosophic evaluation N(P) = 
(Tp, Ip, Fp) in NCSL, the components Tp, Ip, and Fp are non-negative: 


Tp >0, Ip2>0, Fp2>0. 


Proof. By the definition of the neutrosophic evaluation function: 
N(P) = (Tp, Ip, Fp), where Tp, Ip, Fp € [0,1]. 
The interval [0, 1] imposes the lower bound 0 for Tp, Ip, and Fp. Hence, the components are non-negative: 
Tp >0, Ip>0, Fp2=0. 
Oo 


Theorem 3.112 (Bounded Sum of Neutrosophic Components). For any neutrosophic evaluation N(P) = 
(Tp, Ip, Fp) in NCSL, the sum of components is bounded: 


Tp +Ipt+Fp <1. 


Proof. By the definition of the neutrosophic evaluation function, we have: 
N(P) = (Tp, Ip, Fp), Tp, Ip, Fp € [0,1]. 
The condition Tp + Ip + Fp < | ensures that the total evaluation remains within the valid range. If any of the 
components Tp, Ip, or F’p increase, the other components must decrease to satisfy this bound. Thus: 
Tp+Ipt+Fp <1. 

Oo 
Theorem 3.113 (Optimal Neutrosophic Decision-Making). Given a set of resources R and environmental 
states &, a neutrosophic decision DN is optimal if it maximizes the truth component T while minimizing 
indeterminacy I and falsity F: 


, = arg max (Tp, — Ip, — Fp,) - 


optima 
DNeDN 


Proof. Let DN be a neutrosophic decision such that: 

DN :(R,6%) 3 V%, DN = (Tp,, Ip, Fp,)- 
The optimal decision De timal SC¢KS to balance the neutrosophic components by maximizing the truth Tp, and 
simultaneously minimizing the indeterminacy [p, and falsity Fp,. Formally: 


DN 


optimal ~ 478 Max (Tp, apes Fp,) > 


DN EDN 


subject to the constraint: 

Tp, + Ip, + Fp, <1. 
This ensures that the decision Dy imal S2tsfies the neutrosophic bounds while optimizing the value for the 
decision-maker. Oo 


4 Future Tasks: Various Extensions 


This section provides a brief overview of the future prospects of this research. 


It is important to note that the concepts defined in this Future Tasks section are merely examples and hold 
significant potential for improvement depending on the objectives and perspectives involved. However, by 
engaging in such mathematical modeling, we believe that these concepts can be analyzed using various existing 
mathematical frameworks and logics. 


Further exploration of these definitions, their applications, and related research developments are expected to 
progress in the future. 
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4.1 Real-World Applications within a New Social Framework 


In this subsection, we discuss potential real-world applications within an uncertain social framework. 


4.1.1 Plithogenic Social Framework 


As previously mentioned, the plithogenic set is widely recognized for its flexibility and its ability to general- 
ize Fuzzy Sets and Neutrosophic Sets [20][304|(314][325}327|/341|[352]. Owing to its versatile structure, the 
plithogenic set holds significant potential for real-world applications. In this study, we propose extending the 
plithogenic set framework to established methodologies such as Neutrosophic Psychology, PDCA, DMAIC, 
SWOT, and OODA. By integrating plithogenic sets into these frameworks, our aim is to explore their inter- 
connections and enhance their capability to address complex, multi-dimensional, and contradictory scenarios 
effectively. 


Below, we outline conceptual definitions for applying plithogenic sets to these systems: 


Plithogenic Body-Mind-Soul-Spirit Fluidity: A framework capturing multi-attribute dynamics in psycho- 
logical and spiritual contexts, enabling nuanced assessments of human decision-making and well-being. 


Plithogenic PDCA: An extension of the Plan-Do-Check-Act cycle that incorporates multi-criteria and 
contradictory attributes for more effective quality improvement and problem-solving. 


Plithogenic DMAIC: A generalized approach to Define-Measure-Analyze-Improve-Control, leveraging 
plithogenic attributes to address complex operational challenges in Six Sigma processes. 


Plithogenic SWOT: An enriched version of Strengths-Weaknesses-Opportunities-Threats analysis, inte- 
grating multi-dimensional perspectives and contradictions for strategic decision-making. 


Plithogenic OODA: A plithogenic adaptation of the Observe-Orient-Decide-Act loop, enabling flexible 
and adaptive responses in dynamic and uncertain environments. 


Plithogenic Five Forces: An extension of Porter’s Five Forces framework, incorporating multi-attribute 
and contradictory factors to analyze industry competition with greater flexibility and precision. 


Theorem 4.1 (Generalization of Fuzzy and Neutrosophic Concepts in Plithogenic Frameworks). The frame- 
works of Plithogenic Body-Mind-Soul-Spirit Fluidity, Plithogenic PDCA, Plithogenic DMAIC, Plithogenic 
SWOT, Plithogenic OODA, and Plithogenic Five Forces extend the Fuzzy and Neutrosophic concepts by in- 
tegrating multi-attribute, multi-criteria, and contradictory characteristics. These generalizations facilitate the 
modeling and analysis of complex, multi-dimensional, and dynamic systems. 


Proof. The claim is evident from the definitions of the Plithogenic frameworks. Similar proofs have been 
provided in the literature []1 19) 129]. Readers may refer to these works for detailed justifications if needed. 
Oo 


By applying plithogenic sets to these widely used frameworks, we hope to provide more robust tools for 
decision-making, strategic planning, and continuous improvement in diverse real-world contexts. 


4.1.2 Hyperanalysis and Hypercycle 


We also hope that concepts such as Hyperanalysis/Hypercycle and Superhyperanalysis/SuperHypercycle, which 
hierarchically represent the ideas presented in this paper, will be explored as needed. These approaches are 


envisioned as applications of hyperstructure [|41||51] and superhyperstructure []117| 


principles to the concepts introduced in this study. 


First, we provide the definitions related to hyperstructure and superhyperstructure below. In set theory, hyper- 
structure and superhyperstructure can be viewed as the power set and nth-superhyperset, respectively. Intu- 
itively, they represent iterative structures. For detailed definitions of Hyperstructure and Superhyperstructure, 
readers are encouraged to refer to relevant works such as as needed. 
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Definition 4.2 (Powerset). [118 The powerset of a set S, denoted by P(S), is the set of all subsets of S, 
including both the empty set and S itself. Formally: 


P(S)={A|AC S}. 


Definition 4.3 (Hyperoperation). (cf. |294| 388]) A hyperoperation is an extension of a traditional binary 
operation where the result of applying the operation to two elements is a subset of the base set rather than a 
single element. Formally, given a set S, a hyperoperation o is defined as: 


o:SxS—>P(S), 
where P(S) is the powerset of S. 


Definition 4.4 (Hyperstructure). (cf. [118| ) A Hyperstructure is a mathematical construct that gen- 
eralizes operations on a set using its powerset. Formally, it is defined as: 


H = (P(S),°), 


where: 


¢ Sis the underlying base set. 
¢ £(S) denotes the powerset of S$, which includes all subsets of S. 
* o is an operation acting on the elements of P(S). 


Definition 4.5 (n-th Powerset). (cf. 118} ) The n-th powerset of a set H, denoted as P,(H), is con- 
structed recursively through successive powerset operations. Specifically: 


Pi(H) =P(A), Prii(H) =P(Pr(A)) forn > 1. 


Similarly, the n-th non-empty powerset, denoted as P*(H), excludes the empty set at each level and is defined 
as: 
Pi(H) =P"(H), Pry (H) =P*(PrC)), 


where ?*(H) represents the standard powerset P(H) with the empty set removed. 


Definition 4.6 (SuperHyperOperations). (cf. [335]) Let H be a non-empty set, and let P(H) represent the 
powerset of H. The n-th powerset, denoted as P”(H), is recursively defined as: 


P'(H)=H, P*'(H)=P(P*(H)), Vk >. 


A SuperHyperOperation of order (m,n) is an m-ary operation expressed as: 
(mn) s ™ _, pn FH), 
where P)"(H) denotes the n-th powerset of H, with two variations depending on inclusion or exclusion of the 
empty set: 
¢ Ifthe codomain excludes the empty set, the operation is referred to as a classical-type (m, n)-SuperHyperOperation. 
* If the codomain includes the empty set, it is termed a Neutrosophic (m, n)-SuperHyperOperation. 


These SuperHyperOperations generalize hyperoperations to higher-order structures, accommodating multi- 
layered relationships through iterative powerset constructions. 


Definition 4.7 (n-Superhyperstructure). (cf. |318) ) An n-Superhyperstructure is an advanced extension of 
a hyperstructure that incorporates n-fold iterations of the powerset operation. It is defined as: 


SH n = (Pn(S), °), 


where: 
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e § is the base set. 


* P,,(S) represents the n-th powerset of S, obtained through recursive applications of the powerset opera- 
tion. 


* o is an operation defined on elements of P,(S). 


The aforementioned concepts of hyperstructure and superhyperstructure can be applied not only to various 
mathematical frameworks but also to concepts beyond pure mathematics. Consequently, it is natural to consider 
their applicability to the ideas presented in this paper. For instance, the definitions of the PDCA Hypercycle 
and PDCA n-SuperhyperCycle are provided above. We anticipate further exploration of these frameworks and 
their potential applications to other models. 


Definition 4.8 (PDCA Hypercycle). A PDCA Hypercycle is defined as: 
Hppca = (P(S),9°), 
where S is a set of system states, and o maps: 
Hppca(X) = A(C(D(P(X)))),  X CS. 


Example 4.9 (PDCA Hypercycle in Quality Management). Consider a manufacturing process aimed at im- 
proving product quality using the PDCA (Plan-Do-Check-Act) Hypercycle framework. The process can be 
described as follows: 


¢ S={51,52,...,55}: A set of system states, where each s; represents a different stage of product quality, 
such as: 


s, = Initial state, s2 = Design stage, s3 = Production stage, s4 = Quality inspection, s5 = Defect correction. 


* P(S): The powerset of S, capturing all subsets of system states X C S, such as: 
X = {52,53}, P(X) = {{52}, {53}, {52, s3}}. 


¢ The PDCA Hypercycle operates through the following steps: 


1. P(X): Plan phase — Define quality objectives and prepare production plans for the subset of states 
X = {5,53}. For example, improving the defect rate by optimizing production parameters. 


2. D(X): Do phase — Implement the plans, such as testing new production methods or upgrading 
machinery in states sz and 53. 


3. C(X): Check phase — Evaluate the outcomes of the Do phase by inspecting the quality results and 
collecting metrics, such as: 


Defect rate reduced from 5% to 3%. 


4. A(X): Act phase — Adjust processes based on the Check phase results. For instance, fine-tune the 
machine settings further or update training protocols for workers. 


The PDCA Hypercycle iteratively refines X, evolving system states through higher-order feedback loops. The 
process can be expressed mathematically as: 


Hppca(X) = A(C(D(P(X)))). 
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Outcome. After multiple iterations of the PDCA Hypercycle, the system achieves an improved state with a 
defect rate of 1%, meeting the quality target. 


Definition 4.10 (PDCA n-SuperhyperCycle). A PDCA n-SuperhyperCycle is defined as: 
SH bnca = (P"(S), 0%”), 
where ?”(S) is the n-th powerset of S, and: 
SH ppcal(X) = A" 0 C" oD" 0 P"(X), XE PS). 
Example 4.11 (PDCA n-SuperhyperCycle in Project Management). In a complex project management sce- 
nario: 
¢ S: Tasks {T,,7>,..., 75}. 


* P?(S): Powerset of subsets of tasks, capturing interdependent subtasks and their groupings. 


The PDCA 2-SuperhyperCycle proceeds as follows: 


1. P*(X): Generates plans across grouped subtasks. For example: 
P*(X) = {{T1, To}, (73, Ta}}. 


2. D?(X): Executes actions on these subsets, producing partial results. 
3. C?(X): Evaluates subset outcomes, such as task completion percentages. 


4. A?(X): Adjusts task groupings and priorities based on evaluation. 
The process evolves X iteratively through multi-level refinement, achieving higher-order optimization. 


For clarification, as with the PDCA Hypercycle and n-SuperhyperCycle, the following concepts are defined. 
We look forward to further research and advancements in these areas. 


DMAIC Hypercycle: A generalized approach to Define-Measure-Analyze-Improve-Control, leveraging 
hyperstructure attributes to address complex operational challenges within Six Sigma processes. 


SWOT Hyperanalysis: An enhanced version of the Strengths-Weaknesses-Opportunities-Threats anal- 
ysis, integrating multi-dimensional perspectives and interdependencies to improve strategic decision- 
making. 


OODA Hypercycle: A hyperstructure-based adaptation of the Observe-Orient-Decide-Act loop, enabling 
flexible and adaptive responses in dynamic and uncertain environments. 


Five Forces Hyperanalysis: An extended version of Porter’s Five Forces framework, incorporating multi- 
attribute and interdependent factors to analyze industry competition with greater precision and adaptabil- 


ity. 


DMAIC n-Superhypercycle: A higher-order extension of the Define-Measure-Analyze-Improve-Control 
process, addressing n-fold complexities through multi-level operational analysis. 


SWOT n-Superhyperanalysis: A multi-level enhancement of SWOT analysis, incorporating n-fold di- 
mensions and contradictions to enable comprehensive strategic planning and decision-making. 


OODA n-Superhypercycle: A higher-order adaptation of the Observe-Orient-Decide-Act loop, capturing 
n-fold interdependencies to support adaptive and resilient decision-making in uncertain environments. 


Five Forces n-Superhyperanalysis: An advanced extension of Porter’s Five Forces model, integrating 
n-fold multi-attribute and hierarchical structures to analyze industry competition with greater depth and 
flexibility. 


60 


4.1.3. Other Frameworks 


In addition to the frameworks discussed in this paper, numerous others are developed daily across various fields. 
For example: 


COBIT (Control Objectives for Information and Related Technologies) [172\!273], 


BADIR (Business Question, Analysis Plan, Data Collection, Insights Derivation, Recommendations) 
175), 


ITIL (Information Technology Infrastructure Library) [135|[227], 
Five Whys [39]/303|/353}, 

Kanban [5|365}, 

VRIO (Value, Rarity, Imitability, Organization) (192|[235}, 

OGSM (Objectives, Goals, Strategies, and Measures) (213|/246|[274}, 
PEST Analysis {[78|106|/220}. 


We hope to explore the potential for extending these frameworks using concepts such as Neutrosophic Struc- 
tures, Uncertain Structures, and Superhyperstructures. Future research may focus on examining the mathemat- 
ical structures of these extended frameworks and exploring their applications in fields such as social sciences. 


4.2 New Strategic Leadership 


4.2.1 Neutrosophic Strategic Leadership 


In addition to the concepts discussed in this paper, the neutrosophic framework can be applied to a variety of 
other fields and ideas. As an example, we introduce the concept of Neutrosophic Strategic Leadership. 


Leadership refers to the ability to influence, guide, and inspire individuals or groups to achieve objectives 
through effective communication, motivation, and vision (40|/57). Strategic Leadership, in particular, focuses 
on balancing short-term goals with long-term vision, emphasizing resource allocation, adaptability, and orga- 


nizational alignment to ensure sustained success |108| 384). 


The related definitions and formalizations are presented below. It is important to note that leadership itself is 
a multifaceted concept that can be defined and studied from various perspectives, depending on the context or 
scope of analysis. The definitions provided here represent only one example among many. 


We hope that future research will further explore concepts like Neutrosophic Strategic Leadership and its appli- 
cations. Additionally, many related leadership frameworks have been studied extensively in existing literature, 


including examples such as servant leadership |299), meta-leadership |95| , e-leadership |29|84/184], 
Agile leadership , and followership [36 , among others. 


Definition 4.12 (Classic Leadership). Classic Leadership is a structured decision-making framework that for- 
malizes the process of directing, influencing, and coordinating individuals or groups to achieve organizational 
goals. It is mathematically defined as a tuple: 


LCL = (A, T; R, S, P), 


where: 


1. A={Aj, Ao,..., An}: A set of agents (leaders and followers), where each agent A; has attributes: 
A; = (role, capabilities, preferences). 


Here: 
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* role € {Leader, Follower} defines the agent’s position. 
* capabilities € R@ represents the skillset or competence vector in d-dimensional space. 


* preferences € R* indicates the agent’s goals or utility preferences. 
2. J ={T,To,...,Tm}: A set of tasks to be accomplished, where each task T; is defined as: 
T; = (Rj,O;,C;), 
with: 
¢ Rj: Resource requirements for 7;. 


* O;: The output or measurable outcome of 77. 
* C;: Constraints, such as deadlines or quality thresholds. 
3. R={R,,Ro,...,Rp}: A set of resources required to execute tasks, where each resource R, has a finite 


capacity: 
Ry = (type, capacity), capacity € R*. 


4. S = {S,So,...,Sq}: A set of strategies for resource allocation and task assignment, where each strategy 
S; maps agents and resources to tasks: 


S,: AXROT. 
5. P = {P\, P2,...,P,}: A set of performance metrics to evaluate leadership effectiveness. Each perfor- 
mance metric Py, is a mapping: 
Pr: TF OR, 


where P;,(7;) measures the success or efficiency of completing task 7;. 


Remark 4.13 (Components of Classic Leadership). Classic Leadership focuses on task execution and organi- 
zational performance by: 


¢ Aligning agents (A) with appropriate tasks (7) using their capabilities. 
* Optimizing resource allocation (R) under constraints. 

* Selecting strategies (S) to achieve goals efficiently. 

¢ Evaluating performance (P’) based on measurable outcomes. 


Example 4.14 (Classic Leadership in a Project Management Scenario). Consider a project with three agents, 
two tasks, and finite resources: 


A = {A : Leader, A2 : Follower, A3 : Follower}, 


JF ={T, : Design Phase, T> : Implementation Phase}, 
R = {R, : Budget = $10,000, R2 : Human Resources = 5 engineers}. 


The leader A, assigns resources and strategies: 
Si(A2,R1) > TM, Si (A3, Ro) > Th. 
The performance metrics P; evaluate success: 
P\(T,) = 90% completion, P (7) = 80% completion. 


This example demonstrates how Classic Leadership optimizes task execution and resource utilization. 


The concept of Neutrosophic Leadership, which integrates the principles of Neutrosophic Logic into the above 
definition of leadership, is presented below. 
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Definition 4.15 (Neutrosophic Leadership). Neutrosophic Leadership is a mathematical framework that models 
leadership under uncertainty, ambiguity, and contradiction by extending classical leadership principles with 
neutrosophic logic. It incorporates truth (T), indeterminacy (/), and falsity (F) to evaluate decisions, strategies, 
and resource allocations. Formally, it is defined as: 


Lye (AT RS" Ph), 


where: 


1. A= {A}, A2,..., An}: A set of agents (leaders and followers), where each agent A; is defined as: 
A; = (role, capabilities, N‘), 
with: 


* role € {Leader, Follower}: The position of the agent. 
* capabilities € R¢: The agent’s skillset or competence vector in d-dimensional space. 


oN4A= (T4,,14,;, F'a,): A neutrosophic evaluation of the agent’s effectiveness, where: 
Ta, (truth), 74, (indeterminacy), F4, (falsity) € [0,1], 74, + Ja, + Fa, < 1. 
2. J ={T,To,...,Tm}: A set of tasks, where each task T; is described as: 
7, =(R, ORC); 
with: 
° RW : Neutrosophic resource requirements evaluated as: 
N(Rj) = (Tr; 1R;>FR;)- 
* O;: The outcome of task T;. 
¢ C;: Task constraints such as deadlines or priorities. 


3. RN = {RN, RN, Stat ROI: A set of neutrosophic resources, where each resource RW includes: 
Re = (type, capacity, N*®), NR = (Tr, IR,> FR,)- 


A. Sea 15" sy ,...,5}: A set of neutrosophic strategies that allocate agents and resources to tasks 
under uncertainty: 
S LARRY SF; 


Each strategy SN is evaluated as: 
N(SW) = (Ts;, Ts), Fs,). 


5 aie: PN ,...,P}: A set of neutrosophic performance metrics to evaluate leadership effective- 
ness. Each performance metric ra maps tasks to neutrosophic evaluations: 


PN:T SR, PN (Tj) = (Tp, 1p, FP; )- 
Remark 4.16 (Characteristics of Neutrosophic Leadership). Neutrosophic Leadership extends classical lead- 
ership by: 
¢ Incorporating truth, indeterminacy, and falsity components into agents, resources, tasks, and strategies. 
e Managing ambiguity and uncertainty in decision-making. 
¢ Balancing resource allocation and performance evaluations under incomplete information. 


Remark 4.17 (Neutrosophic Leadership). Fuzzy Leadership is a special case of Neutrosophic Leadership 
where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Leadership is notable for its 
ability to generalize both Neutrosophic and Fuzzy Leadership. 
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Example 4.18 (Neutrosophic Leadership in a Construction Project). Consider a construction project with three 
agents, two tasks, and limited resources: 


A = {A, : Leader, Az : Engineer, A3 : Worker}. 
The resources and tasks are as follows: 
RW = (Budget = $50,000, N = (T = 0.8, / = 0.15, F = 0.05)), 7 = (RY, Foundation work, C;). 
The leader A, evaluates the strategy S$ i: as: 
SV (Ar, RY) 2 T1, N(SW) = (Ts, = 0.85, Is, = 0.1, Fs, = 0.05). 
The performance metric jail for task T; is evaluated as: 
PN (T)) = (Tp, = 0.8, Ip, = 0.15, Fp, = 0.05). 


This example demonstrates how neutrosophic leadership handles uncertainty and evaluates performance with 
truth, indeterminacy, and falsity components. 


Theorem 4.19. Neutrosophic Leadership generalizes Classical Leadership by incorporating uncertainty, in- 
determinacy, and falsity into all components of leadership. 


Proof. By definition, Classical Leadership uses precise values for agents, resources, and tasks. In Neutrosophic 
Leadership, these components are extended to include neutrosophic evaluations (7, /, F). Since T+/+F < 1, 
Neutrosophic Leadership preserves the classical framework while accommodating uncertainty and contradic- 
tion. Hence, Classical Leadership is a special case of Neutrosophic Leadership when J = 0 and F = 0. Oo 


Theorem 4.20. Neutrosophic Leadership improves decision-making under uncertainty compared to Classical 
Leadership. 


Proof. In Classical Leadership, decisions are based solely on precise values. In Neutrosophic Leadership, 
decisions incorporate uncertainty (/) and falsity (F) to provide a more robust evaluation. For any strategy S, 
the neutrosophic evaluation: 

N(S%) = (Ts, Is, Fs), 


allows leaders to account for ambiguity and risk. By assigning weights to J and F, decisions reflect a realistic 
assessment of uncertain environments, which improves outcomes. oO 


Next, the definition of Strategic Leadership is provided below. 


Definition 4.21 (Strategic Leadership). Strategic Leadership is a mathematical framework for decision-making 
and organizational guidance, balancing short-term and long-term goals through resource allocation, environ- 
mental analysis, and stakeholder alignment. Formally, it is defined as a tuple: 


Lys5r =(V,O,R, D,&), 


where: 


1. V = {V, V2,..., Vn}: A set of organizational visions or objectives, where each V; is a function: 
V;:7 OR, 
mapping time horizons 7 to a measurable outcome, such as profit, market share, or sustainability. 
2. O = {O1, O2,...,Om}: A set of operational strategies, where each O; is defined as: 
O;:ROY, 


mapping resources R to organizational objectives. 
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3. R={R1, Ro,...,Rp}: A set of resources, where each Rx is a tuple: 
Rx = (financial, human, technological), 


representing resource allocations across critical categories. 


4. D={Dj,,Do,...,Dgq}: A set of strategic decisions, where each D; is defined as: 
D,: (0,6) >, 
mapping operational strategies and environmental states to organizational objectives. 


5. 6 = {E), Eo,...,E,}: A set of environmental states, where each EF), represents external conditions, 
modeled as: 
E,n:T OS, 


with S being a set of state variables, such as market trends, regulatory changes, or competitive dynamics. 


Remark 4.22 (Components and Relationships). The framework integrates the following key components: 


¢ Vision Alignment: Leaders optimize: 
n 
max be aiV;(T), 
O;EO : 
i=] 
where a; represents the weight assigned to each objective V; at time T. 


* Resource Allocation: Resources R are allocated by solving: 
m 
nin, 2810s) ~yC(Rx) J, 
where £; is the importance of strategy O ;, y is a penalty factor, and C( Rx) is the cost function of resource 
Rx. 
¢ Adaptability: Strategic decisions D adapt to environmental states by satisfying: 
n 
Di(Oj, En) = argmax ) 6:Vi(En(T)), 
Oj; zl 
where 6; represents the sensitivity of V; to E;,(T). 


Remark 4.23 (The differences between Strategic Leadership and Classical Leadership ). The differences be- 
tween Strategic Leadership and Classical Leadership are summarized as follows: 


1. Focus and Goals: 


* Classical Leadership: Task-oriented, focusing on short-term objectives and immediate resource 
utilization. 


* Strategic Leadership: Balances short-term goals and long-term visions by aligning resources and 
strategies for sustainability. 


2. Decision-Making Framework: 


¢ Classical Leadership: Uses predefined roles and strategies for decision-making. 


¢ Strategic Leadership: Incorporates flexibility by dynamically adapting to external conditions. 
3. Resource Management: 


* Classical Leadership: Focuses on resource allocation for immediate task execution. 


* Strategic Leadership: Dynamically allocates resources to achieve broader, long-term organizational 
goals. 
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4. Environmental Adaptability: 


* Classical Leadership: Assumes a static environment with limited external influence. 


¢ Strategic Leadership: Explicitly models external conditions (6) and adapts to changing environ- 
ments. 


5. Evaluation: 


¢ Classical Leadership: Evaluates performance using task-specific metrics (P). 


¢ Strategic Leadership: Measures success using broader, vision-oriented metrics (V). 


Example 4.24 (Strategic Leadership in Renewable Energy Development). Consider a renewable energy com- 
pany aiming to expand its operations by balancing short-term profitability with long-term sustainability. The 
components of Strategic Leadership Ls, are instantiated as follows: 


1. V = {V\, V2, V3}: The organizational visions are defined as: 


¢ Vi(T): Short-term profitability, measured in millions of dollars over time T. 


* V2(T): Long-term sustainability, quantified as the percentage of energy sourced from renewable 
resources over time T. 


¢ V3(T): Market share in the renewable energy sector, measured as a percentage over time T. 
2. O = {O1, Oz, O03}: The operational strategies are: 


* O;(R): Investing in wind energy infrastructure. 
* O2(R): Developing solar energy projects. 


* O3(R): Marketing campaigns to promote renewable energy solutions. 
Each strategy O; maps resource allocations R to organizational objectives V. 
3. R = {Rj, Ro, R3}: The resource allocations are: 
R, = ($50M, 200 employees, wind turbines), 
Ry = ($30M, 150 employees, solar panels), 
R3 = ($20M, 50 employees, marketing tools). 
4. D = {D}, D2}: The strategic decisions are: 


¢ D\(O,E): Allocating 60% of resources to O; and 40% to O2, based on favorable environmental 
conditions E. 


¢ D2(O,E): Shifting resources to O3 during periods of high public demand for renewable energy 
awareness. 


5. & = {E|, Ey}: The environmental states are: 


¢ E\(T): Government incentives for renewable energy projects. 


¢ E>(T): Fluctuations in fossil fuel prices affecting market dynamics. 


These states are modeled as functions of time, influencing operational strategies and resource allocations. 
Optimization: The company optimizes its strategies by solving: 
max (@1V\(T) + @2V2(T) + 03V3(T)) , 
OE 


where a = 0.4, a2 = 0.4, and a3 = 0.2 reflect the relative importance of each objective. 


Adaptability: Strategic decisions are adjusted dynamically based on environmental changes. For instance, when 
E\(T) increases government subsidies, the company prioritizes O; and O2, maximizing long-term sustainabil- 


ity. 
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Resource Allocation: Resources Rx are allocated to minimize costs: 


3 
nin, 2 F10i(Re) — C(Re) 
. 


where £; is the importance of each strategy, and C(R;) represents resource costs. 


This framework ensures the company achieves its objectives while remaining responsive to market and envi- 
ronmental dynamics. 


We extend the above framework using Neutrosophic Sets to introduce Neutrosophic Strategic Leadership. The 
following outlines this concept. We anticipate that further research and validation of this approach will progress 
in the future. 


Definition 4.25 (Neutrosophic Strategic Leadership). Neutrosophic Strategic Leadership (NSL) extends clas- 
sical Strategic Leadership by incorporating uncertainty, indeterminacy, and falsity into the decision-making 
process. It is defined as: 

Lysz = (V%,O*,R%,D”,8%), 


where: 


ies ee ae vy ,...,V\}: A set of neutrosophic organizational visions or objectives, where each VN 
is a mapping: 
VY TOR, 


such that: 
VN (1) = (Ty; Iv; Fv) 


where Ty,, ly,, Fv, € [0,1] represent the truth, indeterminacy, and falsity of achieving V; over the time 
horizon T, satisfying Ty, + ly, + Fv, < 1. 


2. ON ={0N, oy ,...,ON}: A set of neutrosophic operational strategies, where each ov is defined as: 
OW SRN VN, 
mapping neutrosophic resource allocations R™ to neutrosophic organizational objectives VY. 


3. RN = {RN, cide Bers RNY: A set of neutrosophic resources, where each RW is a tuple: 
Re = (financial, human, technological, NV), 
and WN assigns a neutrosophic value: 
N(Rq) = (Try Ty FR)» 
representing the truth, indeterminacy, and falsity of the effectiveness of resource Hane : 
4. DN = {DN, Dy, ate Det A set of neutrosophic strategic decisions, where each DY is defined as: 
DN : (ON,EN) 3 VN, 


mapping neutrosophic operational strategies and neutrosophic environmental states to neutrosophic or- 
ganizational objectives. 


5. 6N = {E IN Ee Deh ES }: A set of neutrosophic environmental states, where each E Ad represents ex- 
ternal conditions, modeled as: 
ro ay i R’, 


such that: 
EN (1) = (Tr, 1,5 FE) 


where Tr, , le,, FE, € [0,1] denote the truth, indeterminacy, and falsity of the state variables at time T, 
satisfying Tr, +z, + Fe, < 1. 
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Remark 4.26 (Neutrosophic Strategic Leadership). Fuzzy Strategic Leadership is a special case of Neutro- 
sophic Strategic Leadership where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic 
Strategic Leadership is notable for its ability to generalize both Neutrosophic and Fuzzy Strategic Leadership. 


Example 4.27 (Application in Corporate Sustainability). A company evaluates its sustainability strategy (cf. 
[132 389]) under uncertain environmental regulations: 
* V%: The objective ’achieve 50% renewable energy usage by 2030” is represented as: 


VN (T) = (Ty, 1v,, Fv,) = (0.6, 0.3, 0.1). 


* O%: Operational strategies include investments in solar and wind energy, each evaluated with neutro- 
sophic values: 


ow (R) = (T =0.7,1 = 0.2, F =0.1). 


* RV: Resources for solar investments have a neutrosophic effectiveness: 


oe = ($100M, 500 employees, solar panels, (T = 0.8, / = 0.1, F =0.1)). 


¢ S: Environmental state ’government incentives for renewables” is represented as: 


Bcc T) = (Te, Le, Fr) = (0.7, 0.2, 0.1). 


The framework ensures robust decision-making by balancing 7, J, and F across all components. 


4.2.2 HyperLeadership 


Furthermore, we anticipate future advancements in the research on the applications and validity of HyperLead- 
ership and n-SuperhyperLeadership, which extend the principles of hyperstructure and superhyperstructure to 
leadership. Although these ideas remain at the conceptual stage, the definitions are outlined below. As previ- 
ously mentioned, for detailed definitions of Hyperstructure and Superhyperstructure, readers are encouraged to 


consult relevant works such as |]1 19) as needed. 


Definition 4.28 (HyperLeadership). HyperLeadership is an extended leadership framework that operates on 
the powerset of agents, tasks, and resources, capturing hierarchical, multi-level, and interdependent leadership 
dynamics. It is formally defined as a tuple: 


Hur = (P(A), P(T), P(R), P(S),P(P)), 


where: 
1. P(A): The powerset of agents, including individual agents and their groupings: 
P(A) ={A, A’ CA|A #9}. 


2. P(T): The powerset of tasks, capturing interdependencies between tasks: 


P(T) ={7,T' CT |T #9}. 


3. P(R): The powerset of resources, representing combinations and allocations: 


P(R) ={R, PR’ CR| RF O}. 


4. P(S): The powerset of strategies, where each strategy subset assigns resources and agents to task subsets: 


S:P(A)XP(R) > P(T). 
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5. P(P?): The powerset of performance metrics, evaluating leadership effectiveness at various levels: 
Pr: P(T) OR. 


Remark 4.29. HyperLeadership extends Classic Leadership by incorporating higher-order interactions among 
agents, tasks, and resources. It enables hierarchical grouping and complex interrelations across organizational 
levels. 


Definition 4.30 (n-SuperhyperLeadership). n-SuperhyperLeadership is a higher-order generalization of Hy- 
perLeadership achieved through n-fold applications of the powerset operation. It is formally defined as: 


SHLy = (P(A), PT), P'(R), P'S), P'(P)), 


where: 


1. P"(A): The n-th powerset of agents, recursively defined as: 


P(A =A, P(A) =P(PK(A)), k=O. 


2. P"(T): The n-th powerset of tasks, capturing multi-layered task hierarchies: 


PUT) =P" (F)). 


3. P” (KR): The n-th powerset of resources, describing higher-order combinations and allocations: 


P"(R) = P(P™"(R)). 


4. P”(S): The n-th powerset of strategies, mapping higher-order subsets of agents and resources to task 
hierarchies: 
Sn i P"(A)XP"™(R) OPT). 


5. P"(P): The n-th powerset of performance metrics, evaluating leadership effectiveness at multi-level 
task structures: 
Py: P"(T) OR. 


Remark 4.31. n-SuperhyperLeadership provides a comprehensive framework for analyzing and managing 


leadership dynamics across multiple organizational layers, accounting for interdependencies, feedback loops, 
and iterative refinements. 


Example 4.32 (HyperLeadership in Multi-Team Project Management). Consider a project with three teams of 
agents (A), six tasks (J), and three types of resources (R): 


A = {Team 1, Team 2, Team 3}, JT ={7T),7,...,T}, R= {Rj, Ro, R3}. 


¢ HyperLeadership generates subsets of agents, tasks, and resources: 


P(A) = {{Team 1}, {Team 2, Team 3},...}. 


¢ A strategy S maps teams and resources to tasks: 


S({Team 1, Team 2}, {Ri, Ro}) — {T1, T3, Ts}. 


¢ Performance metrics evaluate task outcomes: 


P(T, T3, Ta) = 85% completion. 


This example illustrates the role of HyperLeadership in managing interdependent teams, tasks, and resources. 
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4.3 New Negotiation Theory 


4.3.1 Neutrosophic Negotiation Theory 


Negotiation Theory is the study of strategies and processes that parties use to reach agreements, focusing on 


balancing interests, alternatives, and outcomes 395]. In Negotiation Theory, the frameworks 
of BATNA and ZOPA are well known. BATNA refers to the best outcome a party can achieve if negotiations 


fail, serving as their most advantageous alternative or fallback option [50| 301]. ZOPA is the range 
of possible agreements where both parties’ outcomes overlap, enabling a mutually beneficial deal; outside this 


range, no rational agreement can be reached |185| : 


Definition 4.33 (Best Alternative to a Negotiated Agreement (BATNA)). Let N represent a negotiation between 
two parties, A (Agent 1) and B (Agent 2), where the set of all possible deals is D € R’. 


The Best Alternative to a Negotiated Agreement (BATNA) for each party is the utility associated with their best 
achievable outcome if no agreement is reached. Formally: 


BATNA; = max Ui(a), i¢€ {A, B}, 
aeAG 


where: 


¢ Aj: The set of alternatives available to party 7 outside the current negotiation N (e.g., other partners, 
fallback options). 


¢ U;: A; — R: The utility function of party 7, representing their valuation for each alternative outcome. 


¢ BATNA;,: The maximum utility value party i can achieve independently of the current negotiation. 


Interpretation. The BATNA represents the threshold utility for each party to accept any negotiated deal 
d € D. Specifically, party i will accept a deal d only if: 


U;(d) > BATNA;. 


Definition 4.34 (Zone of Possible Agreement (ZOPA)). The Zone of Possible Agreement (ZOPA) is the set of 
feasible deals where both parties’ utilities meet or exceed their respective BATNAs. 


Let U4 : D — Rand Ug: D — R represent the utility functions of parties A and B, respectively. Then the 
ZOPA is defined as: 


ZOPA = {d € D | Ua(d) => BATNA,g and Ug(d) > BATNAs3}, 
where: 


* D CR’: The set of all possible deals d = (d,4, dg), where d, and dz represent the utilities for parties 
A and B, respectively. 


* U,(d) and Ug(d): The utilities for parties A and B when deal d is agreed upon. 
¢ BATNA, and BATNAgz: The BATNAs for parties A and B, as defined earlier. 


Conditions for ZOPA Existence. The ZOPA exists if and only if there exists a deal d € D such that: 
U,(d) > BATNA, and Ug(d) > BATNAg. 
The conditions for the existence of a ZOPA can be expressed as: 


max U,(d) > BATNA, and maxUp,(d) > BATNAg. 
deD deD 
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Negative Bargaining Zone. If no such d € D exists where both conditions hold, then the ZOPA does not 
exist, and the negotiation is said to have a Negative Bargaining Zone (NBZ). 


Example 4.35 (ZOPA in Practice). Suppose two parties A and B negotiate over the price of a car. Let: 

BATNA, =5,000 and BATNAg, = 4,500. 
The possible deals d (prices) are represented by d € D = [4, 000, 6, 000], where: 

Ua(d) =6,000—d and Upg(d) =d-4,000. 
The ZOPA is the set of prices d where both utilities exceed their BATNAs: 

6,000-—d>5,000 and d- 4,000 = 4,500. 
Simplifying these conditions gives: 

d<5,000 and d> 4,500. 

Therefore, the ZOPA is: 


ZOPA = [4, 500, 5, 000]. 


The above concepts are extended by incorporating the conditions of the Neutrosophic Set. 


Definition 4.36 (Neutrosophic Best Alternative to a Negotiated Agreement (Neutrosophic BATNA)). Let N 
represent a negotiation between two parties A (Agent 1) and B (Agent 2), where the set of all possible deals is 
D C R*. The Neutrosophic Best Alternative to a Negotiated Agreement (Neutrosophic BATNA) incorporates 
the degrees of truth (7), indeterminacy (J), and falsity (F) into the evaluation of alternatives. 


Formally, the Neutrosophic BATNA for each party i € {A, B} is defined as: 


NBATNA, = max N;(@), N;(q@) = (T;(q@), [;(@), F;(@)), 


where: 
¢ Aj: The set of alternatives available to party 7 outside the current negotiation N (e.g., fallback options, 
external agreements). 
* Ni; : A; — [0, 1]*: The neutrosophic utility function of party i, mapping each alternative a to a tuple: 
Ni(a) = (Ti(@), li(@), Fi(@)), 


where: 
Ti(a@) +Hi(a@)+Fi(@) <1, 7, Fi € [0,1]. 


¢ NBATNA;: The maximum neutrosophic utility for party 7, which quantifies the best outcome they can 
achieve independently. 


Acceptance Condition. For any negotiated deal d € D, party i will only accept d if: 
Ni(d) = NBATNA;, 
where > denotes a partial order such that: 
(T;(d), 1i(d), Fi(d)) = (Tin li, Fi) <= Ti(d) = Ti, Ti(d) < Ii, and Fi(d) < Fi. 


Remark 4.37 (Neutrosophic BATNA). Fuzzy BATNA is a special case of Neutrosophic BATNA where both 
indeterminacy and falsity are set to zero. Furthermore, Plithogenic BATNA is notable for its ability to generalize 
both Neutrosophic and Fuzzy BATNA. 


Theorem 4.38. The Neutrosophic BATNA exhibits the structure of a Neutrosophic Set. 


71 


Proof. The result follows directly from the definition. oO 


Theorem 4.39. The Neutrosophic BATNA exhibits the structure of a Classic BATNA. 


Proof. The result follows directly from the definition. oO 


Definition 4.40 (Neutrosophic Zone of Possible Agreement (Neutrosophic ZOPA)). The Neutrosophic Zone 
of Possible Agreement (Neutrosophic ZOPA) is the set of feasible deals where the neutrosophic utility of both 
parties meets or exceeds their respective Neutrosophic BATNAs. 


Let Na : D > [0,1]? and Ng : D — [0,1]? represent the neutrosophic utility functions of parties A and B, 
respectively. Then the Neutrosophic ZOPA is defined as: 


NZOPA = {d € D| Na(d) = NBATNAg and Np(d) + NBATNA3}. 


Existence Condition. The Neutrosophic ZOPA exists if and only if there exists a deal d € D such that: 
Na(d) = NBATNA, and WNgpg(d) = NBATNAg. 


If no such deal d exists, the negotiation is said to have a Neutrosophic Negative Bargaining Zone (NNBZ). 


Remark 4.41 (Neutrosophic ZOPA). Fuzzy ZOPA is a special case of Neutrosophic ZOPA where both inde- 
terminacy and falsity are set to zero. Furthermore, Plithogenic ZOPA is notable for its ability to generalize both 
Neutrosophic and Fuzzy ZOPA. 


Example 4.42 (Neutrosophic ZOPA in Practice). Suppose two parties A and B negotiate over a service fee. 
Their Neutrosophic BATNAs are: 


NBATNAg = (0.8, 0.1,0.1), NBATNAg = (0.7, 0.2, 0.1). 

The possible deals d € D are represented by their Neutrosophic utility values: 
Na(d) = (Ta(d),1a(d), Fa(d)), Na(d) = (Ta (4), Ia (d), Fa(d)). 
For a deal d to belong to the Neutrosophic ZOPA, the following conditions must hold: 
Na(d) & (0.8,0.1,0.1) and Ng(d) & (0.7,0.2,0.1). 

Assume a deal d has the following utilities: 

Na(d1) = (0.85, 0.08, 0.07), Ng(d1) = (0.75, 0.15, 0.1). 
Since both conditions are satisfied: 

0.85 > 0.8, 0.08 < 0.1, 0.07 < 0.1, and 0.75 > 0.7, 0.15 < 0.2, 0.1 < 0.1, 


we conclude that d; € NZOPA. 


Theorem 4.43. The Neutrosophic ZOPA exhibits the structure of a Neutrosophic Set. 


Proof. The result follows directly from the definition. oO 


Theorem 4.44. The Neutrosophic ZOPA exhibits the structure of a Classic ZOPA. 


Proof. The result follows directly from the definition. Oo 
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4.4 New Framing 


4.4.1 Neutrosophic Framing 


Framing is the presentation of identical information in different ways, influencing decision-making behavior 
by altering perception of outcomes and choices. 


Definition 4.45 (Framing). Framing is a representation of a decision problem where the same problem is 
presented in different ways, influencing decision-making behavior and preferences. Mathematically, a frame F 
is defined as: 

F =(A,0,P,V,U), 


where: 
¢ A= {a\,a2,..., dn}: The set of available actions or choices. 
* O = {01, 02,..., Om}: The set of possible outcomes. 


¢ P: AxO — [0,1]: The probability function, assigning a probability P(o;|a;) to each outcome 0; € O 
for a given action a; € A, satisfying: 


Va; € A, by P(o;\a;i) =1. 


oj€O 
°V:0O—-R: The valuation function, assigning a numerical value V(o;) (e.g., gain or loss) to each 


outcome 0; € O. 


¢ U:A—>R: The utility function, defined as: 
U(ai) =) Plojlai) - V(0;). 
0j;€O 
The decision-maker selects the action a* € A that maximizes their perceived utility: 


a” = arg max U(a;). 
ajeA 


Remark 4.46 (Impact of Framing). Framing influences V, the valuation of outcomes, depending on how the 
outcomes are presented. Specifically: 


* A positive frame presents outcomes as gains, leading to risk-averse behavior. 


¢ A negative frame presents outcomes as losses, leading to risk-seeking behavior. 


Thus, the same A, O, and P may yield different decisions due to changes in V. 


Example 4.47 (Framing Effect: Risk Preferences). Consider two equivalent frames for a medical treatment 
decision: 


¢ Positive Frame: ”200 lives will be saved.” 


¢ Negative Frame: ”400 people will die.” 


The outcomes O = {01, 02} are identical, with: 
V(o01) = 200 lives saved, V(02) = 400 lives lost. 


Given the same probabilities P, a decision-maker under the positive frame tends to be risk-averse, favoring a 
certain outcome (e.g., saving 200 lives). Under the negative frame, the decision-maker becomes risk-seeking, 
preferring uncertain options to avoid losses. 
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Theorem 4.48 (Framing-Induced Preference Reversal). Let F; and F2 represent two frames of the same deci- 
sion problem with identical A, O, and P, but different valuations V, and V2. Then: 


U,(a;) # U2(a;) for some a; € A => preference reversal. 


Proof. The utility U depends on V, the valuation of outcomes: 


Ux(a;) = )) P(ojla;)- Velo), k= 1,2. 


oj;€O 
If Vi(0;) # V2(o;) for at least one 0; € O, then: 
Ui (aj) # U2(a;). 
This difference in utilities alters the decision-maker’s ranking of actions A, leading to a preference reversal. O 


Definition 4.49 (Neutrosophic Framing). Neutrosophic Framing is a mathematical representation of a deci- 
sion problem where uncertainty, ambiguity, and contradiction are explicitly incorporated into the evaluation of 
outcomes. A Neutrosophic frame Fy is defined as: 


Fy =(A,O,P,Vn,UnN), 


where: 
° A= {a \,a2,..., dn}: The set of available actions or choices. 
* O = {0}, 02,..., Om}: The set of possible outcomes. 


P:AxO -— [0,1]: The probability function, which assigns a probability P(o;|a;) to each outcome 
o; € O given action a; € A. The function satisfies: 


Va; € A, y P(o;\ai) =1. 


o0j;€O 


Vy :O = [0, 12: The neutrosophic valuation function, which assigns a triple Vy (0 ;) = (To; Ij; Fo;) 
to each outcome 0; € O, where: 


— T,,: The degree of truth (positive evaluation) of the outcome o;. 
J J 


I,,: The degree of indeterminacy (uncertainty or ambiguity) of the outcome 0;. 
- F,,: The degree of falsity (negative evaluation) of the outcome 0;. 


- To; + Io, + Fo; < 1: Consistency condition ensuring the total evaluation remains bounded. 
* Un : A = [0, 1]?: The neutrosophic utility function, defined for each action a; € A as: 
Un (ai) = (Taj Fai» Fas) » 
where: 


To, = PS P(o;|ai) To; Ta, = ES P(o;\ai) *Io;; Fa, = > P(o;\ai) + Fo;. 


0;€O 0j;€O 0j;€O 


The decision-maker selects the action a* € A that maximizes the truth utility Tz, while considering the inde- 
terminacy /,, and falsity Fy,: 
a” = arg max T;,. 
aeA 


Remark 4.50 (Neutrosophic Valuation and Decision-Making). Neutrosophic framing allows for a richer eval- 
uation of decision problems by incorporating: 


¢ Positive outcomes (T) that contribute directly to utility. 
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¢ Uncertain or ambiguous outcomes (/), which reflect incomplete or unclear information. 


¢ Negative outcomes (F) that reflect losses or contradictions. 


This framework can model real-world scenarios where outcomes are not purely true or false but lie within a 
range of truth, uncertainty, and falsity. 


Remark 4.51 (Neutrosophic framing). Fuzzy framing is a special case of Neutrosophic framing where both 
indeterminacy and falsity are set to zero. Furthermore, Plithogenic framing is notable for its ability to generalize 
both Neutrosophic and Fuzzy framing. 


Example 4.52 (Neutrosophic Framing in Decision-Making). Consider a decision-maker choosing between two 
investment options A = {a), a2} with uncertain outcomes O = {01,02}. 


¢ Action a, leads to outcome 0, with: 


Vn (01) = (To,, 10), Fo,) _ (0.7, 0.2, 0.1), P(o0,|a1) = 0.8. 


¢ Action a2 leads to outcome 02 with: 


Vn (02) = (To, 105, Fo) = (0.6, 0.3, 0.1), P(o2|a2) = 0.9. 


The neutrosophic utilities for each action are calculated as: 
Un (a1) = (Tay; La,, Fa,) = (0.8 - 0.7, 0.8 - 0.2, 0.8 - 0.1) = (0.56, 0.16, 0.08), 


Un (a2) = (Tass Tay» Fay) = (0.9 «0.6, 0.9 - 0.3,0.9 + 0.1) = (0.54, 0.27, 0.09). 


The decision-maker compares the truth utilities: 
Ta, =90.56, Ta, = 0.54. 
Since Ty, > Ta,, the decision-maker selects a; as the optimal action. 


Theorem 4.53. The Neutrosophic Frames exhibits the structure of a Neutrosophic Set. 


Proof. The result follows directly from the definition. oO 


Theorem 4.54. The Neutrosophic Frames exhibits the structure of a Classic Frames. 


Proof. The result follows directly from the definition. Oo 


Theorem 4.55 (Preference Reversal in Neutrosophic Frames). Let F yy and Fe be two Neutrosophic frames of 
the same decision problem with identical A, O, and P but different neutrosophic valuations Vy and Ve: Then: 


Un (ai) # Ux, (ai) for some a; € A => preference reversal. 


Proof. The neutrosophic utility Uj depends on the valuation Vj,. If Vi (o;)# Ve (o,;) for at least one 0; € O, 
then: 
Un (ai) # Un (ai). 


This change in utility leads to a different ranking of actions A, resulting in a preference reversal. oO 
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4.4.2 Hyperframing 


Additionally, we introduce the concepts of Hyperframing and Superhyperframing, which incorporate hierar- 
chical structures into traditional framing. While these concepts are currently at the conceptual stage, their 
definitions are outlined below. 


We hope that future research will explore and develop these frameworks further. 


Definition 4.56 (Hyperframing). Hyperframing extends the classical framing concept into a hyperstructure 
framework, allowing multi-level relationships between actions, outcomes, and utilities. A Hyperframe Fy is 
defined as: 

Fy = (P(A), P(O), Pu, Va,UH), 


where: 


¢ P(A): The powerset of the set of available actions A = {a1,a2,...,a,}, representing multi-level or 
grouped actions. 


* P(O): The powerset of the set of outcomes O = {01, 02,..., Om}, representing interconnected or com- 
bined outcomes. 


¢ Py : P(A) X P(O) — [0,1]: The hyperprobability function, which assigns probabilities to outcomes 
X C O given hyper-actions Y ¢ A, satisfying: 


VY € P(A), Dy Py(X\Y) =1. 
XEP(O) 


* Va : P(O) > R: The hypervaluation function, which assigns numerical values to subsets of outcomes 
X€EP(O). 
¢ Uy: P(A) > R: The hyperutility function, defined as: 


Un(¥)= 1 Pu(XI¥)-Va(X), Y € P(A). 
XeEP(O) 


The decision-maker selects the hyper-action Y* € P(A) that maximizes the hyperutility: 
Y* = UH(Y). 
ae H(Y) 


Remark 4.57 (Hyperstructure in Hyperframing). Hyperframing incorporates multiple layers of choices and 
outcomes, where actions and outcomes are represented as subsets rather than individual elements. This allows 
for a more flexible and interconnected decision-making process. 


Example 4.58 (Hyperframing in a Project Management Context). Consider a project with two main tasks 
A = {a,, a2} and two outcomes O = {01,02}. The hyperstructure allows grouping of actions and outcomes as 
subsets: 


P(A) = {{a1}, {a2}, {a1,a2}},  P(O) = {{or}, {02}, {01, o2}}. 


Suppose: 
Py ({o1}|{a1,a2}) =0.7,  Va({o1}) = 10. 


The hyperutility is: 
Un({a1, 42}) = Pa({or}l{ai, a2}) - Va ({o1}) =0.7- 10 =7. 


Definition 4.59 (n-Superhyperframing). n-Superhyperframing is a higher-order generalization of hyperframing 
using n-th powersets, enabling multi-level hierarchies of actions, outcomes, and utilities. An n-Superhyperframe 
Fy 18 defined as: 

FSH = (P"(A), P*(O), PSH Vou Us ) > 


where: 
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¢ P"(A): The n-th powerset of the set of available actions A, capturing n-level groupings of actions. 
* P”"(O): The n-th powerset of the set of outcomes O, capturing n-level interdependencies of outcomes. 


© Poy P(A) xX P"(O) — [0, 1]: The n-superhyperprobability function, satisfying: 


VY €P"(A), a Pa y(XIY) = 1. 
XeP"(O) 


° Vow) P"(O) > R: The n-superhypervaluation function, assigning a value to X € P"(O). 


° US 1 P"(A) > R: The n-superhyperutility function, defined as: 


Use) = >) Poy (XI¥)-Vay(X), ¥ © P"(A). 
XePn(O) 


The decision-maker selects the n-superhyperaction Y* € P"(A) that maximizes the n-superhyperutility: 
Y* = US, (Y). 
oe yepnta) su(¥) 


Example 4.60 (n-Superhyperframing in Complex Decision-Making). Consider three actions A = {a, a2, a3} 
and outcomes O = {01, 02,03}. The 2-Superhyperframe includes: 


P(A) = {{{ar}}, (a1, a2}, {as}}}, P*(O) = {{for}}, {{02, os}. 


Suppose the probabilities and valuations are: 


Poy ({{or}}l{{ar,a2}}) = 0.8, Vey ({{or}}) = 15. 


The 2-superhyperutility is: 


US ({{a1, ao}}) = PS {forttl (far, aa}}) « VSq ({{or}}) = 0.8 + 15 = 12. 


4.5 New Mentoring Method 


4.5.1 Neutrosophic Mentoring 


Mentoring is a structured process where an experienced mentor guides, supports, and transfers knowledge to a 


less experienced protégé for skill and personal development 255}. 


Definition 4.61 (Mentoring). Mentoring is a structured knowledge transfer process between two agents, defined 
as a tuple: 
M =(E,P,K,T,G), 


where: 


° FE = {e1, e2}: A set of agents where e; is the mentor (knowledge provider) and e2 is the protege (knowl- 
edge receiver), such that e; # eo. 


© K ={k,,ko,...,kn,}: A finite set of knowledge components shared in the mentoring process. 


* P:ExKxT — [0,1]: The knowledge transfer function, where P(e, k;,t) represents the degree of 
knowledge k; € K transferred from e; to e2 at time t € T, satisfying: 


> Ple,ky4) se 1, Veer, 
ke K 


° T = {to,t),...,tm}: A finite or infinite set of discrete or continuous time steps during which mentoring 
occurs. 
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° G: K > Ry: The goal attainment function, mapping knowledge k; to a measurable value g; indicating 
the protege’s learning progress. 


The total knowledge gained by the protege e2 at time f,, is: 


tn 
Kgain(e2, tn) -[ » P(e1, kj, t) : G(k;) dt. 


10 k; eK 


The mentoring process is considered successful if: 
Kgain(€2, tm) = Ktarget; 
where Ktarget is a predefined learning threshold. 


Example 4.62 (Mentoring: Software Development Training). Consider a senior software engineer e; mentor- 
ing a junior developer e2 over T = [0, 10] days. The knowledge components K include: 


K = {Algorithms, Debugging, Coding Standards}. 
The mentor transfers knowledge P at time f, such that: 
P(e, Algorithms, t) = 0.3, P(e,,Debugging,t) =0.5, P(e,, Coding Standards, t) = 0.2. 
The goal attainment function G assigns weights based on importance: 
G(Algorithms) = 1.5, G(Debugging) = 2.0, G(Coding Standards) = 1.0. 
The total knowledge gained by e2 at t = 10 is: 


10 
Kgain(€2, 10) =f [0.3-1.5+0.5-2.0+0.2- 1.0] dt = 10-1.6 = 16. 
0 


If Ktarget = 15, the mentoring process is successful. 


Definition 4.63 (Neutrosophic Mentoring). Neutrosophic Mentoring extends traditional mentoring by incor- 
porating uncertainty, indeterminacy, and falsity into the knowledge transfer process. It is defined as a tuple: 


Mn = (E, PN ,K,T,G), 


where: 


¢ E = {e1, e2}: A set of agents where e; is the mentor (knowledge provider) and e2 is the protege (knowl- 
edge receiver), with e; # eo. 


° K ={k1,ko,..., kn}: A finite set of knowledge components shared in the mentoring process. 


° PN : Ex KxT — [0,1]*: The neutrosophic knowledge transfer function, where P™ (e,,k;,t) = 
(Tk, Lk;, Fx; ) represents the truth (7), indeterminacy (J), and falsity (F) degrees of knowledge k; trans- 
ferred at time tf. 


° T = {to,t),..-,tm}: A finite or infinite set of discrete or continuous time steps during which mentoring 
occurs. 


° G: K >R*: The goal attainment function, mapping knowledge k; to a measurable value g;, represent- 
ing the protege’s learning progress. 


The total neutrosophic knowledge gained by the protege e2 at time f,,, is: 


tm 
KNin(€2stm) = / S) (Tix = Fe) « G(ki) dt. 
10 k,eK 
The mentoring process is considered successful if: 


N N 
Kain (€2> tm) 2 Kearget> 


where 1 <A is a predefined neutrosophic learning threshold. 
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Remark 4.64. Fuzzy Mentoring is a special case of Neutrosophic Mentoring where both indeterminacy and 
falsity are set to zero. Furthermore, Plithogenic Mentoring is notable for its ability to generalize both Neutro- 
sophic and Fuzzy Mentoring. 


Example 4.65 (Neutrosophic Mentoring: Uncertain Knowledge Transfer). Consider a scenario where e; men- 
tors e) on the same topics K. The neutrosophic transfer function P’ is: 


P' (e;, Algorithms, t) = (0.7, 0.2, 0.1), P™ (e;, Debugging, #) = (0.6, 0.3, 0.1), P® (e1, Coding Standards, f) 
The goal attainment function G remains the same: = (0.8, 0.1, 0.1) 
G(Algorithms) = 1.5, G(Debugging) = 2.0, G(Coding Standards) = 1.0. 


The neutrosophic knowledge gained by e2 over T = [0, 10] is: 


10 
KNi,(€2, 10) = | [(0.7 — 0.1) - 1.54 (0.6 — 0.1) - 2.04 (0.8 — 0.1) + 1.0] dt. 


Simplifying: 
Kin (€2s 10) = 10- [0.6-1.54+0.5 -2.0+0.7- 1.0] =10-2.95 = 29.5. 
If Kee = 25, the mentoring process is successful despite uncertainty. 


4.5.2 HyperMentoring 


We define Hypermentoring and Superhypermentoring as extensions of traditional mentoring by incorporating 
hyperstructure and superhyperstructure frameworks. Although these concepts remain at the conceptual stage, 
we anticipate that future research will advance their understanding and application. 


Definition 4.66 (Hypermentoring). Hypermentoring extends traditional mentoring by incorporating higher- 
order relationships and multi-level knowledge structures among agents. It is formally defined as a tuple: 


Hy =(P(E),P(K), Py,T,Gu), 


where: 


P(E): The powerset of agents E, where each element represents subsets of mentors and protégés. 
Higher-order mentoring involves multiple mentors or protégés simultaneously. 


P(K): The powerset of knowledge K = {k,, ko,...,kn}, where subsets of knowledge components are 
shared in the mentoring process. 


Py: P(E)XP(K)xT — [0, 1]: The hyper knowledge transfer function, where P(E’, K’,t) represents 
the degree of knowledge transfer among subsets E’ C E and K’ C K at time ¢ € T, satisfying: 


3 Py(E’,K’,t) <1, WeeT. 
K’'CK 


T = {to,t1,..-,tm}: A discrete or continuous set of time steps. 


Gy: P(K) = R*: The hyper goal attainment function, mapping subsets of knowledge K’ to measurable 
values indicating cumulative learning progress. 


The total knowledge gained in a hypermentoring process by a protégé subset E> C E at time ty, is: 
tm 
KR in(E2,tm) = [ Dy Py(E\,K’,t) -Gy(K’) dt, 
0 K’CK 
where E, C E are the mentors. 
The hypermentoring process is successful if: 


Kiin(E2,tm) > Kis 


target? 


where Ria is a predefined hypermentoring threshold. 
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Example 4.67 (Hypermentoring in Research Collaboration). Consider a research collaboration program in- 
volving senior researchers (mentors) and junior researchers (protégés). The Hypermentoring process is struc- 
tured as follows: 


° FE = {e1, €2, €3, e4, e5}: A set of agents where: 


— 1,2: Senior researchers (mentors). 


— €3,e4,e5: Junior researchers (protégés). 


P(E): Powerset of E, including subsets of mentors and protégés: 


P(E) = {fer}, {er}, {e3, ea}, {€1, €2, e5},-..}. 


K = {k,, k2, k3}: Knowledge components shared during the mentoring process: 


— k,: Advanced research methodologies. 
— ky: Statistical modeling techniques. 


— k3: Paper writing and publishing skills. 


Pf (K): Powerset of K, including combinations of knowledge components: 


P(K) = {{ki}, {ka}, (ki, k3}, (hi, ko, ka}, ... fe 


Py: P(E) xP(K) xT — [0,1]: The hyper knowledge transfer function. For example: 
Pu({e1, e2}, (ki, ka}, t) = 0.6, Pa ({e3, ea}, {k3}, 0) = 0.8. 


Here, mentors e; and e2 transfer knowledge k; and k to protégés with 60% effectiveness, while protégés 
e3 and e4 focus on learning k3 with 80% effectiveness. 


Gy: P(K) — R*: The hyper goal attainment function. For example: 


Ga({ki}) =10, Ga({ki,k2}) =25, Ga({ki, k2, k3}) = 40. 


¢ T = {to, t1, t2,t3}: Time steps over which mentoring occurs. 


The total knowledge gained by protégés {e3, e4, e5} at time fg is: 


B 
Kiin({e3, €4, es}, 13) ah y Py({e1, e2}, K’,t) - Gu(K’) dt. 
 K'CK 


Substituting values: 


KB, ({e3,e4, es}, 13) = (0.6 - 25) + (0.8 - 15) = 15 + 12 = 27. 


If the hypermentoring threshold Ki oct = 25, the process is successful because: 


K# =27> KE 


gain target 


Definition 4.68 (n-Superhypermentoring). n-Superhypermentoring generalizes hypermentoring to n-levels of 
powersets and interactions, capturing higher-order complexities across agents and knowledge structures. It is 
defined as a tuple: 

SH, = (P(E), P"(K), Poy T Gop), 


where: 


¢ P"(E): The n-th powerset of E, representing hierarchical and multi-level subsets of agents. 
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* P"(K): The n-th powerset of K, representing higher-order groupings of knowledge components. 


© Pog) P'(E)xXP"(K)xT — [0, 1]: The n-superhyper knowledge transfer function, where P¢,,(E’, K’, t) 
measures the degree of knowledge transfer among n-th level subsets E’ C P”(E) and K’ C P"(K) at 
time f. 


° T = {to,ti,...,tm}: A set of time steps during which mentoring occurs. 


° Goby : P"(K) > R*: The n-superhyper goal attainment function, mapping higher-order subsets K’ C 
P" (K) to cumulative learning values. 


The total knowledge gained in an n-superhypermentoring process by EY C P”(E) at time fy is: 
H™ tm 
Reni / +S P(E", K’,t) - Gay(K’) dt, 
K’CP"(K) 
where E}' C P"(E) are the mentor subsets at n-levels. 


The n-superhypermentoring process is successful if: 


KS" (EE), tin) > KSSH" 


gain target? 
where Kee is the predefined n-superhyper mentoring threshold. 


Example 4.69 (n-Superhypermentoring in Research Collaboration). Consider a collaborative research envi- 
ronment with hierarchical mentoring: 


° E = {e1, e2, e3}: Senior mentor e;, mid-level mentor e2, and junior protégé e3. 
¢ P*(E) = {{e1, en}, {e2, e3}, {e1, €2, e3}}. 

° K = {k,, ko}: Research knowledge components. 

© P?(K) = {{ki}, {ka}, (ki, ko} }. 


° Pr. 7 Knowledge transfer function for second-level subsets: 


Poy ({e1, e2}, {ki}, ft) = 0.8, Po p,({e2, €3}, {ka}, 1) = 0.6. 


The total knowledge gained by {e2, e3} at tm is: 
tn 


KS* ({60,€3},tm) = : (0.6-G2,,({ka})) ar. 


1 


2 é fof : : 
If hc = 1.0, the mentoring process’s success depends on achieving this cumulative threshold. 


4.6 New Storytelling Definition 


4.6.1 Neutrosophic Storytelling 


Storytelling is the process of conveying information, values, or experiences through structured narratives, fos- 


tering emotional engagement and facilitating knowledge transfer 276]. This concept is ex- 
tended using Neutrosophic Logic, leading to the development of Neutrosophic Storytelling. The definitions 


and associated concepts are provided below. 


Definition 4.70 (Storytelling). Storytelling is the process of transmitting knowledge or values through struc- 
tured narratives, defined as a tuple: 
S=(N,R,V,A,T,C), 


where: 
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° N = {nj,n2,...,Nm}: A sequence of narrative events n;, where each n; represents a discrete element of 
the story. 


°° R:NXN—R: The relation function, mapping pairs of events (n;,;) to a set of relationships R such 
as causality, sequence, or thematic links. 


¢ V: NR: The value function, assigning a positive weight v; to each narrative event n;, representing 
its importance or impact in the story. 


© A: EXWN = [0,1]: The audience comprehension function, where A(e,n;) measures the degree of 
understanding or emotional response of audience member e to event n;. 


° T = {t1,t2,...,tp}: A time sequence over which the narrative is delivered. 


* C: N — K: The knowledge content function, mapping each event n; to a knowledge element k € K, 
where K represents the set of transferable knowledge. 


The total impact J of storytelling for an audience E is defined as: 


T= D1 D1 Alen) (ni) - C(n). 


njeN ecE 


The storytelling process is deemed effective if: 
T = Iarget, 
where Jtarget is the minimum desired impact threshold. 


Example 4.71 (Storytelling: Leadership Training). A manager shares a story with employees about overcoming 
challenges in a previous project: 


¢ N = {n, : Initial failure, nz : Team collaboration, n3 : Successful outcome}. 
e R: Events are causally related, with nj — nz > n3. 

¢ V(n1) = 2.0, V(n2) = 3.0, V(n3) = 5.0. 

¢ A(e,n;): Audience comprehension for e; and e2: 


A(e1,71) = 0.8, A(e1, 12) = 0.9, A(e1, 73) = 1.0. 


© C(m) =0.5,C(m) = 1.0,C(n3) = 1.5. 


The total impact J is: 


I=) Aler.m) - V(m) - (ni). 


njeN 


Calculating: 
T= (0.8-2.0-0.5) + (0.9 -3.0- 1.0) + (1.0-5.0- 1.5) = 0.8 + 2.7+7.5 = 11.0. 


If Itarget = 10, the storytelling process is effective. 


Definition 4.72 (Neutrosophic Storytelling). Neutrosophic Storytelling extends traditional storytelling by in- 
tegrating neutrosophic logic into the narrative process, capturing uncertainty, indeterminacy, and falsity in 
audience comprehension and value transmission. It is defined as a tuple: 


Se ERAT CO). 


where: 
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° N = {nj,n2,...,Nm}: A sequence of narrative events n;, where each n; represents a discrete element of 
the story. 


R:NXN —R: The relation function, mapping pairs of events (n;,;) to a set of relationships R, such 
as causality, sequence, or thematic links. 


VN -N => [0,1]?: The neutrosophic value function, assigning a triplet VN (nj) = (Tn; >In; Fn;) to each 
event n;, representing its truth (7), indeterminacy (J), and falsity (F). 


© AN : Ex N — [0,1]*: The neutrosophic audience comprehension function, where AN (e,nj) = 
(Te.n;>1e.n;,Fe.n;) Measures the audience member e’s degree of understanding, uncertainty, and mis- 
understanding for event n;. 


T = {ti,t2,...,tp}: A time sequence over which the narrative is delivered. 


¢ CN : N = K: The neutrosophic knowledge content function, mapping each event n; to a knowledge 
element k € K, with truth, indeterminacy, and falsity components. 


The total neutrosophic impact J of storytelling for an audience E is defined as: 


bal = > y (ete a Poa.) - VN (nj) - CN (nj). 


njeN e€E 


The storytelling process is deemed effective if: 
Ny 7N 
Le 2 Tiarget» 
where J is the minimum desired neutrosophic impact threshold. 


target 


Remark 4.73. Fuzzy Storytelling is a special case of Neutrosophic Storytelling where both indeterminacy 
and falsity are set to zero. Furthermore, Plithogenic Storytelling is notable for its ability to generalize both 
Neutrosophic and Fuzzy Storytelling. 


Example 4.74 (Neutrosophic Storytelling: Uncertain Leadership Communication). Suppose a manager nar- 
rates a project story with uncertainty: 


¢ V¥(n1) = (0.7, 0.2, 0.1), V (nz) = (0.6, 0.3, 0.1), VY (n3) = (0.9, 0.05, 0.05). 
¢ AN (e1,n1) = (0.8,0.1,0.1), AN (e1, 22) = (0.7, 0.2, 0.1), AN (e1,103) = (0.9, 0.05, 0.05). 
° CN (n,) = 0.5, C% (nz) = 1.0, CN (n3) = 1.5. 


The total neutrosophic impact is: 


IN = » (Tey.ni ~ Fey,n;) Th, * CN (nj). 


nieN 
Simplifying: 
IN = (0.8 — 0.1) -0.7-0.5 + (0.7 — 0.1) - 0.6 - 1.0 + (0.9 — 0.05) - 0.9 1.5. 
Calculating: 
TN = 0.49 + 0.36 + 1.1475 = 1.9975. 
If Tec = 1.8, the storytelling process is effective. 


83 


4.6.2 Hyper Storytelling 
Hyper Storytelling and SuperHyper Storytelling are concepts extended using Hyperstructure and SuperHyper- 
structure frameworks. The related definitions and concepts are outlined below. 


Definition 4.75 (Hyper Storytelling). Hyper Storytelling extends traditional storytelling by incorporating higher- 
order relationships and multi-level narrative structures. It is formally defined as a tuple: 


Hs = (P(N), P(R), Va, An, T, Cu), 


where: 


P(N): The powerset of narrative events N = {n1,2,...,%m}, where each subset represents a higher- 
level narrative structure composed of individual events n;. 


P(R): The powerset of relationships R : Nx N — R, where R represents relationships such as causality, 
sequence, and thematic links between subsets of events. 


Vu : P(N) — R*: The hyper value function, assigning a positive weight to subsets of narrative events 
N’ CN, representing their collective importance or impact. 


Ay : P(E)xP(N) = [0, 1]: The hyper audience comprehension function, where Ay(E’, N’) measures 
the degree of understanding or emotional response of audience subsets E’ € E to narrative subsets 
N'CN. 


T = {t1,t2,...,tp}: A time sequence over which the narrative is delivered. 


Cy : P(N) — P(K): The hyper knowledge content function, mapping subsets of events N’ C N to 
subsets of knowledge K, where K = {k,, ko,..., kn} represents transferable knowledge. 


The total hyper impact J, of storytelling for an audience E is defined as: 


In= DD) An(E',N’) - Via(N') - Cu (N’). 
N'CP(N) E'CP(E) 


The storytelling process is deemed effective if: 


AH 
Ty 2 ltarget? 


where Tek is the minimum desired hyper impact threshold. 


Example 4.76 (Hyper Storytelling in Educational Training). Consider a company implementing a multi-level 
educational training program using Hyper Storytelling to transfer knowledge effectively. The elements of Hyper 
Storytelling are defined as follows: 


° N = {nj,n2,n3,n4}: A set of narrative events, where: 


— ny: Introduction to project management principles. 
— no: A real-life case study of a successful project. 
— nz: A failure analysis of a previous project. 


— na: A simulated project task for participants. 


* P(N): The powerset of N, including: 
P(N) = {{n1}, {na}, {m3}, {na}, {1,02}, (2,03, n4},...}. 


* P(R): The powerset of relationships, where higher-level relationships represent thematic and causal 
links: 
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— R({n1}, {n2}): The introduction (n;) prepares the audience for the case study (nz). 
— R({n}, {n3}): The success story (nz) contrasts with the failure analysis (13). 


— R({n, nz}, {n4}): The combined knowledge from n, and nz is applied in the simulation task nq. 


° Vy : P(N) — R?: The hyper value function assigns weights to subsets of narrative events: 
Va({ni}) = 9.3, Va({n2}) =0.5, Va({n3}) =0.4, Va({na}) = 0.8. 


© Ay: P(E) xP(N) — [0,1]: The hyper audience comprehension function measures understanding for 
subsets of the audience E: 


An ({e1, 2}, {m1,12}) =0.7, An ({e2, e3}, {n2, 3, n4}) = 0.8. 


* Cy : P(N) — FP(K): The hyper knowledge content function maps subsets of events to subsets of 
knowledge: 


Cu ({11, n2}) = {ki, ko}, Cr ({n2,13,4}) = (ko, k3, ka}. 
Here, K = {k, : Project Principles, kz : Case Study Insights, k3 : Failure Lessons, k4 : Simulation Skills}. 


The total hyper impact Jy is calculated as: 


In= DD An(E',N’) Va(N’) «Cu (N’). 
N’CP(N) E’CP(E) 


For example, considering N’ = {n2,n3,n4} and E’ = {e, e3}: 


Ty = An({e2, e3}, {n2, 3, na}) - Va ({n2,3,n4}) - |CH({n2, 3, n4})|- 


Substitute values: 
Ty = 0.8- (0.54+0.4+0.8)-3 =0.8-1.7-3 = 4.08. 


If the threshold Pcs = 4.0, the hyper storytelling process is deemed effective. 


Definition 4.77 (n-Superhyper Storytelling). n-Superhyper Storytelling generalizes hyper storytelling to n- 
levels of powersets and interactions, capturing higher-order complexities across narrative structures, relation- 
ships, and audience responses. It is defined as a tuple: 


SHg = (P"(N),P"(R), Vo Asn Ts CoH): 


where: 


P"(N): The n-th powerset of N = {n1,n2,...,m}, representing n-level narrative groupings and higher- 
order event structures. 


~"(R): The n-th powerset of relationships R : N x N — R, where higher-level relationships describe 
interactions among subsets of events across multiple levels. 


Veg « P(N) > R*: The n-superhyper value function, assigning positive weights to n-level narrative 
subsets. 


Agny ( P(E) x P"(N) — [0,1]: The n-superhyper audience comprehension function, measuring 
the understanding or emotional response of audience subsets E’ € P”(E) to n-level narrative subsets 
N’ CP"(N). 


T = {ti,t2,...,tp}: A time sequence over which the narrative unfolds. 


Cou « P'(N) > P"(K): The n-superhyper knowledge content function, mapping n-level narrative 
subsets to n-level knowledge components. 
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The total n-superhyper impact /¢,, for an audience E is defined as: 


le So Ag (ESN) Vig (N) + Coy (N’). 
N’CP"(N) E'CP"(E) 


The n-superhyper storytelling process is deemed effective if: 


SH" 
TSH 2 Target? 
where toe is the predefined n-superhyper impact threshold. 


Example 4.78 (n-Superhyper Storytelling in Training Programs). Consider a corporate training program that 
uses multi-level storytelling to transfer knowledge: 


¢ N = {n1,n2,n3}: Three narrative events n; (introductory session), nz (case study), and 3 (simulation 
exercise). 


° P?(N) = {{ny, no}, {n2,n3}, {n1,n2,n3}}: Second-level narrative groupings. 


.y2.- : Sins 
V5: Narrative value function: 
Veu({n1,72}) = 0.8, Vezy({n2,03}) = 0.9. 
° At yz. Audience comprehension function: 


Agu (fer, é2}, {n1, nz}) = 0.7, Agu (fer, es}, {n2, n3}) = 0.8. 


The total second-level superhyper impact if yz is: 


Ba= >) Dd) Abn(E'N)-Vor(N') + C2 (7). 
N'CP2(N) E'CP2(E) 


If the desired threshold sees is met, the program achieves its storytelling objectives. 


4.6.3 Neutrosophic Work-Life Balance 


Work-Life Balance refers to the effective management of time and energy between professional responsibilities 


and personal life to ensure well-being and productivity 307]. When mathematically 


defined and extended using Neutrosophic Logic, it is formalized as follows. Since this concept remains in the 
conceptual stage, further refinements and research into its applications are anticipated as necessary. 


Definition 4.79 (Work-Life Balance). Work-Life Balance (WLB) is a mathematical framework that models the 
allocation of time, resources, and energy between professional responsibilities (work) and personal priorities 
(life) to optimize overall well-being and sustainability. It is formally defined as: 


WLB =(W,L,T,U,C,R,S), 
where: 
© W = {w1,W2,...,Wn}: A set of work-related activities, where w; represents specific professional tasks 
or obligations. 


© L = {l,lo,...,ln}: A set of life-related activities, where /; includes personal, social, or recreational 
activities. 
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°*T:WUL = R*: The time allocation function, where T(x) represents the time allocated to activity 


x € WUL, subject to: 
Dh T(x) = Total, 
xE€WUL 


where Tiota 18 the total available time. 


°*U:WUL > R*: The utility function, which quantifies satisfaction, productivity, or benefit derived 
from activity x. 


*C:WUL—Rt*: The cost function, representing physical, mental, or emotional burdens associated 
with activity x. 


° R:WUL—R: The recovery function, where: 


R(x) > 0 => recovery (e.g., rest, relaxation), R(x) <0 = > depletion (e.g., fatigue, stress). 


¢ S = (Sw, Sz, Q): The sustainability state, where Sy and S; measure cumulative work and life balance, 
and Q represents overall equilibrium. 


The work-life balance condition is achieved if: 
S=SwrtSz, where Q € [Qmin, Qmax], 
and: 


Sw= >) (Uw) -COw)], Si = Yo LUG) + RU) - CUI. 


wiew lek 


Work-Life Imbalance. Work-life imbalance occurs when: 
Ss ¢ [Qmin; Qmax], 


indicating that costs outweigh benefits or recovery is insufficient. 


Optimal Work-Life Balance. The optimal balance maximizes overall utility while maintaining sustainabil- 


ity: 
WLB* =arg max [SwtS_], 
{T(w), TD} 


subject to: 
T(x) = Total, Se [Qmin, Qmax]- 
xEWUL 


Example 4.80 (Work-Life Balance Scenario). A software engineer allocates time in a 24-hour day as follows: 


¢ Work activities W = {w : coding, w2 : meetings} with T(w 1) = 6 hours and T(w2) = 2 hours. 
¢ Life activities L = {l, : exercise, l, : family time, /3 : sleep} with T(/,) = 1 hour, T(/2) = 2 hours, and 
T(/3) = 8 hours. 
The recovery values R are: 
R(J3) = 10 (high recovery), R(/,) = 5 (moderate recovery), R(w1) = —3 (work fatigue). 
If sleep (/3) is reduced to 4 hours, R(/3) decreases significantly, leading to imbalance: 
S € [Qmin, Qmaxl, 


indicating increased risk of burnout. 
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Definition 4.81 (Neutrosophic Work-Life Balance). Neutrosophic Work-Life Balance (NWLB) is a general- 
ized mathematical model for assessing work-life equilibrium by incorporating truth, indeterminacy, and falsity 
components into the evaluation of time allocation, utility, and recovery. It is formally defined as: 


NW LB = (W,L,TN,UN,CN, RN, SY), 


where: 


W = {w1,W2,...,Wn}: The set of work activities (e.g., meetings, projects). 

L = {li,b,...,lm}: The set of life activities (e.g., family, exercise, sleep). 

TN : (WUL) = (0, 1]?: The neutrosophic time allocation function, defined as: 
T™ (x) = (Tr(x),T1(2), Tr (2), 

where: 


— T;(x): Truth degree of time allocated to activity x. 
— T;(x): Indeterminacy degree of time allocation for x. 


— Tr(x): Falsity degree of time allocated to x. 
UN : (WUL) > R?: The neutrosophic utility function, where: 
UN (x) = (Ur(x), Ur(x), Ur(x)), 
representing the truth, indeterminacy, and falsity components of utility derived from activity x. 


CN : (WUL) > R?: The neutrosophic cost function, quantifying the burden of activity x as: 
CN (x) = (Cr(x). Cr(x), Cr(x)), 
where truth, indeterminacy, and falsity components reflect perceived and uncertain costs. 


RN : (WUL) — R>: The neutrosophic recovery function, representing the recovery (restoration of 
mental/physical energy) as: 
RN (x) = (Rr(x), Rr(x), Re (x). 


SN = (SN, Se QN): The neutrosophic sustainability state, where: 


-S re Cumulative neutrosophic balance for work activities. 
- S$ a: : Cumulative neutrosophic balance for life activities. 


— QN: Overall neutrosophic sustainability threshold. 


Neutrosophic Work-Life Balance Condition. Work-life balance is achieved if the following holds: 


and: 


SN =Si,+ SN, where QN € [ON ON], 


‘min? ““max 


Sy = >) Wrow)- Crow], St = >) [Ur + Rr(lj) - Cr(y)] - 
w;eWw lek 


Neutrosophic Work-Life Imbalance. Work-life imbalance occurs when: 


QN ¢ [aN oN 


‘min?’ aa ? 


indicating that the perceived utility, time allocation, and recovery are insufficient to offset work burdens. 
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Optimal Neutrosophic Work-Life Balance. The optimal neutrosophic balance maximizes overall neutro- 
sophic utility while accounting for indeterminacy and falsity: 


NW LB* = ar max Shee ls 
: E ia vis | w* Sr] 


subject to: 
De Tr (x) = Trotar and Ne [QN. ov 


‘min? al : 
xeEWUL 


Remark 4.82 (Neutrosophic Work-Life Balance). Fuzzy Work-Life Balance is a special case of Neutrosophic 
Work-Life Balance where both indeterminacy and falsity are set to zero. Furthermore, Plithogenic Work-Life 
Balance is notable for its ability to generalize both Neutrosophic and Fuzzy Work-Life Balance. 


Example 4.83 (Neutrosophic Work-Life Balance Scenario). A manager allocates their time as follows in a 
24-hour day: 


* Work activities: W = {w : emails, w2 : meetings}, with neutrosophic time T’ (w1) = (0.8, 0.1, 0.1) 
and T’ (w2) = (0.7, 0.2, 0.1). 


¢ Life activities: L = {1; : exercise, ly : family, /3 : sleep}, with: 


TN (11) = (0.6, 0.2, 0.2), TY (12) = (0.9, 0.05, 0.05), TY (13) = (0.95, 0.03, 0.02). 


The recovery values R% and costs CN are: 
RN (13) = (0.9,0.05, 0.05), C% (wi) = (0.7,0.2,0.1). 
If Tr (/3) decreases to 0.5 (e.g., reduced sleep), recovery becomes insufficient, leading to imbalance: 


QN ¢ [aN oN 


‘min? max ? 
indicating stress accumulation and unsustainability. 


Theorem 4.84. The Neutrosophic Work-Life Balance exhibits the structure of a Neutrosophic Set. 


Proof. The result follows directly from the definition. oO 


Theorem 4.85. The Neutrosophic Work-Life Balance exhibits the structure of a Classic Work-Life Balance. 


Proof. The result follows directly from the definition. oO 
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Chapter 2 


A Theoretical Exploration of Hyperconcepts: Hyperfunctions, 
Hyperrandomness, Hyperdecision-Making, and Beyond (Including a Survey 
of Hyperstructures) 


Takaaki Fujita ' * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


This paper delves into the concepts of Hyperfunctions and n-Superhyperfunctions, extending classical set func- 
tions into higher-order frameworks. By generalizing properties such as randomness, monotonicity, recursion, 
and symmetry, it explores their mathematical foundations and potential applications across various disciplines. 


Additionally, the paper investigates future directions, including Weak Hyperstructures, Weak Hypergraphs, 
Hypercontexts, Hypervariables, Powerset Convolutions, Hypermatrices, Hyperfields, Hyperlattices, Cognitive 
Hypermaps, Hyperdecision-making, and more. It evaluates the feasibility of extending these concepts into the 
domain of SuperHyperStructures. 


Although primarily theoretical, this study lays a robust foundation for future research, showcasing the versatility 
of Hyperstructures in addressing complex, multi-layered challenges. 


Keywords: Hyperstructure, Hyperfunction, Function, Power set 


MSC 2010 classifications: 08A05: Structures, substructures (algebraic systems), 03E20: Other classical set 
theory 


1 Introduction 


1.1 Function Theory and Hyperfunction Theory 


In mathematics, a function is a relation that assigns exactly one output value to each input from a specified 
domain, mapping inputs to outputs according to a well-defined rule (4|[372). This paper focuses on the 
discussion of various types of functions. Many different kinds of functions have been studied in mathematics, 
including the following: 


* Linear Function: A function of the form f(x) = ax + b, where a and b are constants : 


Logarithmic Function: A function of the form f(x) = log, (x), where a > 0 and a # 1 [290) ; 


Trigonometric Function: Functions such as sin(x), cos(x), and tan(x), which are periodic and commonly 


used in geometry and physics [|382| : 


Submodular Function: A set function f : 2° — R satisfying f(A) + f(B) > f(A U B) + f(AN B) for 
all A, B C Q [90)/306|52 1). 


Symmetric Function: A function f(x1,x2,...,Xn) that satisfies 


f(%1,%2, +6 65Xn) = f( Xo (1) Xo(2)9+ ++ Xo (n)) 


for any permutation o of the indices 1,2,...,n (5|(24}. 


Fuzzy Function: A function f : X — [0, 1] that assigns a degree of membership in the range [0, 1] toeach 
element x € X, commonly used in fuzzy set theory to address uncertainty and imprecision [145 377). 


Set Function: A function f : 2° — R defined on the power set 2° of a universal set Q, often used to 
measure properties such as size, weight, or probability of subsets. 
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In addition, a function known as the Hyperfunction has been introduced [194 . A Hyperfunction 
maps elements to subsets, formally defined as: 


f:S—P(S), 
where P(S) is the powerset of S. 


More recently, a generalization called the n-Superhyperfunction has been studied [497]. This concept extends 
the idea of a Hyperfunction by utilizing higher-order powersets, enabling deeper abstraction and flexibility in 
modeling hierarchical structures. 


1.2 Hyperstructure and Superhyperstructure 


This subsection introduces the concepts of Hyperstructure and Superhyperstructure, which are mathematical 
constructs developed to represent hierarchical structures. A Hyperstructure generalizes the classical notion of 
powersets, extending it into broader mathematical frameworks that serve as a foundation for modeling more 


complex systems (344]/498][500)[501). 


In various studies, Hyperstructures are commonly applied in group theory and algebra theory (cf. [1 


[123] 124)138|451]541]543)). However, this paper adopts a perspective aligned with the concept of ee ae 
While there are notable similarities in the foundational ideas, the focus here is on the set-theoretic viewpoint. 


Moreover, in algebra theory and related fields, concepts such as Weak Hyperstructures (Hv-structures) have 


also been studied (16}18}[114|[119|[139|[543}. 


Building on this foundation, a Superhyperstructure introduces the concept of n-th powersets, enabling iterative 
and hierarchical generalizations of Hyperstructures. These advanced constructs allow for deeper levels of 
abstraction and provide tools to address increasing complexity [498| S01]. The relationship between 


powersets and superhyperstructures is illustrated in Figure] 
Structure Concepts EN 


ioe Set Concepts > 


| classical set | | classical Structure | 
Generalized Generalized 
’ ’ 
Powerset | hyperstructure | 
Generalized Generalized 
Powerset of 
Powerset of superhyperstructure 
Powerset of 
a (nth-Powerset) 
Consideration 


of the Structure 


Figure 1: Relationships between Superhyperstructures and sets. 


In graph theory [136], a Hypergraph is a generalization of traditional graphs where edges (called hyperedges) can 


connect more than two vertices |59}75]206/207], making it a prominent example of a Hyperstructure. Extending 
this concept, a SuperHypergraph incorporates advanced notions such as superedges and supervertices, offering 


a more abstract and flexible framework for representation (cf. (95) 734174174178) 18111183] 198225226 
[357||441}/487|/488}|490)/493]/497||497||500}). Simply put, a SuperHypergraph can be viewed as a hierarchical 


and iterative extension of the Hypergraph concept. 


Beyond graph theory, Hyperstructures and Superhyperstructures have found significant applications in various 
mathematical disciplines, including the following(cf. |176]): 
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Topology: Topology studies properties of spaces preserved under continuous transformations, focusing on 
concepts like continuity, convergence, and connectedness [32) 358]. The study of hypertopologies 


[133 370] and superhypertopologies [289 introduces innovative ways to explore 


topological properties. 


Functional Analysis: Hyperfunctions [254/362] and superhyperfunctions [492 expand the scope of 
function analysis to include multi-level interactions. This paper focuses on discussing these functions. 


Soft Set Theory: Soft Sets provide a parameterized framework for handling uncertainty 337/359]. 


The development of hypersoft sets and superhypersoft sets 
179) extends classical soft set theory to handle more complex data structures. 


Algebra: Algebra studies mathematical symbols, operations, and rules for manipulating and solving 


equations [40 . Advances in hyperalgebras [/120| and superhyper- 
algebras [261 provide new perspectives on algebraic systems. 


Automata Theory: Automata are mathematical models of computation, describing abstract machines 


that process inputs via states [244 454]. Hyperautomata and superhyperautomata [189] extend 


the traditional automata framework by integrating hyperstructural concepts. 


Language: In automata theory, a language is a set of strings formed from a specified alphabet [6) 435]. 
Related concepts include Natural Language [431] and Large Language Models [ 102) 574] 
HyperLanguage and SuperHyperLanguage [176] are well-known extensions. 


Fuzzy Set Theory: A fuzzy set assigns each element a membership degree between 0 and 1, representing 


partial inclusion [568) . Hyperfuzzy sets 199) and superhyperfuzzy sets [178] generalize 


fuzzy set theory to higher-order structures. 


Ring Theory: Hyperring theory {9|[30\|272] and superhyperring theory [499] enrich the study of com- 
mutative and non-commutative algebraic systems. 


Rough Set Theory: Rough Sets model uncertainty by approximating a target set using lower and upper 
bounds, focusing on indiscernibility within an equivalence relation [405: . Hyperrough sets [178| 
478] and superhyperrough sets [178] extend rough set theory through hyperstructural frameworks. 


Group Theory: A group is a set with a binary operation satisfying closure, associativity, identity, and 


invertibility 464]. The evolution from hypergroups [28 1) to superhyper- 
groups [281] broadens the landscape of group theory. 


Neutrosophic Sets: Neutrosophic Sets generalize classic and fuzzy sets by incorporating truth, in- 
determinacy, and falsity membership degrees, offering flexibility for uncertain or inconsistent data 


[48 1 502]. Hyperneutrosophic sets [127| and superhyperneutrosophic sets [178] address 


uncertainties in higher-order systems. 


Plithogenic Sets: Plithogenic Sets extend neutrosophic sets by considering multiple attributes with 
contradictory, dependent, or independent criteria, enabling complex decision-making and advanced 


uncertainty modeling [187) 503]. HyperPlithogenic Sets [178] and SuperHyperPlithogenic 
Sets [178] address uncertainties in higher-order systems. 


In addition to the concepts mentioned above, many other notions are well-known, including Hypernetwork 


(cf. [13/99 422]), Molecular Hypergraph (cf. [275] ), Hypertree (cf. |197|206]224]), Hypervector (cf. 
[128| ), HyperGroupoid (cf. [236 ), SemiHyperGroup (cf. [/72| 346]), Hyperlattice(cf. 
(29) ) and Hyperweighted Set (cf. ||178]). 


For reference, the relationships between Superhyperstructures and specific concepts are illustrated in Figure[2] 


These examples illustrate the versatility of Hyperstructures and Superhyperstructures in enhancing our un- 
derstanding of both mathematical theory and interdisciplinary applications. Their iterative and hierarchical 
frameworks make them invaluable tools for advancing research in areas requiring higher-level abstractions. 
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Figure 2: Relationships between Superhyperstructures and specific concepts. 


1.3. Our Contribution in This Paper: Hyperfunctions and Various Hyperconcepts 


This subsection provides a comprehensive overview of the contributions made in this paper. 


In addition to the theoretical significance and the diversity of functions discussed earlier, it is important 
to highlight that these functions have been extensively studied for their applications across various fields. 
Within this context, research on Hyperfunctions and n-Superhyperfunctions emerges as increasingly relevant. 
However, existing studies on Hyperfunctions and n-Superhyperfunctions are currently limited. 


To address this gap, this paper explores the mathematical extension of various functions within the frameworks 
of Hyperfunctions and n-Superhyperfunctions. These extensions provide a foundation for theoretically gener- 
alizing other types of functions, offering a versatile approach to modeling complex hierarchical relationships. 
By presenting this work, we aim to encourage broader adoption and further development of Hyperfunction and 
n-Superhyperfunction frameworks. 


Specifically, the following functions are introduced and discussed: 


Submodular Hyperfunction and n-Superhyperfunction: Define hierarchical dependencies under sub- 
modular constraints at multiple levels. 


Symmetric Hyperfunction and n-Superhyperfunction: Ensure decisions remain invariant under permu- 
tations of elements. 


Monotone Hyperfunction and n-Superhyperfunction: Maintain non-decreasing properties across hierar- 
chical decision frameworks. 


Modular Hyperfunction and n-Superhyperfunction: Represent additive relationships within nested de- 
cision structures. 


Recursion Hyperfunction and n-Superhyperfunction: Apply recursive logic for resolving hierarchical 
decision dependencies. 


Random Hyperfunction and n-Superhyperfunction: Incorporate probabilistic uncertainty into multi- 
layered decision processes. 
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Additionally, this paper explores future research directions, including Weak Hyperstructures, Weak Hyper- 
graphs, Hypercontexts, Hypervariables, Powerset Convolutions, Hypermatrices, and Cognitive Hypermaps. 
Specifically, the following concepts are introduced in this study. 


¢ Weak Hyperstructures and n-Weak Superhyperstructures: Generalize Hyperstructures with less strict 
axioms and constraints. 


¢ Hypercontext and Superhypercontext: Represent layered environments influencing decisions and rela- 
tionships across hierarchies. 


¢ HyperVariable and SuperHyperVariable: Extend variables with multi-dimensional attributes across 
n-Superhyperstructures. 


¢ n-th Powerset Convolution: Model hierarchical relationships combining constraints and criteria in 
higher-dimensional spaces. 


¢ HyperMatrix and SuperHyperMatrix: Introduce matrices with hyperedges and recursive structures for 
complex computations. 


* Cognitive HyperMap and Cognitive SuperHyperMap: Integrate multi-level cognitive processes into 
hypermap-based decision models. 


¢ Hyperfield and SuperHyperfield: Expand algebraic fields to include multi-dimensional and hierarchical 
operational rules. 


¢ Hypermodules and Superhypermodules: Generalize modules with hyperoperations over hierarchical 
structuresn-Superhyperstructure. 


¢ Hyperlattices and Superhyperlattices: Represent layered lattice frameworks with hyperoperations and 
extended properties. 


¢ Boolean Hyperalgebra and Superhyperalgebra: Extend Boolean algebra with hyperoperations for hier- 
archical logical systems. 


¢ Project Management and Program Management related to Superhyperstructure: Model multi-layered 
decision-making in management hierarchies using superhyperstructures. 


¢ HyperGame Theory and Superhypergame Theory: These are generalized concepts of game theory. 


¢ Hyperdecision-making and Superhyperdecision-making: Capture decision-making processes spanning 
multi-dimensional hierarchical frameworks. 


It is crucial to emphasize that this paper primarily centers on theoretical generalizations. The practical feasibility 
and robustness of these methods for real-world applications necessitate further computational experimentation 
and validation. 


2 Preliminaries and Definitions 


This section outlines the essential preliminaries and definitions required for the paper. While we aim to cover 
the core concepts, it is beyond the scope of this work to exhaustively define every term. Readers seeking further 
clarification are encouraged to consult the relevant literature for additional details. 


2.1 Basic Set Theory 


This subsection provides an overview of fundamental principles in set theory. For an in-depth exploration, we 


recommend referring to established references [242! : 


Definition 2.1 (Set). A set is a precisely defined collection of unique objects, known as elements. For 
any object x, it is always possible to determine definitively whether x is an element of the set. If A represents 
a set and x is an element within A, this is denoted as x € A. Sets are typically written with curly braces. For 
instance, A = {1,2,3} denotes a set containing the elements 1, 2, and 3. 
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Definition 2.2 (Subset). [264] Given two sets A and B, A is defined as a subset of B, written A C B, if every 
element of A is also an element of B. Formally: 


ACB = Vx(xEA = xeEB). 


When A C B but A ¥ B, A is referred to as a proper subset of B, denoted by A Cc B. 


Definition 2.3 (Empty Set). [264] The empty set, denoted by Q, is the unique set that contains no elements. 


Formally: 
Vx (x €Q). 


For example, 0 = {}. 


Definition 2.4 (Universe Set). [264] The universe set, denoted by U, is the set that contains all objects under 
consideration within a given context. Every set being studied is a subset of U. Formally: 


ACU forall sets A. 


Definition 2.5 (Finite Set). [264] A finite set is a set with a countable number of elements. Formally, it is 
defined as: 
S = {a1,a2,..., an}, 


where n is a finite integer. 


Definition 2.6 (Operation). (cf. [264]) An operation is a rule or function that combines elements of a set S' to 
produce another element of S. Formally, an operation o on a set S is a mapping: 


o:SxS—S. 
For example, addition and multiplication are operations on the set of real numbers R. 


Definition 2.7 (Binary Operation). (cf. (85}) A binary operation on a set S is a function * : S x S — S that 
combines any two elements a, b € S to produce another element a * b € S. 


Definition 2.8 (Set Union). [264] The union of two sets A and B, denoted A U B, is the set containing all 
elements that are in A, B, or both. Formally: 


AUB={x|xe€Aorxe B}. 


Definition 2.9 (Set Intersection). [264] The intersection of two sets A and B, denoted A / B, is the set 
containing all elements common to A and B. Formally: 


ANB={x|x¢Aandxe B}. 


2.2 Hyperstructure and Superhyperstructure 


This subsection introduces the concepts of Hyperstructure and Superhyperstructure. A Hyperstructure is a 
mathematical framework built upon the structure of a powerset, while a Superhyperstructure generalizes this 
concept by incorporating the n-th powerset. This extension facilitates the representation of multi-layered hierar- 
chical systems [171500501], providing a robust foundation for modeling increasingly complex relationships. 
For a clear understanding of the basic ideas, readers are encouraged to refer to as needed. The formal 
definition of the n-th powerset is presented below. 


Definition 2.10 (Base Set). A base set is a primary set S from which more elaborate constructs, such as 
powersets and hyperstructures, are generated. Formally, it is defined as: 


S = {x | x is a member of the specified domain}. 


All elements of derived structures like P(S) or P,,(S) are ultimately drawn from the elements of S. 


Definition 2.11 (Powerset). [175 The powerset of a set S, written P(S), is the collection of all subsets 
of S, including the empty set and S itself. Formally, it is expressed as: 


P(S)={A| ACS}. 
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Proposition 2.12. The powerset generalizes the concept of a set. 


Proof. This is self-evident from the definition. oO 


Definition 2.13 (n-th Powerset). (cf. [175) 500]) The n-th powerset of a set H, denoted as P,,(H), is 
defined iteratively. Starting with the standard powerset, the n-th powerset is constructed as follows: 


P\(A) = P(A), Paii(H) = P(Pr(A)), forn> 1. 
Similarly, the n-th non-empty powerset of H, represented by P; (#2), is defined recursively as: 
Pi(H) = P'(H), Py (H) = P*(Pn(H)). 
Here, P*(H) represents the powerset of H excluding the empty set. 
Proposition 2.14. (cf. [175)480)500)) The n-th powerset extends the concept of a standard powerset. 


Proof. This is immediately clear from the definition of the n-th powerset, as it involves repeated applications 
of the powerset operation. oO 


To formally define Hyperstructures and Superhyperstructures, we proceed as follows. 


Definition 2.15 (Classical Structure). (cf. |480| ) A Classical Structure is a mathematical framework built 
on anon-empty set H, equipped with one or more Classical Operations and satisfying certain Classical Axioms. 
The structure is defined as follows: 


A Classical Operation is a mapping: 
#): H” — H, 


where m > | is an integer, and H’™ represents the m-fold Cartesian product of H. These operations may 
include, for example, addition or multiplication in algebraic structures such as groups, rings, or fields. 


Definition 2.16 (Hyperstructure). (cf. |175 ) A Hyperstructure is a mathematical framework built on 
the powerset of a base set. It is formally described as: 


H = (P(S),°), 
where S is the base set, P(.S) denotes its powerset, and o is an operation defined on elements of P(S). 


Proposition 2.17. Every hyperstructure serves as a generalization of a classical structure. 


Proof. This is evident. oO 


Proposition 2.18. A Hyperstructure is inherently characterized by the structure of a powerset. 


Proof. This property directly arises from the definition of a Hyperstructure, which is built upon the powerset 
P(S). oO 


Definition 2.19 (n-Superhyperstructure). (cf. [480||500]) An n-Superhyperstructure is a generalization of a 
Hyperstructure achieved through n-fold iterations of the powerset operation. Formally, it is represented as: 


SH n = (Pn(S),°), 
where S is the base set, P;,(S) is the n-th powerset of S, and o is a general operation defined on P,(S). 


Proposition 2.20. An n-Superhyperstructure is characterized by the structure of the n-th powerset. 


Proof. This result is a direct consequence of the definition of an n-Superhyperstructure, which is explicitly 
built using the n-th powerset. oO 


Proposition 2.21. Every n-Superhyperstructure serves as a generalization of a Hyperstructure. 


Proof. By definition, a Hyperstructure is based on the powerset P(S), which corresponds to the 1-th powerset 
f(S). Since an n-Superhyperstructure uses the n-th powerset P,, (S), it inherently generalizes the Hyperstruc- 
ture when n > 1. Oo 
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2.3 Hyperfunction and n-Superhyperfunction 


In the context of Hyperstructure and n-Superhyperstructure in functions, the concepts of Hyperfunction and 
n-Superhyperfunction are well-known [254 . Hyperfunctions, in particular, have been extensively studied, 
including various applications. Relevant definitions and theorems are presented below. 


Definition 2.22 (Function). (cf. ) A function is a mathematical relation that maps each element x ina 
set X (the domain) to exactly one element y in another set Y (the codomain), denoted as f : X — Y. 


Definition 2.23 (Hyperoperation). (cf. [443||534H536]) A hyperoperation is a generalization of a binary 
operation where the result of combining two elements is a set, not a single element. Formally, for a set S, a 
hyperoperation o is defined as: 

o:SxS—>P(S), 


where P(S) is the powerset of S. 


Definition 2.24 (Hyperfunction). A Hyperfunction is a function where the domain remains a 
classical set S, but the codomain is extended to the powerset of S, denoted P(S). Formally, a Hyperfunction f 
is defined as: 

f:S—>P(S). 


For any x € S, f(x) C Sisa subset of S. This allows the function to map an element of S to multiple elements, 
enabling greater flexibility compared to classical functions. 


Example 2.25. Let S = {1,2}. Define f : S — P(S) as follows: 


fC) = {1,2}, f(2) = {2}. 
Here, f(1) maps to a subset of S$, {1,2}, and f(2) maps to {2}. Both outputs belong to P(S). 


Proposition 2.26. A Hyperfunction f : S > P(S) forms a Hyperstructure. 


Proof. By definition, the codomain of a Hyperfunction f is the powerset P(S). A Hyperstructure is defined 
as a mathematical construct based on the powerset P(S). Therefore, the Hyperfunction inherently operates 
within the framework of a Hyperstructure. oO 


Proposition 2.27. A Hyperfunction generalizes a Function. 


Proof. This follows directly from the definition. oO 


Definition 2.28 (SuperHyperOperations). [500] Let H be a non-empty set, and let P(H) be the powerset of 
H. Define the n-th powerset P” (1) recursively: 


P°(H) =H, P**!(H) = P(P*(H)) for k > 0. 


A SuperHyperOperation of order (m,n) is an m-ary operation: 
om"). H™ 5 PF) 


where P'(H) denotes the n-th powerset of H possibly excluding the empty set (for a classical-type SuperHy- 
perOperation) or including it (for a Neutrosophic-type SuperHyperOperation). 


If the codomain is P”’(H) without the empty set, we call it a classical-type (m,n)-SuperHyperOperation. If the 
codomain is P”(H) including the empty set, we call it a Neutrosophic (m,n)-SuperHyperOperation. 


In either case, these SuperHyperOperations are higher-order generalizations of hyperoperations, capturing 
multi-level complexity through n-th powerset constructions. 
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Definition 2.29 (n-Superhyperfunction). An n-Superhyperfunction generalizes the concept of a Hyperfunction 
by using the n-th powerset P;,(S) as the codomain. Formally, for n > 2, an n-Superhyperfunction f is defined 
as: 

Ff: P(S) > Pr(S), 


where 0 < r < n, and P,,(S) is the n-th powerset of S. This definition allows f to map subsets of S (from 
f,,(S)) to elements in the n-th powerset P;,(S). 


Example 2.30. Let S = {1,2}. The 2nd powerset P2(S) of S is: 
Po(S) = {0, {O}, {{1}}, ({25}, ({1, 2h}, (0, {1}, ..., PCS}. 
Define f : P(S) > Po(S) as: 
FU) = {1 2H, £2) = {{0}, (1, 2}}- 
Here, f maps subsets of S (from P(S)) to elements of P(S), fulfilling the definition of a 2-Superhyperfunction. 


Proposition 2.31. An n-Superhyperfunction f : P,(S) — Py,(S) is associated with an n-Superhyperstructure. 


Proof. By definition, an n-Superhyperstructure is constructed using the n-th powerset P;,(S). Since the 
codomain of an n-Superhyperfunction is P,, (S), the function operates within the framework of an n-Superhyperstructure. 
Hence, f is inherently tied to the n-Superhyperstructure. oO 


Theorem 2.32. Every n-Superhyperfunction generalizes both classical functions and Hyperfunctions: 


¢ Forr=n=0, f : S —S, recovering the definition of a classical function. 
* Forr =Oandn=1, f : S > P(S), corresponding to a Hyperfunction. 


° Forr =Oandn > 2, f : S > P,(S), representing an n-Superfunction. 


Proof. The structure of #,,(S) recursively incorporates the elements of P,-;(S). When n = 0, Po(S) = S, 
recovering classical functions. For n = 1, P;(S) = P(S), yielding Hyperfunctions. For n > 2, P,,(S) iterates 
the powerset operation, resulting in n-Superfunctions. This hierarchy ensures that n-Superhyperfunctions 
encompass all lower-order functions. Oo 


The relationship between functions and superhyperstructures is illustrated in Figure[3] 


ea Structure Concepts > Vo Function Concepts iN 
classical Structure classical function 


Generalized Generalized 


hyperstructure 


hyperfunction 


Generalized Generalized 


superhyperstructure Considoiaticn or superhyperfunction 
‘e y the Function . iy 


Figure 3: Relationships between Superhyperstructures and functions. 
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3 Results Presented in This Paper: Hyperfunctions 


This section highlights the main contributions of this paper, where we extend several well-known functions 
to the frameworks of Hyperfunctions and n-Superhyperfunctions. Furthermore, we explore their relationships 
with other related concepts. It is worth noting that this paper primarily focuses on theoretical generalizations. 
The practical feasibility and robustness of these methods in real-world applications remain to be investigated 
through further computational experiments and validation efforts. 


3.1 Submodular Hyperfunction and Their Generalizations 


A submodular function exhibits a diminishing returns property, where adding an element has less impact as 


the set grows [48]/90) . Submodular functions are applied in optimization [98][528}], 
machine learning |66)/66 , sensor placement [526| , and network design [132| 471). 


Definition 3.1 (Real Number). (cf. [147|[277|/442]) A real number is any value that can represent a distance 
along a continuous line, including all rational and irrational numbers. The set of real numbers is denoted by R. 


Definition 3.2 (Submodular Function with Bounds). A function f : 2° > Ris called submodular 
if for all A, B C Q, the following inequality holds: 


F(A) + f(B) 2 f(AU B) + f(AN B). 
In addition, the function may satisfy boundary conditions such as: 
f(@)=0, and f(Q)<C, 


where C > 0 is aconstant. These constraints can provide normalization or ensure the function meets specific 
feasibility criteria. 


Example 3.3. Let Q = {1,2,3}, and define f : 2° — Ras: 
f(A) = Al’. 
To verify submodularity: 


¢ Compute f({1}) + f({2}) = 14+1 =2 and f({1,2})+ f(@) =4+0 =4. Itis evident that submodularity 
fails since f(A) = |A|? does not satisfy the diminishing returns property. 


Now, redefine f as: 
f(A) =min({A], 1). 


For this revised f: 


* If either A or B is empty, submodularity holds trivially because f (0) = 0. 
¢ For any A,B C Q, f(A) + f(B) is always greater than or equal to f(A U B) + f(A B), since f(A) 
takes values either 0 Gif A = 0) or 1 Gf A # @). 


Thus, f(A) = min({A|, 1) is a valid example of a submodular function. 


Theorem 3.4. A Submodular Function is a Function. 


Proof. This follows directly from the definition. oO 
Definition 3.5 (Submodular Hyperfunction). A submodular hyperfunction is a function: 
f:2 oR 


such that for all A, B C 2°: 
f(A) + f(B) = f(AU B) + f(AN B). 


An analogous bounding condition could be: 


f(0) =0,  f({Q}) < D, 


for some constant D > 0. 
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Example 3.6 (Submodular Hyperfunction). Let Q = {1,2}, so 2° = {0, {1}, {2}, {1, 2}}. Define f : 27 |R 
by: 

0 ifx=90, 

|X| otherwise. 


ray={ 


For any A, B C 2°, f(A)+f(B) > f(AUB)+f(ANB) holds since f is essentially counting subsets. Checking 
a few cases confirms submodularity. For example: Let A = {{1}}, B = {{2}}. Then f(A) = f(B) = 1, 
f(AUB) = f({{1}, {2}}) = 2, f(ANB) = f(0) = 0. Thus f(A) + f(B) = 2, f(AUB)+ f(ANB) = 2+0 = 2, 
inequality holds. 


Theorem 3.7. A Submodular Hyperfunction generalizes the concept of a Submodular Function. 


Proof. Let f : 2?" — R be a Submodular Hyperfunction. For a classical Submodular Function g : 2% > R, 
consider the special case where f is restricted to subsets of 2° consisting of singleton sets, i.e., A = {{a}} for 
a €Q. Define g(A) = f({{a}}). 


Now verify the submodularity condition: 
8(A) + g(B) = g(AU B) + g(ANB). 
Using the definition of f, this becomes: 


FUL{a) + FLED = Fad (bE) + Fah 9 {b}}), 


which simplifies to: 
f(A) + f(B) 2 f(AU B) + f(AN B), 


because A, B C 2°. Thus, f restricted to singletons satisfies the submodularity condition, demonstrating that 
Submodular Hyperfunctions generalize Submodular Functions. oO 


Theorem 3.8. A Submodular Hyperfunction inherits the structural properties of a Hyperfunction. 


Proof. By definition, a Hyperfunction is a mapping: 
f:S— P(S), 


where S is the domain and P(S) is the powerset of S. Extending this, a Submodular Hyperfunction is defined 
as: 
f:2" oR. 


Here, 2?" is the powerset of 2°, aligning with the structure of a Hyperfunction. For any subsets A, B C 2°, 
f(A) and f(B) represent mappings into R, and the operations A U B and AN B occur within 22" preserving 
the structural framework of a Hyperfunction. 


Thus, the Submodular Hyperfunction retains the essential features of a Hyperfunction while imposing additional 
submodularity constraints on f. Oo 


We now generalize the domain further to P”(Q). 


Definition 3.9 (Submodular n-Superhyperfunction). For n > 1, a function: 
f:P"(Q)>R 
is submodular if for all X,Y € P"(Q): 
(XY) +f) 2 f(XUV) + f(XNY). 


Bounding conditions might be: 


f(0) =0,  f(P"(Q)) < E, 


for some E > 0. 
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Example 3.10. Consider Q = {1}. The recursive construction of powersets gives: 


+ P!(Q) = 2° = {0, {1}, 
© P2(Q) = 2?” = (0, {0}, {{1}}, (0, A}. 


Define f : P?(Q) > R by: 
0 xX=90, 
1 otherwise. 


ray={ 


To verify submodularity, consider any X,Y € P?(Q): 


¢ If X =OorY =9, then f(X) + f(Y) = f(X UY) + f(X NY) = 1, satisfying submodularity. 


° If X,Y #0, then f(X) + f(Y) =14+1=2, and f(X UY) + f(X NY) equals 2, ensuring the inequality 
holds. 


Thus, f(X) is a Submodular n-SuperHyperfunction. 


Theorem 3.11. A Submodular n-SuperHyperfunction possesses the structural properties of ann-SuperHyper function. 


Proof. By definition, an n-SuperHyperfunction is a mapping: 
f: Pr(S) > Pr(S), 


where F,,(S) represents the n-th powerset of S. In the context of a Submodular n-SuperHyperfunction, the 
domain is extended to P”(Q), and the codomain is R, with the additional submodularity condition: 


S(X)+f(Y%) = f(XUY)+f(KXNY), VX,Y C P"(Q). 


The structure of P” (Q) is recursively defined, ensuring that P” (Q) is a valid input space for any n-SuperHyperfunction. 
Specifically: 


* When n = 1, P!(Q) = 2%, reducing the Submodular n-SuperHyperfunction to a Hyperfunction with 
submodular constraints. 


* For n > 1, P”(Q) is the powerset of P”~'(Q), ensuring the input domain satisfies the structural 
requirements of an n-SuperHyperfunction. 


The output space R of the Submodular n-SuperHyperfunction retains compatibility with the mapping properties 
of an n-SuperHyperfunction because the submodularity condition imposes a real-valued inequality rather than 
altering the function’s structural behavior. Thus, a Submodular n-SuperHyperfunction adheres to the structural 
framework of an n-SuperHyperfunction while introducing additional constraints. 


Therefore, a Submodular n-SuperHyperfunction possesses all the structural properties of an n-SuperHyperfunction. 
Oo 


Theorem 3.12. A submodular n-superhyperfunction generalizes both submodular functions and submodular 
hyperfunctions. More precisely: 


¢ For n = 1, a submodular 1|-superhyperfunction is exactly a submodular hyperfunction. 


* For n = 0 (interpreting f : 2° — Ras a submodular function on the original ground set), we recover 
the classical notion of a submodular function. 
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Proof. When n = 0, P°(Q) = Q. A submodular 0-superhyperfunction would be defined on P°(Q) = Q, but to 
align with standard definitions, we consider f : 2° — R directly, yielding the classical submodular function 
definition. 


When n = 1, f : P!(Q) = 2° — R defined with submodularity at the next level (f : 2 R) matches the 
definition of a submodular hyperfunction. 


Thus, the notion of an n-superhyperfunction naturally extends these concepts by increasing the structural 
complexity of the domain, and for lower n, it reduces to the previously known classes of submodular functions. 
Oo 


3.2 Symmetric Hyperfunction and Their Generalizations 


We now introduce the concept of symmetry. A function defined on 2° is called symmetric if it remains invariant 
under any permutation of the ground set Q. As a supplementary remark, structures that are not symmetric are 


sometimes referred to as asymmetric |151\|392). 


Definition 3.13 (Symmetric Function). (cf. (51/241 177}) A function f : 22 > R is symmetric if for every 
bijection 7 : Q — Q and every S € Q, we have 


f(S) = f(a(S)). 


This implies that f depends only on the structure of subsets of Q and not on the particular labeling of the 
elements. 


Theorem 3.14. A Symmetric Function is a Function. 
Proof. This follows directly from the definition. oO 


By analogy, we can extend symmetry to hyperfunctions and n-superhyperfunctions. For a hyperfunction f : 
27° Ra permutation of the ground set Q induces a permutation on 2® defined by 2’(A) = {n(x) : x € A} 
for A € Q. In turn, z’ induces a permutation on 2° by applying it to each element of a set of subsets. 


Definition 3.15 (Symmetric Hyperfunction). A hyperfunction f : 2?" — Ris symmetric if for every bijection 
nm: Q— Qandevery X C 2°, 

F(X) = f({a’(A) : A € X}), 
where 7’(A) = {7(a): aé€ A}. 


Example 3.16. If Q = {1,2}, let f: 2?" _5 R be defined by f(X) = |X|. Any permutation of {1,2} just 
relabels these elements, but since f depends only on the cardinality of X, f remains invariant. Thus it is 
symmetric. 


Theorem 3.17. A Symmetric Hyperfunction f : 2" — R is associated with a Hyperstructure. 


Proof. A Hyperstructure is defined on the powerset P(Q), and a Symmetric Hyperfunction operates on the 
powerset 22" which is itself a powerset of P(Q). The symmetry condition ensures that f is invariant under 
relabeling (or permutations) of the elements of Q. This invariance aligns with the structural properties of 
a Hyperstructure, which is also independent of specific labeling. Therefore, a Symmetric Hyperfunction 
inherently operates within the framework of a Hyperstructure. oO 


Similarly, for n-superhyperfunctions, a permutation z on Q induces a permutation on P”(Q) level-by-level. 
We say: 


Definition 3.18 (Symmetric n-Superhyperfunction). A function f : P”(Q) — Ris symmetric if for every 
bijection a : Q — Q, the induced action of 2 on P”(Q) (applying z at the base level and lifting it through all 
n-levels of powersets) satisfies: 


f(X) = f(a (X)) 


for all X € P”(Q), where x”) is the iterated induced permutation acting on elements of P”(Q). 
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Example 3.19. Let f : P?(Q) — R be defined as f(X) = |X|. For Q = {1,2}, any permutation of {1,2} 
induces a re-labeling of subsets at the second level, but the sizes of these sets of subsets remain unchanged, 
thus f is symmetric. 


Theorem 3.20. A Symmetric n-Superhyperfunction f : P”(Q) — Ris associated with an n-Superhyperstructure. 


Proof. Ann-Superhyperstructure is defined on the n-th powerset P” (Q), and a Symmetric n-Superhyperfunction 
operates on P”(Q). The symmetry condition ensures that f is invariant under any permutation z of the ele- 
ments of Q, propagated across all n-levels of powerset iterations. This invariance aligns with the hierarchical 
and structural properties of an n-Superhyperstructure, which is independent of specific labeling at any level. 
Therefore, a Symmetric n-Superhyperfunction is inherently associated with an n-Superhyperstructure. Oo 


Theorem 3.21. Symmetric n-superhyperfunctions generalize symmetric functions and symmetric hyperfunc- 
tions. Specifically: 


* For n = 0, symmetric 0-superhyperfunctions are just symmetric functions f : 2° > R. 


¢ For n= 1, symmetric 1-superhyperfunctions correspond to symmetric hyperfunctions. 


Proof. The proof follows the same reasoning as the submodular case. Restricting to n = 0 recovers the standard 
definition of a symmetric function on 2°. For n = 1, we recover symmetric hyperfunctions on 27°. Thus, 
symmetry at level n generalizes the classical notion of symmetry at lower levels. oO 


Remark 3.22. Naturally, one can combine submodularity and symmetry. A submodular and symmetric n- 
superhyperfunction is a function f : P”(Q) — R that is both submodular as defined above and symmetric 
under any permutation of the base set Q. 


Remark 3.23. In the context of general submodular functions, a submodular set function that takes natural 
numbers instead of real numbers is sometimes referred to as a connectivity function (193|[393}. Additionally, 
there is a concept known as a submodular partition function, which incorporates the idea of partitions into 
submodular set functions (31). 


It might be worth considering whether hyperfunction versions of these concepts could be defined or studied as 
needed. However, this paper omits such discussions. 


3.3. Monotone Hyperfunction and Their Generalizations 


A monotone function is a function that either consistently increases or decreases without reversing direction 


across its domain (cf. ). These concepts can be extended to Hyperfunctions and 


n-Superhyperfunctions. Relevant definitions and theorems are provided below. 


Definition 3.24 (Monotone Set Function). (cf. |265) 322}) Let Q be a finite set. A set function p : 2° > R 
is called monotone if for all E, F C Q with E C F, we have: 


M(E) < MF). 


Example 3.25. Consider Q = {1, 2,3} and define py : 2% — R by p(S) = |S|. Since E C F implies |E| < |F|, 
it follows that u(E) < u(F), so pis monotone. 


Theorem 3.26. A Monotone Set Function is a Function. 

Proof. This follows directly from the definition. oO 
We extend monotonicity to hyperfunctions, whose domain is 2 

Definition 3.27 (Monotone Set Hyperfunction). A hyperfunction p : 22" _, Ris monotone if for all A, B € 22 


with A C B, we have: 
u(A) < u(B). 
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Example 3.28. Let Q = {1,2}, so 2° = {0, {1}, {2}, {1,2}}. Define p : oes R by: 
U(X) = |X]. 
If A C B for A, B C 2%, then |A| < |B|, hence (A) < p(B), making pz monotone. 


Theorem 3.29. A Monotone Set Hyperfunction p : 22" — R is associated with a Hyperstructure. 


Proof. A Hyperstructure is defined on the powerset P(Q) = 2°, and a Monotone Set Hyperfunction operates 
on P(P(Q)) = 22" which is itself a powerset. The monotonicity property ensures that yz respects the ordering 
of subsets within 22°. This property aligns with the foundational principles of a Hyperstructure, which relies 
on the organization and relationships of subsets within its powerset. Thus, a Monotone Set Hyperfunction 
naturally operates within a Hyperstructure. Oo 


Theorem 3.30. A Monotone Set Hyperfunction generalizes a Monotone Set Function. 


Proof. A Monotone Set Function ys : 2% — R is defined on the first-level powerset 2°, whereas a Monotone 
Set Hyperfunction ju : 2° +R operates on the second-level powerset 22" By definition, any Monotone Set 
Function satisfies u(Z) < u(F) for E ¢ F. A Monotone Set Hyperfunction extends this property to subsets 
of 2°. Therefore, the hyperfunction generalizes the monotonicity concept from first-level sets to higher-level 
structures. Oo 


Iterating this construction, we define monotonicity for functions defined on P”(Q). 


Definition 3.31 (Monotone Set n-Superhyperfunction). For n > 1, a function uw: P"(Q) — Ris monotone if 
for all X,Y € P"(Q) with X C Y, we have: 


M(X) < WY). 


Example 3.32. Take Q = {1}. Then P2(Q) = 2?" = {0, {O}, {{1}}, (0, {1}}}. Define yw : P?(Q) > R by 
u(Z) = |Z|. If X CY in P?(Q), then |X| < |Y¥|, hence w(X) < u(Y), so p is monotone. 


Theorem 3.33. A Monotone Set n-Superhyperfunction tt : P"(Q) — Ris associated with an n-Superhyperstructure. 


Proof. Ann-Superhyperstructure is defined on the n-th powerset P” (Q), and a Monotone Set n-Superhyperfunction 
operates on P”(Q). The monotonicity property ensures that pz respects the hierarchical ordering of subsets 
within P”(Q). This property directly corresponds to the structural principles of an n-Superhyperstructure, 
which organizes subsets at multiple levels of powerset iterations. Thus, a Monotone Set n-Superhyperfunction 
naturally operates within an n-Superhyperstructure. oO 


Theorem 3.34. Monotone n-superhyperfunctions generalize monotone set functions and monotone hyperfunc- 
tions. Specifically: 
* For n = 0, a monotone 0-superhyperfunction corresponds to a monotone set function pu : 2° > R. 


¢ For n= 1, amonotone 1|-superhyperfunction is a monotone hyperfunction Lu : 27 SR 
Proof. The proof follows by inspection of the domain structure. For n = 0, P°(Q) = Q and monotonicity 
reduces to the classical definition on subsets of Q. For n = 1, P!(Q) = 2°, so monotonicity defined on P!(Q) 


recovers the monotone hyperfunction definition. For n > 1, we obtain the more general n-superhyperfunction 
case. Oo 
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3.4 Modular Hyperfunctions and Their Generalizations 


A classical concept closely related to submodularity is modularity, which enforces a stricter equality condition 


156) 533]. In this subsection, we extend Modular Set Functions to Modular Set Hyperfunctions 


and Modular Set n-Superhyperfunctions. Relevant definitions and theorems are provided below. 


Definition 3.35 (Modular Set Function). (cf. [369]/469]) A set function w : 2° — R is modular if for all 
A,BCQ: 
H(A U B) + W(AN B) = pA) + (B). 


Example 3.36. Let y : 2° — R be defined by y(S) = c|S| for some constant c. For any A, B C Q: 
u(A UB) + u(AN B) = c(|A U BI +|AN Bl) = c(|A] + |B) = u(A) + M(B). 
Thus, linear functions of set size are modular. 


Theorem 3.37. A Modular Set Function is a Function. 
Proof. This follows directly from the definition. oO 


We extend modularity to hyperfunctions. 
Definition 3.38 (Modular Set Hyperfunction). A function y : 2?" 5 Ris modular if for all A, B C 22: 
H(A U B) + H(A NB) = pA) + p(B). 


Example 3.39. Consider pu : 22" _5 R defined by u(X) = c|X| for some constant c. Using the same argument 
as for sets: 
(A UB) +4(AN B) =c(|AUB|+|A 2 Bl) = c(|Al + |B) = H(A) + WCB). 


Theorem 3.40. A Modular Set Hyperfunction wu : 2" — R is associated with a Hyperstructure. 


Proof. A Hyperstructure is defined on the powerset P(Q) = 2°, and a Modular Set Hyperfunction operates on 
P(P(Q)) = 2 which is itself a powerset. The modularity property ensures consistency with the union and 
intersection operations within the powerset. Since the operations U and N form the basis of the structure of 22" 
the modularity property aligns with the principles of a Hyperstructure. Thus, the Modular Set Hyperfunction 
operates naturally within a Hyperstructure. oO 


Theorem 3.41. A Modular Set Hyperfunction generalizes a Modular Set Function. 


Proof. A Modular Set Function p : 2° > R satisfies: 
M(EUF)+u(EN F)=p(E)+u(F) forall £,F CQ. 


A Modular Set Hyperfunction pu : 22" —5 Rextends this property to subsets of 2°, operating on the second-level 
powerset. Hence, a Modular Set Hyperfunction generalizes the modularity property from first-level subsets to 
second-level subsets. Oo 


Theorem 3.42. A Modular Set Hyperfunction is a special case of a Submodular Set Hyperfunction. 


Proof. A Modular Set Hyperfunction wy : 22" —s R satisfies the equality: 
u(AU B) + (ANB) = "(A)+u(B), forall A, BC 2°. 
For a Submodular Set Hyperfunction, the inequality: 
H(A U B) + (ANB) < w(A) + u(B) 


holds for all A, B C 2. Since equality satisfies the inequality, every Modular Set Hyperfunction is inherently 
Submodular. However, the converse is not true; there exist Submodular Set Hyperfunctions that do not satisfy 
the equality condition. oO 
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Definition 3.43 (Modular Set n-Superhyperfunction). A function uw : P”(Q) — R is modular if for all 
X,Y ¢ P™(Q): 
H(X UY) + W(X NY) = W(X) + WY). 


Example 3.44. For any n, let up : P”(Q) — R be defined by u(Z) = c|Z| for some constant c. Since 
cardinalities satisfy |X UY|+|X NY| =|X|+|Y| at any set level, ys is modular at all superhyperlevels. 


Theorem 3.45. A Modular Set n-Superhyperfunction pp : P"(Q) — Ris associated with an n-Superhyperstructure. 


Proof. Ann-Superhyperstructure is defined on the n-th powerset P” (Q). A Modular Set n-Superhyperfunction 
operates on P” (Q), preserving modularity under the union and intersection operations within P” (Q). The mod- 
ularity property ensures compatibility with the structural principles of P”(Q), making the function inherently 
consistent with the n-Superhyperstructure. Oo 


Theorem 3.46. Modular n-superhyperfunctions generalize modular set functions and modular hyperfunctions. 
Specifically: 


¢ For n =0, a modular 0-superhyperfunction is a modular set function. 


¢ Forn = 1, a modular |-superhyperfunction is a modular hyperfunction. 


Proof. As in the monotone case, the definitions reduce at lower n. For n = 0, P°(Q) = Q and sets correspond 
to 2°. Thus, modularity recovers the classical definition. For n = 1, P!(Q) = 2°, so functions on P!(Q) are 
hyperfunctions. The equality condition for modularity holds at this level as well, giving modular hyperfunctions. 
Extending to higher 7 proceeds inductively, preserving the modular equality property at each level. oO 


Theorem 3.47. A Modular Set n-Superhyperfunction is a special case of a Submodular Set n-Superhyperfunction. 


Proof. A Modular Set n-Superhyperfunction py : P”(Q) — R satisfies the equality: 
W(X UY) + u(X NY) = u(X) + u(Y), forall X,Y ¢ P”(Q). 
For a Submodular Set n-Superhyperfunction, the inequality: 
H(XUY)+W(XNY) < p(X) + WY) 


holds for all X,Y € P"(Q). Since equality satisfies the inequality, every Modular Set n-Superhyperfunction 
is inherently Submodular. However, not all Submodular Set n-Superhyperfunctions satisfy the equality, thus 
Modular Set n-Superhyperfunctions are a strict subclass of Submodular Set n-Superhyperfunctions. oO 


3.5 Recursion HyperFunction (HyperRecursion) and Their Generalizations 


Recursion is a fundamental concept where the definition of a function, relation, or structure refers back to 


itself on simpler or previously defined instances [60 472]. It is widely utilized in program- 
ming(cf. [88}}269]348 ), control engineering [266], neural networks 253) 506], and machine 


learning [246\|250]. Here, we extend the notion of recursion from classical functions to hyperfunctions 
and n-superhyperfunctions, ensuring mathematical rigor and guaranteeing that each recursive definition is 
well-founded and terminates appropriately. 


Definition 3.48 (Recursion Function). (cf. 472) Let S be a non-empty set. A Recursion Function 
f : S — Sis defined by: 


1. A base case: A specific element so € S for which f(so) is defined directly and does not depend on f 
itself. 


2. A recursive step: For any s € S \ {so}, f(s) is defined in terms of f(s’) for some s’ that is ’simpler” or 
previous” according to a well-founded ordering on S. 
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Formally, suppose (S, <) is a well-founded set. Then a recursion function f : S — S satisfies: 


b if s = sc (base case), 
f(s) = 
y(s, f (51), f(s2),..-,f(s~)) ifs > s; for alli € {1,...,k} and each 5; < s (recursive step), 


where ¢ is a well-defined rule ensuring no infinite descending chain occurs. 


Theorem 3.49. A Recursion Function is a Function. 


Proof. This is evident from the definition. oO 


Theorem 3.50. [f S is well-founded and a recursion scheme is given by a base case and a recursive step that 
strictly reduces to simpler cases, then there exists a unique recursion function f : S — S satisfying the given 
conditions. 


Proof. This is a standard result in recursion theory. Well-foundedness guarantees that every definition ter- 
minates at the base case, while the uniqueness follows from the requirement that each f(s) is determined by 
previously defined values. oO 


We now extend recursion to the case of hyperfunctions, where the codomain is a powerset rather than a single 
set. 


Definition 3.51 (Recursion Hyperfunction (HyperRecursion)). Let S be a non-empty set and f : S — P(S) 
be a hyperfunction. A Recursion Hyperfunction is defined similarly to a recursion function, but: 


1. The base case specifies f (sg) € S directly. 


2. The recursive step defines f(s) in terms of f(s), f(s2),..., (sx), ensuring that each s; is simpler or 
smaller according to a well-founded order, and that: 


f(s) = PCs, f(s1), F(S2), +++» F(sK)) SS, 


for some well-defined set-valued function V. 


As with recursion functions, the definition must ensure no infinite regress occurs, allowing f to be well-defined 
and unique under appropriate conditions. 


Theorem 3.52. A Recursion Hyperfunction possesses the structure of a Hyperstructure. 


Proof. A Recursion Hyperfunction is defined as f : S — #(S), leveraging a well-founded recursive scheme. 
A Hyperstructure is built upon # (S) and involves operations on subsets of S. Since a Recursion Hyperfunction 
produces elements in P(S) and can be integrated with hyperoperations defined on P(S) (e.g., forming weak 
or strong associative conditions if needed), it inherits the nature of a Hyperstructure. Thus, a Recursion 
Hyperfunction corresponds to an object that fits naturally into the hyperstructural framework. oO 


Theorem 3.53. A Recursion Hyperfunction generalizes a Recursion Function. 


Proof. A Recursion Function f : S — S maps each element to a single value in S, following a base case and a 
recursive step. By contrast, a Recursion Hyperfunction f : S — #(S) allows each element s € S to map to a 
subset of S. If we restrict a Recursion Hyperfunction so that it always returns singleton sets (i.e., each f(s) is a 
singleton), we recover the behavior of a Recursion Function. Thus, every Recursion Function can be viewed as 
a special case of a Recursion Hyperfunction. Hence, Recursion Hyperfunctions strictly generalize Recursion 
Functions. Oo 


Theorem 3.54. [f S is well-founded and a recursion scheme is given for a hyperfunction (with a base case and 
a strictly reducing recursive step), then there exists a unique recursion hyperfunction f : S — P(S) adhering 
to that scheme. 
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Proof. Analogous to the classical case, the well-founded order ensures termination, and each step uniquely 
determines f(s), guaranteeing existence and uniqueness. oO 


Finally, we lift the concept to n-superhyperfunctions, where the codomain is the n-th powerset P;,(S). 


Definition 3.55 (Recursion n-Superhyperfunction (Superhyperrecursion)). Let S be a non-empty set, and 
consider an n-superhyperfunction: 
Ff: Pr(S) > Pp(S), 


for some 0 < r <n. A Recursion n-Superhyperfunction is defined by: 


1. A base case that directly specifies f (Xo) € P,(S) for a minimal element Xo € P;(S). 


2. A recursive step that, for any X € ?(S) greater than the base case element (according to a well-founded 
order on ?(S)), defines: 


f(X) a O(X, f(X1), f (X2), ras »f (Xx) € Pr(S), 


where Xj,...,X,% < X and @ is a suitable set-valued function ensuring a downward chain to the base 
case. 


Theorem 3.56. A Recursion n-Superhyperfunction generalizes both Recursion Hyperfunctions and Recursion 
Functions. 


Proof. A Recursion n-Superhyperfunction f : P,(S) — P,(S) operates at the n-th powerset level. For n = 1 
and r = 0, this reduces to a Recursion Hyperfunction f : S — P(S). By further restricting the image to 
singletons, we recover a classical Recursion Function. Thus, the Recursion n-Superhyperfunction framework 
includes both Recursion Hyperfunctions (when n = 1) and Recursion Functions (when restricting the image 
to singletons). Therefore, Recursion n-Superhyperfunctions generalize both Recursion Hyperfunctions and 
Recursion Functions. Oo 


Theorem 3.57. A Recursion n-Superhyperfunction possesses the structure of an n-Superhyperstructure. 


Proof. By definition, an n-Superhyperfunction f : P,(S) — #,(S) maps elements of f,(S) into P,(S), 
where ?,,(S) is the n-th powerset of S. An n-Superhyperstructure is characterized by operations defined 
on ?,,(S). Since the recursion scheme on ?,,(S) ensures a well-founded order and defines f(X) recur- 
sively in terms of previously defined values at lower elements, f inherently respects the layered structure 
of the n-th powerset. This aligns with the hierarchical nature of an n-Superhyperstructure. Consequently, 
a Recursion n-Superhyperfunction, defined via a recursion process on P;,(S), operates naturally within the 
n-Superhyperstructural framework. Oo 


Theorem 3.58. [f?;(S) is equipped with a well-founded order and the recursion scheme for the n-superhyperfunction 
is well-defined (having a proper base case and a strictly reducing recursive step), then there exists a unique 
recursion n-superhyperfunction f : P,(S) > Py(S). 


Proof. The argument extends the previous proofs. The well-founded order ensures no infinite descending 
sequences, and each definition step determines f(X) uniquely. Thus, existence and uniqueness follow by the 
same reasoning as for recursion functions and recursion hyperfunctions. oO 


3.6 Random HyperFunction and Their Generalizations 


In this subsection, we discuss the concept of Random HyperFunction. 
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3.6.1 Random HyperFunction and n-SuperHyperFunction 


Random function means a function defined over a probability space, producing unpredictable outputs, used in 
programming [202 , probability 130 , heural networks [373\/561], graphs : 


Definition 3.59 (Random Function). (cf. [230]) Let S be a non-empty set and let Q be a probability space. A 
Random Function is a mapping: 
F:QxS—>S 


such that for each fixed w € Q, the mapping F(w,-) : S > S is a function. In other words, a random function 
assigns to each input x € S an output F(w,x) € S, depending on a random parameter w. This construction 
allows uncertainty or variability in the function’s values. 


Example 3.60. Let S = {1,2,3} and Q = [0, 1] with a uniform probability measure. Define: 


1 ifw <1/3, 
F(w,x)=42 if 1/3 <w < 2/3, 
3 ifw> 2/3. 


For each w, F(w,-) is a function that maps every element of S to a single element of S (here it’s a trivial 
function that doesn’t even depend on x). This is a random function because for different w values we might get 
different constant outputs. 


Theorem 3.61. A Random Function is a Function. 


Proof. This follows directly from the definition. oO 


Definition 3.62 (Random Hyperfunction). Let S be a non-empty set, and Q a probability space. A Random 
Hyperfunction is a mapping: 
F:QxS—P(S) 


such that for each fixed w € Q, the mapping F(w,-) : S — P(S) is a hyperfunction. That is, for each w 
and each x € S, F(w,x) ¢ S. This allows for both randomness (from w) and multi-valuedness (from the 
hyperfunction nature). 


Example 3.63. Let S = {a, b} and Q = [0, 1] with a uniform probability measure. Define: 


if w < 1/2, 
Oe {a} a } 
{a,b} ifw2> 1/2. 
Here, for each w, F(w,-) is a hyperfunction since it maps an element x € S to a subset of S. For w < 1/2, 
F(w,x) = {a} for any x. For w > 1/2, F(w,x) = {a, b} for any x. Thus, this is a random hyperfunction. 


Theorem 3.64. A Random Hyperfunction generalizes a Random Function. 


Proof. A Random Function F : Qx S — S assigns a single element of S to each pair (w,x). A Random 
Hyperfunction F : Qx S — P(S) assigns a subset of S to each pair (w,x). If we restrict a Random 
Hyperfunction to always produce singleton subsets, we recover the behavior of a Random Function. Thus, 
every Random Function is a special case of a Random Hyperfunction, proving that Random Hyperfunctions 
strictly generalize Random Functions. oO 


Theorem 3.65. A Random Hyperfunction inherits the structure of a Hyperstructure. 


Proof. A Hyperstructure is built on P(S). For a Random Hyperfunction, each fixed w yields a hyperfunction 
F(w,:) : S > P(S). Since hyperfunctions naturally operate within the framework of Hyperstructures, the 
random parameter w does not disrupt this structural alignment. Each w-slice of the Random Hyperfunction 
is a Hyperfunction, hence associated with a Hyperstructure. Thus, a Random Hyperfunction aligns with the 
structure of a Hyperstructure at each fixed w. oO 
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Definition 3.66 (Random n-Superhyperfunction). Let S be a non-empty set, Q a probability space, and let 
P,(S) denote the n-th powerset of S$. A Random n-Superhyperfunction is a mapping: 


F:QxXP,(S) > Pr(S) 


for some 0 < r < n, such that for each fixed w € Q, F(w,-) : P,(S) > P,(S) is an n-Superhyperfunction. 
Thus, we have both the iterative powerset structure from the n-superhyperfunction and the randomness from 
the probability space. 


Example 3.67. Consider S = {x}. Then P(S) = {0, {x}} and P2(S) = P(P(S)) = {O, {O}, {{x}}, {O, {x} }}. 
Let Q = [0, 1] with a uniform measure. Define: 


{{x}} if w < 1/3, 
F(w, X) = 4 {0,{x}} if 1/3 < w < 2/3, 
{0} if w > 2/3. 


For each fixed w, F(w,-) maps elements of P(S) (which is {@,{x}} at the base level if r = 1 or more 
complicated sets if r > 1) to subsets of P2(S). This is a random n-superhyperfunction for n = 2 (and an 
appropriate choice of r) that incorporates both multiple levels of powersets and randomness. 


Theorem 3.68. A Random n-Superhyperfunction generalizes a Random Hyperfunction (and hence also a 
Random Function). 


Proof. A Random n-Superhyperfunction F : Q x P,,(S) — P,(S) reduces to a Random Hyperfunction when 
n = 1 andr = 0, because P| (S$) = P(S). Since a Random Hyperfunction generalizes a Random Function, 
it follows by transitivity that a Random n-Superhyperfunction generalizes both Random Hyperfunctions and 
Random Functions. In other words, by setting n = 1 and restricting images to singletons, we can emulate a 
Random Function, and by just setting n = | without further restrictions, we emulate a Random Hyperfunction. 
Hence, the n-Superhyperfunction framework is strictly more general. oO 


Theorem 3.69. A Random n-Superhyperfunction inherits the structure of an n-Superhyperstructure. 


Proof. Forann-Superhyperfunction f : P,(S) > P,(S), we know itis associated with an n-Superhyperstructure. 
Introducing randomness via Q to form a Random n-Superhyperfunction F : Q x £,(S) — P,»(S) means 
that for each w, F(w,-) is an n-Superhyperfunction. Since each n-Superhyperfunction corresponds to an 
n-Superhyperstructure, the random extension preserves the hierarchical structure. Hence, a Random n- 
Superhyperfunction aligns with the structure of an n-Superhyperstructure. oO 


3.6.2 Hyper-randomness and Their Generalizations 


Randomness refers to the lack of pattern or predictability in events, commonly modeled in probability and 
statistics 555]. HyperRandomness describes deviations from classical randomness, exhibiting 
non-stationary, dependent, and unstable statistical properties. 


Definition 3.70 (Randomness). Let {X;}°, be a sequence of random variables defined on 
a probability space (Q, #, P). We say the sequence exhibits Randomness if: 


1. The random variables X; are independent: for any finite collection X;,, Xi,,..., Xi,, their joint distribution 
factors into the product of their marginal distributions. 


2. The random variables X; are identically distributed (IID): each X; follows the same probability distribu- 
tion. 


In essence, randomness here refers to a scenario where the data exhibits no temporal correlation and stable 
statistical properties, commonly seen in IID models such as radioactive decay counts or coin flips. 
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Example 3.71. Consider a sequence {X;} where each X; is a Bernoulli random variable with parameter 
p = 1/2. Each trial is independent and identically distributed. This sequence is random in the classical sense. 


Theorem 3.72. [fa Random Function F : Q x S — S is endowed with a hyperoperation defined on its range, 
it can be embedded into a Hyperstructure. 


Proof. A Random Function F produces single-valued outputs for each pair (w, x). Consider a hyperoperation 
o defined on S that, for any two elements, produces a subset of S. If we incorporate this hyperoperation into the 
image of F’, we can view the image sets under different w as collections of subsets (albeit trivial singletons). 
By suitably extending or refining © to allow non-trivial set outputs, we can interpret the resulting structure as a 
Hyperstructure. Thus, even though the original function is single-valued, the introduction of a hyperoperation 
on its codomain allows embedding into a Hyperstructure framework. oO 


Theorem 3.73. Consider a Random Hyperfunction F : Q x S — P(S) that exhibits classical randomness 
(IID conditions) at each w-slice. Then it can be simplified to a Random Function while maintaining structural 
properties. 


Proof. If the Random Hyperfunction F always yields subsets that are, with high probability, singletons due 
to IID conditions and stationarity, then for almost all w, F(w, -) behaves like a function into a single element. 
By imposing these constraints, we effectively collapse the hyperfunction into a single-valued function. This 
shows that Random Hyperfunctions can be restricted back to Random Functions while retaining the idea of 
randomness. The result emphasizes that Random Functions are special cases of Random Hyperfunctions. oO 


Definition 3.74 (Hyperrandomness). (cf. [204 ) Hyperrandomness refers to a phenomenon where the 
statistical properties of the data change over time or across subsets, violating the IID assumptions. Specifically, 
a sequence {X;} exhibiting hyperrandomness has: 


1. Non-independence: There is temporal or structural dependence among the X;. 
2. Non-stationarity: The distribution of X; changes over time (e.g., means, variances evolve over time). 


3. Statistical instability: Metrics like cumulative averages and cumulative variances may not stabilize and 
may increase with sample size N. 


Hyperrandomness captures scenarios where external factors or underlying processes cause departures from 
classical randomness. This leads to complex and evolving statistical behaviors that cannot be described by 
fixed distributions. 


Example 3.75. Suppose {X;} is a sequence of real-valued observations where: 


¢ Fori < No, X; ~ N(O, 1) (anormal distribution with mean 0, variance 1). 


¢ For i > No, the distribution gradually shifts to X; ~ N(u;, o?) with pu; increasing over time. 


The resulting sequence is non-stationary and may exhibit autocorrelation, making it hyperrandom. 


Theorem 3.76. Hyperrandomness generalizes Randomness. 


Proof. If we impose IID conditions and stationarity on a hyperrandom process, we return to a classical 
random process. Hence, randomness is a special case of hyperrandomness where non-independence and 
non-stationarity vanish, and statistical properties stabilize. Thus, hyperrandomness is strictly more general, 
encompassing randomness as a subset scenario. oO 


Theorem 3.77. Hyperrandomness can be modeled within a Hyperstructure framework. 
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Proof. Hyperrandomness involves complex, time-evolving statistical behaviors. Consider representing the 
temporal sequences of distributions as elements in a set S$ and defining a hyperoperation o that, when applied 
to pairs of temporal windows or subsets, yields sets of possible future distributions (reflecting uncertainty and 
instability). This construction yields a Hyperstructure (S,0) capturing hyperrandomness. The sets generated 
by o can represent evolving distributions and statistical properties. Thus, hyperrandomness can be described 
using a hyperstructural approach. oO 


Definition 3.78 (n-Superhyperrandomness). n-Superhyperrandomness generalizes hyperrandomness by con- 
sidering multiple iterative layers of complexity and hierarchical structure. At each level, the distributional 
properties and dependencies can evolve, creating a multi-layered non-stationary and non-IID scenario. 


Formally, consider a sequence ee } defined on F,, (S) or representing n-th order complexities. n-Superhyperrandomness 
occurs if at each of the 7 layers, the statistical properties can change, show non-independence, non-stationarity, 
and statistical instability, extending the concept of hyperrandomness to an n-th power set level of complexity. 


Example 3.79. Imagine a scenario with n = 2. At the first level, you have a sequence of sets {A;} C P(S) 
whose structure evolves over time. At the second level, you have 16 a } € Po(S) capturing even more complex 
patterns (sets of sets), with distributions changing over multiple hierarchical layers. Variances and means 
defined at each hierarchical level fail to stabilize, revealing n-superhyperrandomness. 


Theorem 3.80. n-Superhyperrandomness generalizes Hyperrandomness (and thus Randomness). 


Proof. For n = 1, n-superhyperrandomness reduces to hyperrandomness. Since hyperrandomness reduces 
to randomness under additional constraints (IID and stationarity), it follows that n-superhyperrandomness 
generalizes both hyperrandomness and randomness. With increasing n, we add layers of complexity and 
structural changes, making n-superhyperrandomness strictly more general. oO 


Definition 3.81 (Hyperrandomness and Random Hyperfunctions). A Random Hyperfunction F : QxS —> 
f (S) is said to exhibit hyperrandomness if the underlying random parameters and outputs at the powerset level 
show non-stationary, dependent, and unstable statistical behaviors over time or across indices. 


Theorem 3.82. A Random Hyperfunction with hyperrandom behavior generalizes a Random Function with 
random behavior. 


Proof. Ifthe Random Hyperfunction simplifies to always produce singleton sets and reverts to IID and stationary 
distributions, it becomes a Random Function with classical randomness. Allowing sets of outputs and dropping 
IID and stationarity leads to hyperrandomness. Thus, hyperrandomness combined with hyperfunctionality 
generalizes the classical notion of randomness in functions. oO 


Definition 3.83 (n-Superhyperrandomness and Random n-Superhyperfunction). A Random n-Superhyperfunction 
F:QxP,(S) — Pr(S) exhibits n-superhyperrandomness if at each powerset iteration level, we have non- 
stationary, dependent, and statistically unstable behaviors extending through multiple layers. 


Theorem 3.84. A Random n-Superhyperfunction exhibiting n-superhyperrandomness generalizes all pre- 
viously defined notions (Random Functions, Random Hyperfunctions, Hyperrandomness) and aligns with 
n-Superhyperstructures. 


Proof. A Random n-Superhyperfunction is the most general construct discussed, incorporating randomness, 
multi-level sets, and complex dependence structures. When it exhibits n-superhyperrandomness, it encompasses 
classical randomness (if constraints are applied), hyperrandomness (if reduced to fewer layers), and random 
hyperfunctionality. Additionally, since n-Superhyperfunctions naturally correspond to n-Superhyperstructures, 
adding n-superhyperrandomness aligns this construct with the complexity and hierarchical definitions of n- 
Superhyperstructures. Thus, it generalizes all previously considered notions. oO 


Theorem 3.85. Let F : QxP,(S) — Pr (S) be an n-Superhyperfunction. If F exhibits only classical 
randomness (IID and stationary conditions) at all n levels, then F reduces to a Random Hyperfunction and 
further to a Random Function by successive restrictions. 
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Proof. Since an n-Superhyperfunction generalizes a Hyperfunction, and a Hyperfunction generalizes a Func- 
tion, the presence of classical randomness at all levels ensures that the complexity introduced by iterative 
powersets and multi-level sets does not require the extra degrees of freedom. Hence, by constraining each level 
to singletons and stable distributions, we revert through each hierarchical layer back to a Random Hyperfunction 
and eventually to a Random Function. This telescoping argument demonstrates that n-Superhyperfunctions 
with restrictive conditions can mimic simpler structures. oO 


Theorem 3.86. n-Superhyperrandomness can be modeled within an n-Superhyperstructure framework. 


Proof. Consider the n-th powerset P,,($). Elements of ?,,(S) represent hierarchical, iterative subsets of S. In 
n-superhyperrandomness, we have time-evolving, non-stationary, and dependent distributions associated with 
these elements. We need to encode both the hierarchical structure and the evolving statistical properties into a 
suitable algebraic setting. 


Let ©, be a hyperoperation on ?,(S) that takes two n-th level subsets and produces a set of possible future 
subsets that reflect the changing distributions and dependencies. For example, if X,Y € P,(S) represent 
current statistical states (e.g., distributions, cumulative averages) at the n-th level, define: 


X on, Y = {Z € P,,(S) : Z is compatible with the combined statistical evolution of X and Y}. 


This operation produces a set of potential outcomes, each corresponding to a distinct statistical trajectory. The 
non-uniqueness and complexity reflect n-superhyperrandomness. 


An n-Superhyperstructure is defined on P;,(S) with a hyperoperation. By defining ©, in a way that encodes 
non-stationarity, non-independence, and statistical instability, we ensure that the resulting structure (P;,(S), on) 
captures the essence of n-superhyperrandomness. The hyperoperation 0, does not produce a single outcome 
but a set of outcomes, allowing for flexible modeling of uncertainty and complexity. 


Since (P,(S),°,) is by construction an n-Superhyperstructure, and we have shown how to incorporate n- 
superhyperrandomness into its definition, it follows that n-Superhyperrandomness can indeed be represented 
within an n-Superhyperstructure framework. 


Thus, Theorem is proved. Oo 


Theorem 3.87. A Random n-Superhyperfunction exhibiting n-superhyperrandomness can be naturally inte- 
grated into an n-Superhyperstructure that models its complexity and non-stationary statistical properties. 


Proof. A Random n-Superhyperfunction F : QxP,(S) — Pn(S) provides the randomness and hierarchical set 
structure. Adding n-superhyperrandomness means that the statistical properties at each level evolve over time. 
According to Theorem[3.86] this evolution can be encoded into the hyperoperation of an n-Superhyperstructure. 
Thus, by selecting an appropriate hyperoperation 0, we represent both the n-superhyperfunction’s hierarchical 
mapping and the n-superhyperrandomness’ complexity. As a result, the entire phenomenon is captured within 
an n-Superhyperstructure, confirming the alignment of these concepts. oO 


4 Future Directions of this Paper: Extensions Using Superhyperstructures 


This section outlines the future directions of this research. The primary focus is to explore the applicability of 
Hyperstructures and SuperHyperstructures to other concepts and to investigate potential applications stemming 
from these extensions. Additionally, future work will focus on the development of construction and recognition 
algorithms tailored to the Hyperstructure and SuperHyperstructure frameworks. 
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4.1 Future Directions: Weak Hyperstructures and n-Weak Superhyperstructures 


Several studies have explored Weak Hyperstructures as extensions of the broader Hyperstructure framework 


. As noted in the introduction, Hyperstructures are commonly used 


in group theory and algebra theory. However, this paper focuses on their examination in the context of power 
sets, a distinction readers should note. 


Building on this foundation, the subsection proposes extending these concepts further to n-Weak Superhyper- 
structures. It is anticipated that future research will expand these ideas to encompass applications in graph 
theory, networks, and algebraic systems. It is important to note that, depending on the context of a given study, 
Hyperstructure research may overlap with algebraic studies. Therefore, caution is advised when interpreting 
the scope and definitions used in different papers. 


Definition 4.1 (Weak Hyperstructure). (cf. ) A Weak Hyperstructure is a generalization of 
a Hyperstructure in which the associative axiom is replaced by a weaker condition. Let S be a non-empty set, 


and let P(S) denote the powerset of S. A Weak Hyperstructure is a pair: 
W = (P(S),°), 


where o : P(S) x P(S) — P(S) is a hyperoperation satisfying the following weak associativity condition: 


VA, B,C € P(S), LJ x|n Ss y|#0. 
x€Ao(BoC) ye (AoB)oC 


In other words, while a strict Hyperstructure requires A o (Bo C) = (Ao B) o C, a Weak Hyperstructure only 
demands that the results of these operations share at least one common element. 


Theorem 4.2. Every Hyperstructure is a Weak Hyperstructure, but not every Weak Hyperstructure is a 
Hyperstructure. 


Proof. If (P(S),°) is a Hyperstructure, then associativity holds exactly: 
Ao(BoC)=(AcB)0C. 


This implies that: 


X= Ss J; 
x€Ao(BoC) yE(AoB)oC 


hence the weak condition (non-empty intersection) is trivially satisfied. 


Conversely, a Weak Hyperstructure may satisfy only the weaker condition. Such a structure need not have strict 
associativity, allowing counterexamples where the two sides do not match exactly but still have a non-empty 
intersection. Thus, not all Weak Hyperstructures are Hyperstructures. oO 


Definition 4.3 (n-Weak Superhyperstructure). Forn > 1, ann-Weak Superhyperstructure is defined by iterating 
the powerset construction n-times. Let P°(S) = S and P**!(S) = P(P*(S)). 


An n-Weak Superhyperstructure is: 
WSH),, = (Pn(S), 9), 


where o : P,(S) X Pn(S) > Py(S) satisfies the weak associativity condition at the n-th level of iteration: 


VA, B,C € Pn (S), LJ x}ol LU yfeo. 
x€Ao( BoC) ye (AoB)oC 


Theorem 4.4. Every n-Superhyperstructure is an n-Weak Superhyperstructure, but not every n-Weak Super- 
hyperstructure is an n-Superhyperstructure. 


Proof. Yf strict associativity holds at the n-th level, it trivially implies the weak associativity condition. However, 
a weak condition does not guarantee equality, just a non-empty intersection. Hence the inclusion. oO 


135 


4.1.1 Weak Hypergraph 


The authors believe that Weak Hyperstructures have the potential for various applications across multiple 
domains. As an example, we consider the field of graph theory. 


Hypergraphs serve as a fundamental example of Hyperstructures (59]75}. By analogy, this paper introduces the 
concepts of Weak Hypergraphs and n-Weak Superhypergraphs, extending the traditional hypergraph framework 
by incorporating the principle of weak associativity into their structural definitions. It is important to note that 
this paper omits discussions on the basic principles of graph theory. For a comprehensive understanding of 


graph theory and its notations, readers are encouraged to consult |134 ‘ 


Definition 4.5 (Graph). [136] A graph G is a mathematical structure used to represent relationships between 
objects. It comprises a set of vertices V(G) and a set of edges E(G), where each edge connects a pair of 
vertices. Formally, a graph is represented as G = (V, E), where V is the set of vertices and E is the set of edges. 


Definition 4.6 (Hypergraph). A hypergraph H = (V,E) consists of a set V of vertices and a set E of 
hyperedges. Each hyperedge e € E is a subset of V, meaning e C V and E C P(V), where P(V) denotes the 
power set of V. 


Example 4.7 (Hypergraph). Let V = {1, 2,3} be a set of vertices. Consider the hyperedges: 
E = {{1, 2}, {2,3}, {1, 2, 3}}. 
Then H = (V, E) is a hypergraph. Here: 


¢ Each hyperedge is simply a subset of V. 
¢ There is no operation defined on the set of hyperedges, so no notion of associativity arises. 
This is a standard hypergraph: it lists a collection of subsets of V as hyperedges, but does not impose any 


additional structure. 


Definition 4.8 (Weak Hypergraph). A Weak Hypergraph is a triple (V, Eo) where: 


¢ V is a non-empty set of vertices. 
° E CP(V) \ {0} is a collection of hyperedges. 


* o: EX E — P(E) is a hyperoperation on the hyperedges. 


The weak associativity condition for a Weak Hypergraph is: 


VA, B,C € E, LJ x}ol LU yee. 
x€Ao( BoC) yeE(AoB)oC 


This structure does not require strict associativity of hyperedges but only that the outcomes have some overlap. 


Now we introduce a hyperoperation o on the set of hyperedges to form a Weak Hypergraph. The key difference 
is that we will not require strict associativity. Instead, we only need that any two different ways of associating 
the hyperoperation produce results with a non-empty intersection. 


Example 4.9 (Weak Hypergraph). Let V = {a, b} be a vertex set, and let the hyperedges be: 


E={A,B,C} where A= {a},B= {b},C = {a,b}. 


Define a hyperoperation o : E x E — P(E) as follows: 


AoB={A,C}, BoC={C}, AoC={B,C}, CoA={A,B}, CoB={B}, BoA={C}. 
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Check weak associativity for a triple, say (A, B,C): 
Ao(BoC)=Ao{C}=Ao0C = {B,C}, 
while 


(Ao B)oC ={A,C} oC. 


Now {A,C} °C = Uxera,cy x 0 C. Since Ao C = {B,C} and C o C can be defined similarly (suppose 
CoC = {C}), then: 
(Ao B) oC = ({A,C} 0 C) = {B,C} U {C} = {B,C}. 


We have: 
Ao(BoC)={B,C} and (AoB)oC = {B,C}. 


In this case, they are actually equal, but even if we had a scenario where they differ but share a non-empty 
intersection, the structure would still be a Weak Hypergraph. The critical difference from a standard Hypergraph 
is the presence of the operation o and the relaxed (weak) associativity condition. 


Example 4.10 (Distinguishing Hypergraph and Weak Hypergraph). Consider a hypergraph H = (V, E) with: 
V={xy}, E= {{x}, {y}}. 


As a plain hypergraph, no operation is defined on E. We just have two hyperedges {x} and {y}. 


Now suppose we define an operation o on E by: 


{x}o{x}={{x}}, fyboty}=f{tyt}, and {x}of{y}={{x}, {y}}, {y}o tx} = {fx}. 


Check associativity: 
({x} © {x}) o fy} = {fx}} 0 fy} = {x}, fy}. 
while 


{x} 0 ({x} 0 {y}) = fa} o {fx}, {y}}. 


Since {x} o {y} yields {{x}, {y}}, applying {x} to each element in {{x}, {y}} might produce a different set, 
and you might not get equality. However, if you ensure they share at least one common element, you have a 
Weak Hypergraph. If equality fails but intersection is non-empty, associativity is not strict. This difference 
shows that adding the operation o and relaxing associativity transforms a standard Hypergraph into a Weak 
Hypergraph. 


Theorem 4.11. Every Hypergraph can be viewed as a Weak Hypergraph, but not every Weak Hypergraph 
corresponds to a strictly associative Hypergraph structure. 


Proof. Follows directly from the analogy with Hyperstructures. If associativity of hyperedges is strict, it 
trivially satisfies the weak condition. If only the weak condition holds, the structure is weaker and does not 
imply strict equality of outcomes. Oo 


Theorem 4.12. A Weak Hypergraph possesses the structure of a Weak Hyperstructure. 


Proof. A Weak Hypergraph (V, E, 0) is defined with: 


e V, aset of vertices. 


° E CPV) \ {0}, a collection of hyperedges. 


137 


*o:EXE—PFf(E),ahyperoperation satisfying weak associativity: 


VA, B,C € E, J x|n y|#0. 
x€Ao( BoC) ye (AoB)oC 


The pair (P(£), 0) forms a Weak Hyperstructure because o satisfies weak associativity and the domain P(E) 
aligns with the structure of a Weak Hyperstructure. Thus, a Weak Hypergraph is a specific instance of a Weak 
Hyperstructure. oO 


Definition 4.13 (n-SuperHyperGraph). (cf. [184 ) Let Vo be a finite set of base vertices. Define the 
n-th iterated power set of Vo recursively as: 


P(Vo) = Vo, PH(Vo) =P (P*Vo)), 
where P(A) denotes the power set of set A. 


An n-SuperHyperGraph is an ordered pair H = (V, E), where: 


« VC P"(Vo) is the set of supervertices, which are elements of the n-th power set of Vo. 


* E CP"(Vo) is the set of superedges, also elements of P” (Vo). 
Each supervertex v € V can be: 


e A single vertex (v € Vo), 

¢ A subset of Vo (v C Vo), 

¢ A subset of subsets of Vo, up to 7 levels (v € P”(Vo)), 
e An indeterminate or fuzzy set(cf. (568}), 

¢ The null set (v = 0). 


Each superedge e € E connects supervertices, potentially at different hierarchical levels up to n. 


Definition 4.14 (n-Weak Superhypergraph). An n-Weak Superhypergraph generalizes the concept of a Weak 
Hypergraph by iterating the powerset operation n-times on the edge sets. Formally, let P”(V) be the n-th 
powerset of V. Define: 


WGH,, = (V, En, °), 
where &, C P"(V) ando: &, x &, — P(E,,) satisfies the weak associativity condition at the n-th level. 


Example 4.15 (n-Weak Superhypergraph). Let V = {u}. Then P(V) = {0,{u}}. For n = 2, P2(V) = 
P(P(V)) = {0, {O}, {{u}}, (0, {u} fF. 


Define &3 € #2(V) to be a small subset, for example: 


Eq = {{O}, {{u}}, (0, {uh}. 


Then define a hyperoperation o : 62 x 62 — P(&z) that satisfies the weak associativity condition at this second 
level of iteration (i.e., ensure that for any triple of elements from 62, the two different ways of composing 
them share a non-empty intersection). Without detailing a full table, one can choose o so that it is not strictly 
associative, but still ensures that each pairwise composition leads to overlapping results. 


This construction yields an n-Weak Superhypergraph (with n = 2 in this example), generalizing the Weak 
Hypergraph concept to higher-order powersets. 
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Theorem 4.16. Every n-Superhypergraph is an n-Weak Superhypergraph, but the converse is not necessarily 
true. 


Proof. This result is analogous to the relationship between n-Superhyperstructures and n-Weak Superhyper- 
structures. Strict associativity at the n-th level implies the weak condition, but the weak condition alone does 
not guarantee strict associativity. oO 


Theorem 4.17. An n-Weak Superhypergraph possesses the structure of an n-Weak Superhyperstructure. 
Proof. An n-Weak Superhypergraph WGH,, = (V, En, ©) is defined with: 


¢ V, aset of vertices. 
* &, CP"(V), a set of n-th level hyperedges. 


°0:6,xXE, > P(E,), satisfying weak associativity at the n-th level: 


VA, B,C € En, LJ x}ol UO xfeo. 
x€Ao(BoC) ye (AoB)oC 


The pair (?,,(V), 0) forms an n-Weak Superhyperstructure because ?,,(V) is the domain and o satisfies weak 
associativity. Therefore, n-Weak Superhypergraphs are examples of n-Weak Superhyperstructures. Oo 


4.1.2 Weak Hyperfunction 


In this subsubsection, we provide a more mathematically precise and detailed formulation of Weak Hyper- 
functions and Weak n-Superhyperfunctions. Although these concepts are still in the conceptual stage, the 
definitions and theorems below aim to clarify their structure and properties. Future work may refine these 
notions further. 


Notation 4.18 (Hyperfunction Composition (Recall)). Let S be a non-empty set, and let P(S) denote the 
powerset of S. A hyperfunction is a function f : S > P(S). Given two hyperfunctions f, g : S — P(S), their 
composition f og: S — P(S) is defined as: 


(foax)= (J FO). 
yeg(x) 
This definition ensures that the image of x under f © g is the union of the images under f of all elements in the 
image g(x). 
For three hyperfunctions f,g,h:S — P(S), we can consider their compositions in two different ways: 


fo(geoh) and (fog)oh. 


Strict associativity would require these two compositions to produce exactly the same set for every x € S. 


Weak Hyperfunctions relax the condition of strict associativity. Instead of requiring equality, we only demand 
that the results of different parenthesizations have a non-empty intersection for every input. 


Definition 4.19 (Weak Hyperfunction). Let ¥ be a collection of hyperfunctions f : S — P(S). We say that 
F consists of Weak Hyperfunctions if for every triple (f,g,h) € F° and for every x € S, 


(fo(goh)(X)N (fog) oh)(x) #0. 


In other words, the triple (f, g, 4) is weakly associative if no matter how we parenthesize the compositions, 
the resulting sets have at least one common element at each x € S. 
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This condition is strictly weaker than associativity. Associativity demands: 
fo(goh)=(fog)oh, 
while weak associativity only insists on: 
(fo(goh))Q)N((feog)oh)(x) #0 forallxes. 


Theorem 4.20. If f,g,4 : S — P(S) are strictly associative, then they are also weakly associative. 


Proof. Strict associativity implies equality of sets. Thus, if f o (go h) = (f o g) oh pointwise, then their 
intersection is always the same set, ensuring non-emptiness. oO 


Theorem 4.21. Not every weakly associative triple (f, g, h) is strictly associative. 


Proof. Construct a counterexample by defining hyperfunctions where (f o (g o f))(x) and ((f 0 g) 9 h)(x) 
differ but still overlap by at least one element. Such a construction shows that weak associativity does not 
enforce full equality, only a non-empty intersection. oO 


Theorem 4.22. A collection of Weak Hyperfunctions forms a Weak Hyperstructure. 


Proof. Let F be a collection of hyperfunctions f : S — P(S) such that for all f, g,h € F and all x € S, the 
weak associativity condition holds: 


(fo(goh))(X)N(fog)oh)(x) #0. 


To prove that f forms a Weak Hyperstructure: 


* The domain of the hyperoperation is P(F), the powerset of ¥, which aligns with the definition of a 
Weak Hyperstructure. 


¢ The operation o satisfies weak associativity, as it ensures a non-empty intersection of results regardless 
of the order of composition. 


Thus, (P(F), °) is a Weak Hyperstructure. oO 


We can generalize hyperfunctions to n-Superhyperfunctions by replacing the codomain #(S) with an n-th 
powerset P,, (S). Similarly, we extend weak associativity to the n-th level. 


Definition 4.23 (n-Superhyperfunction ( Recall)). For n > 1, an n-Superhyperfunction is a function: 
f: Pr(S) > Pr(S), 


where 0 < r < nand f,,(S) denotes the n-th powerset of S$. Composition of n-Superhyperfunctions is defined 
by iterating the composition definition through the appropriate powerset levels. 


Definition 4.24 (n-Weak S uperhyperfunction). A triple (f, g, 1) of n-Superhyperfunctions is n-weakly asso- 
ciative if for all X € P,(S): 
(fo (goh))(X)N (fog) oh)(X) #9. 


If every triple of n-Superhyperfunctions chosen from a collection satisfies this condition, we call them n-Weak 
Superhyperfunctions. 


Theorem 4.25. Every strictly associative triple of n-Superhyperfunctions is n-weakly associative. 


Proof. Strict associativity at the n-th level ensures equality of results, hence their intersection is non-empty. O 
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Theorem 4.26. Not every n-weakly associative triple of n-Superhyperfunctions is strictly associative. 


Proof. Again, by constructing suitable examples where the sets differ but still share at least one element, we 
demonstrate that n-weak associativity does not imply strict equality. oO 


Theorem 4.27. A collection of n-Weak Superhyperfunctions forms an n-Weak Superhyperstructure. 


Proof. Let F;, be a collection of n-Superhyperfunctions f : P;(S) — Py»(S) for 0 < r <n. Assume that for 
all f,g,h € F, and all X € P,(S), the n-weak associativity condition holds: 


(fo (goh)(X)N (fog) oh)(X) #9. 
To prove that ¥,, forms an n-Weak Superhyperstructure: 


* The domain of the hyperoperation is P;n(Fn), the n-th powerset of F,, consistent with the definition of 
an n-Weak Superhyperstructure. 


¢ The operation o satisfies n-weak associativity, ensuring a non-empty intersection of results at the n-th 
level of composition. 


Therefore, (P,(Fn), °) is an n-Weak Superhyperstructure. Oo 


4.2 Discussions: Hypercontext 


Other avenues for future exploration in this study is the examination of hypercontext. A context serves as a 
structured framework defining relationships, constraints, or patterns among elements within a specific domain 


or system (cf. ). For instance, in conversations between individuals from different 


backgrounds, variations in context can lead to differences in perception or understanding. Context theory has 


also been studied from perspectives such as fuzzy theory 400) ; 


We aim to explore these contexts by extending them to hypercontexts and superhypercontexts. This includes 
investigating whether such extensions are implicitly implemented within existing systems, providing a broader 
perspective for analysis and application. 


Definition 4.28 (Context). Let U be a nonempty set, and let R C UxU be arelation on U. A context is defined 
as the pair C = (U, R), where R represents contextual constraints or rules linking elements of U. 


Example 4.29. Consider U = {Person A, Person B, Person C}, representing a group of individuals, and let 
R = {(Person A, Person B), (Person B, Person C)}, representing a mentorship relationship. The context C = 
(U, R) specifies who is mentoring whom in this setting. 


Definition 4.30 (Hypercontext). Given a context C = (U, R), define a Hypercontext as: 
HC = (P(U), R*), 


where P(U) is the power set of U, and R* C P(U) xP (U) is a relation that extends R from individual elements 
to subsets of U. Instead of relating single elements, a hypercontext relates entire subsets, allowing us to capture 
more complex patterns or themes. 


Theorem 4.31. A Hypercontext generalizes a Context. 


Proof. Consider a context C = (U, R). A Hypercontext is defined as HC = (P(U), R*). If we restrict HC 
to singletons {u} for u € U, the relation R* on singletons can be chosen to recover the original relation R. 
Specifically, for u,v € U, (u,v) € R if and only if ({u}, {v}) € R*. Thus, a Hypercontext, when restricted to 
singletons, behaves like a Context, showing that Hypercontexts generalize Contexts. oO 


Theorem 4.32. A Hypercontext possesses the structure of a Hyperstructure. 
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Proof. A Hyperstructure is built upon a powerset P(U) with operations defined on subsets. A Hypercontext 
HC = (P(U), R*) involves relations on P(U). To align it with a Hyperstructure, consider a hyperoperation 
o defined on P(U) that interacts consistently with R* (for example, defining o to combine subsets in a way 
compatible with contextual constraints). This integration shows that a Hypercontext can be endowed with a 
suitable hyperoperation to form a Hyperstructure. Thus, a Hypercontext naturally fits into a Hyperstructure 
framework. Oo 


Definition 4.33 (n-Superhypercontext). For a given nonempty set U, let P;(U) = P(U) and define P,,(U) = 
P (Pn_-1(U)) as the n-th iterated power set of U. An n-Superhypercontext is defined as: 


SHCn = (Pn(U), R™), 


where R) C P,(U) X Py (U) is a relation at the n-th power set level. This generalizes the concept of a 
hypercontext through multiple iterative layers, enabling analysis of contexts-of-contexts, and so on. 


Theorem 4.34. An n-Superhypercontext generalizes both a Hypercontext and a Context. 


Proof. An n-Superhypercontext SHC, = (Pn(U), R™) reduces to a Hypercontext (P(U), R*) when n = 1. 
Thus, it generalizes a Hypercontext. 


Since a Hypercontext generalizes a Context, and an n-Superhypercontext generalizes a Hypercontext, it follows 
by transitivity that an n-Superhypercontext also generalizes a Context. By choosing n = | and restricting to 
singletons, we recover the original Context structure. oO 


Theorem 4.35. An n-Superhypercontext possesses the structure of an n-Superhyperstructure. 


Proof. By definition, an n-Superhypercontext SHC, = (P,(U), R™) is defined at the n-th powerset level. 
An n-Superhyperstructure is also built on P,(U) with operations defined at that level. Since SHC,, can be 
complemented by defining suitable n-th level hyperoperations that interact with R‘”) to maintain structural 
properties, it inherits the n-Superhyperstructural form. In other words, just as a Hypercontext aligns with 
Hyperstructure at n = 1, an n-Superhypercontext aligns with an n-Superhyperstructure at the n-th level. oO 


Example 4.36. Consider U as a set of words, and R indicates that two words appear together frequently in 
scientific articles. A context C = (U, R) can tell us if the word cell” relates to the word ” microscope.” 


A hypercontext HC, on the other hand, works with subsets. For instance, it can describe whether the subset 
{cell, microscope, tissue} is contextually related to {protein, enzyme} in certain scientific fields. This could 
represent that both groups of words often appear together in the same kind of biological research articles. 


An n-Superhypercontext SHC, would then consider even more complex layers. For example, it might not 
only relate sets of words but also sets of sets of words, capturing patterns of usage across multiple scientific 
disciplines. At higher layers, you might discover that certain clusters of vocabulary sets are commonly found 
together in collections of research fields, showing a meta-level relationship among entire linguistic domains. 


Example 4.37. Let U be a set of cities, and R says that two cities are connected by a direct flight. A context 
C = (U, R) can tell us if city A is directly reachable from city B. 


A hypercontext HC considers subsets of cities. It might describe whether the set of cities {A, B, C} is related 
to another set {D, E} through a pattern of flight connections. For example, {A, B,C} might form a cluster 
of cities that are all connected to each other, and {D, EF} might form another cluster. If R* relates these two 
clusters, it suggests there is a known travel pattern between these groups of cities (like a group of European 
cities often connected to a group of Asian cities). 


An n-Superhypercontext SHC, would then analyze relationships at multiple levels. At the second level, 
one might relate sets of city-clusters to other sets of city-clusters. Eventually, at higher n, one could analyze 
how different global flight networks (each represented as a set of city-clusters) interrelate, showing patterns in 
international travel and trade routes. 
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Example 4.38. Consider U as a set of academic courses, and R indicates that two courses are often taken by 
the same student in the same semester. A context C = (U, R) can show whether Course 101 is related to Course 
202 (i.e., often co-enrolled). 


A hypercontext H{C would look at subsets of courses. For example, the set {Course 101, Course 202} might be 
related to {Course 303, Course 404}, indicating that two groups of courses tend to form particular ’ curricular 
clusters.” 


An n-Superhypercontext SHC, could then describe relationships among sets of these clusters, revealing 
patterns in entire academic programs or departments. At this higher level, we might find that certain departments 
(represented as sets of course subsets) often align with certain other departments’ course groupings, helping 
university administrators understand inter-departmental academic flows. 


4.3 Discussions: Hyper Variable 


A variable is a symbol representing an element from a set, widely used in mathematics and science [215} 
. HyperVariables are also well-established concepts [191]. We define the extended notion of 
superhypervariable and aim to explore its mathematical structure in future studies. 


We anticipate further advancements in research on these concepts. 


Definition 4.39 (Variable). [215|/252] Let X be a non-empty set. A variable v is a symbol that can represent 
an element from X. Formally, v € X. For example, if X = {x,,x2,...,x,}, then a variable v may take the 
value of any x; € X. 


Example 4.40 (Variable). Let X = {x, y,z}. A variable v could be v = x at one time, and v = z at another. 
Each realization of v picks out exactly one element of X. 


Definition 4.41 (Hypervariable). [191] Let X be anon-empty set and P(X) its powerset. A hypervariable V is 
asymbol that can represent a subset of X. Formally, V € P(X). Unlike a variable which corresponds to a single 
element of X, a hypervariable represents a subset, allowing for more complex and flexible representations. 


Example 4.42 (Hypervariable). Let X = {1,2,3}. A hypervariable V could take values like: 
V={l}, V={1,2}, or V= {2,3}. 
Unlike a variable, which selects a single element, V selects subsets of various sizes. 


Theorem 4.43. A hypervariable possesses the structure of a Hyperstructure. 


Proof. A hypervariable takes values in P(X). Since a Hyperstructure is a mathematical framework built upon 
P(X) (often with hyperoperations defined on subsets), the domain of a hypervariable aligns naturally with 
the fundamental domain of Hyperstructures. By associating a hypervariable with the subsets of X, one can 
define hyperoperations on these subsets (for instance, unions, intersections, or more complex hyperoperations). 
This shows that the set of possible values of a hypervariable can be endowed with hyperoperations, making it 
compatible with a Hyperstructure framework. oO 


Theorem 4.44. A hypervariable generalizes a variable. 


Proof. A variable v takes values in X. A hypervariable V takes values in P(X). Consider a hypervariable V 
that is always restricted to singleton sets, i.e., for all instances V = {x} where x € X. Under this restriction, each 
realization of V corresponds uniquely to an element of X, emulating a variable. Thus, a variable is a special 
case of a hypervariable confined to singleton sets. Hence, hypervariables strictly generalize variables. oO 


Definition 4.45 (n-Superhypervariable). Let X be a non-empty set, and let P,,(X) denote the n-th powerset of 
X. An n-superhypervariable W,, is a symbol that can represent an element of P,,(X). Formally, W, € P,(X). 
By iterating the powerset construction n-times, the n-superhypervariable can represent highly structured and 
hierarchical collections of subsets. 
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Example 4.46 (n-Superhypervariable). For n = 2 and X = {a, b}, an element of P2(X) might be: 
W2 = {0,{a}} or W2 = {{a,b}, {b}}. 
Here, W2 picks elements from the second-level powerset, representing sets of subsets of X. 


Theorem 4.47. An n-superhypervariable generalizes a hypervariable (and consequently a variable). 


Proof. An n-superhypervariable W,, takes values in P,(X). For n = 1, P)(X) = P(X), and thus an n- 
superhypervariable reduces to a hypervariable. Since we have already shown that a hypervariable generalizes 
a variable, it follows that an n-superhypervariable generalizes both a hypervariable and a variable. In other 
words, by setting n = | and restricting the n-superhypervariable to singleton sets at level n = 1, we recover the 
notion of a variable. Hence, n-superhypervariables are strictly more general constructs. oO 


Theorem 4.48. An n-superhypervariable possesses the structure of an n-Superhyperstructure. 


Proof. An n-superhypervariable takes values in P,(X). An n-Superhyperstructure is constructed on P, (X) 
with suitable n-th level hyperoperations. Since P,,(X) is the domain of the n-superhypervariable, any n- 
superhypervariable can be associated with operations at the n-th power set level that define an n-Superhyperstructure. 
Therefore, an n-superhypervariable fits naturally into the n-Superhyperstructure framework, just as a hyper- 
variable fits into a Hyperstructure. oO 


We now incorporate randomness into these concepts, inspired by previous discussions on Random Functions, 
Hyperfunctions, and their random counterparts. Random Variables have been extensively studied in probability 


theory and various other fields (cf. [200 429)). 
Definition 4.49 (Random Variable). 355) 436] Let (Q, F, P) be a probability space. A Random 


Variable is a function v : Q — X such that for each w € Q, v(w) € X. This recovers the classical definition of 
a random variable from probability theory. 


Example 4.50 (Random Variable). Let X = {a,b} and Q = [0, 1] with uniform measure. Define v : Q — X 
by: 

a ifw< 1/2, 

v(w) = ' 

b ifw21/2. 
This random variable chooses between a and b with equal probability. 
Definition 4.51 (Random Hypervariable). A Random Hypervariable is a function: 

V:Q> P(X) 


such that for each w € Q, V(w) C X. This allows for random selection of subsets rather than single elements, 
generalizing a random variable. 


Example 4.52 (Random Hypervariable). Let X = {1, 2,3}. Define V : Q > P(X) by: 
{1} if w < 1/3, 


V(w) =4 {1,2} if 1/3 < w < 2/3, 
{2,3} ifw> 2/3. 


Now the outcome is a random subset of X. If restricted to always produce singletons, it would be a random 
variable. 


Theorem 4.53. A Random Hypervariable generalizes a Random Variable. 


Proof. Restricting a Random Hypervariable V : Q — #(X) to always yield singleton subsets reproduces the 
behavior of a Random Variable v : Q — X. Thus, every Random Variable is a special case of a Random 
Hypervariable. oO 
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Theorem 4.54. A Random Hypervariable inherits a hyperstructural framework when suitable hyperoperations 
are defined on subsets. 


Proof. Since at each w, a Hypervariable aligns with Hyperstructures, introducing randomness does not break 
this alignment. The random parameter w simply selects which subsets are chosen, but the underlying set of 
possible values and hyperoperations remain the same. Hence, a Random Hypervariable can be viewed as a 
random selection of elements in a Hyperstructure. oO 


Definition 4.55 (Random n-Superhypervariable). A Random n-Superhypervariable is a function: 
W, 1 Q—> Py (X) 


where each realization W,(w) € £,(X). This adds multiple hierarchical layers of complexity combined with 
randomness. 


Example 4.56 (Random n-Superhypervariable). For n = 2, let X = {a, b}. Consider: 


{0, {a}} if w < 1/2, 


Wale) = {{a,by,{by} if > 1/2. 


This is a random selection of an element in P2(X), showing both hierarchical complexity and randomness. 


Theorem 4.57. A Random n-Superhypervariable generalizes both Random Hypervariables and Random 
Variables. 


Proof. Set n = 1 to reduce a Random n-Superhypervariable W,, : Q — P,,(X) to a Random Hypervariable. 
Since a Random Hypervariable generalizes a Random Variable, by transitivity, a Random n-Superhypervariable 
generalizes both Random Hypervariables and Random Variables. oO 


Theorem 4.58. A Random n-Superhypervariable inherits an n-Superhyperstructural framework. 


Proof. Similarly, since an n-superhypervariable aligns with n-Superhyperstructures, introducing randomness 
yields a Random n-Superhypervariable. This random selection occurs within the hierarchical n-th powerset 
framework, preserving the n-Superhyperstructural alignment. oO 


Question 4.59. Can we define Hyperrandom Forest and Superhyperrandom Forest as extensions of Random 


Forest ? 


4.4 Discussions: n-th Powerset Convolution 


We aim to explore the application of Hyperstructures and Powersets in Convolutional Networks in the future. 
Convolutional Networks are deep learning models designed for processing structured data like images, using 


convolution operations to extract features [|249| : 


We define the notion of a powerset convolution for set functions and extend it to an n-th powerset 
convolution for functions defined on higher-order powersets. Furthermore, we prove that the n-th powerset 
convolution generalizes the powerset convolution and inherits the structural properties of the n-th powerset. 
Please note that this work is in the conceptual stage and represents a theoretical discussion. 


Definition 4.60 (Powerset Convolution). [550] Let N be a finite base set and s : P(N) — R be a set function, 
where P(N) is the powerset of N. 


Given a filter h : P(N) — R (also a set function), the powerset convolution h* s : P(N) — Ris defined by: 


(h*s)(A)= )' h(Q)s(A\Q), VACN, 


QCN 


where A \ Q denotes the set difference. 
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This definition ensures shift-equivariance with respect to certain operators Tg defined by (Tgs)(A) = s(A\Q), 
making / * s a natural convolution-like operation for set functions. 


Theorem 4.61. The powerset convolution is well-defined and linear. 


Proof. Linearity follows from the definition: each (/ * s)(A) is a finite linear combination of values of s with 
coefficients from h. Since N is finite, all sums are finite, ensuring well-definedness. oO 


Now we generalize the concept to an n-th powerset. Let P,,(N) denote the n-th powerset of N, defined 
recursively by: 
P\(N)=P(N),  Pnsi(N) = P(Pa(N)). 


A function s : P;,(N) — R assigns real values to elements of the n-th powerset of N. 


To define an n-th powerset convolution, we need a suitable generalization of the difference operation to n-th 
level sets. For n = 1, the difference is the standard set difference. For n > 1, we consider a recursive approach. 


Definition 4.62 (n-th Level Difference). For n = 1, the difference is set difference: A \ Q for A,Q CN. 


Assume we have defined a difference operation at level n — 1. For X,Y € P,(N), define: 
X OY ={Z€Py_\(N) | Z =X’ OY’ for some X’ € X,Y’ € Y} 


with the understanding that at level 1, © is just \. If needed, choose a canonical representative (e.g., minimal 
pairs) to ensure a well-defined operation. This construction ensures a well-defined, associative-like structure 
at level n. 


Given this n-th level difference, we define: 


Definition 4.63 (n-th Powerset Convolution). Let s : P,(N) — Rand h: P,(N) > R. The n-th powerset 
convolution h *;, s : P,(N) > Ris defined by: 


(hp, s)(X) = » h(Y) s(X OY), VX € P,(N), 
YeP,,(N) 


where © is the n-th level difference defined above. 


Theorem 4.64. The n-th powerset convolution generalizes the powerset convolution. 


Proof. When n = 1, P|(N) = P(N), and the operation © reduces to standard set difference. Thus, 


(hy s)(A) = )° h(Q)s(A\ Q), 


OCN 


which is exactly the powerset convolution. Hence, for n = | we recover the powerset convolution. Therefore, 
the n-th powerset convolution generalizes the powerset convolution. Oo 


Theorem 4.65. The n-th powerset convolution respects the n-th powerset structure. 


Proof. By construction, h *, s is defined on P,,(N) and uses an n-th level difference operation © that is 
well-defined for elements of P,(N). Since P;,,(N) is constructed iteratively from N, and each step involves 
taking the powerset, the convolution hf «, s aligns with the hierarchical structure of P,,(N). In other words, 
h *,, s is closed under operations defined at the n-th powerset level, reflecting the n-th powerset structure. O 
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4.5 Discussions: HyperMatrix 


A matrix is a rectangular array of numbers, symbols, or expressions, arranged in rows and columns, used in 


various applications | 106) 554/565]. Matrices have been applied in numerous research fields 
(363), 


61]. Hypermatrix, an extension of matrices [363], is also studied and further generalized into superhypermatrix 
frameworks. Relevant definitions and theorems are provided below. We anticipate further advancements in the 
study of these concepts in future research. 


Definition 4.66 (Matrix). (54/523) Let K be a field (or a skewfield) and consider two finite indexing sets 
T= {1,2,...,m}and J = {1,2,...,n}. A matrix over K is a function: 


M:IxJ—-K. 


In other words, a matrix is an m Xn array of elements from K. Each pair (i, 7) maps to a single element 
M(i, j) € K. This is the classical concept of a matrix from linear algebra. 


Example 4.67. Consider J = {1,2}, J = {1,2,3}, and let K = R. A matrix M : Ix J > Rcould be: 


w-(! 39 


This matrix assigns to each (i, /') a single real number. 


Definition 4.68 (Hypermatrix). (cf. [363]) A hypermatrix generalizes the concept of a matrix by allowing the 
entries to be subsets of K rather than single elements. Formally, a hypermatrix M over K is a function: 


M:1IxJ—>P(K), 


where P(K) is the powerset of K. For each pair (i, 7), M(i, 7) is a subset of K. This structure enables 
multi-valued or hyperalgebraic behavior at each entry. 


Example 4.69. Using the same /, J, K as before, a hypermatrix could be: 
M(1,1) = {1,2}, M(,2)={-l}, M(,3) = {0,4} 


M(2,1) = {x}, M(2,2) = {V2, V3}, M(2,3) = {2,3, 5}. 
This hypermatrix assigns subsets of R to each (i, /). 


Theorem 4.70. A hypermatrix generalizes a matrix. 


Proof. A matrix M: Ix J — K outputs a single element of K per entry. A hypermatrix M : 1 x J > P(K) 
outputs a subset of K per entry. If we restrict each subset to be a singleton, we recover the single-valued 
nature of a matrix. Thus, every matrix is a special case of a hypermatrix with singleton subsets, proving that 
hypermatrices generalize matrices. oO 


Theorem 4.71. A hypermatrix inherits the structure of a Hyperstructure. 


Proof. Consider a hypermatrix M. Each entry M(i,j) is an element of P(K). If we define suitable 
hyperoperations on these subsets (e.g., hyperaddition of entries as union of subsets, hypermultiplication as 
setwise combinations), the set of all possible hypermatrix entries forms a hyperalgebraic structure. Thus, 
hypermatrices can be viewed as hyperfunctions with indices, naturally embedding into a Hyperstructure where 
operations are defined entrywise and yield sets as results. oO 


Definition 4.72 (n-Superhypermatrix). For n > 1, the n-Superhypermatrix generalizes hypermatrices by 
iterating the powerset construction n-times. Let P,(K) be the n-th powerset of K. An n-superhypermatrix M,, 
is defined as: 

My, : 1x JI > Py(K), 


where each entry M,,(i, j) is an element of the n-th powerset P,,(K). Thus, each entry can represent a nested, 
multi-layered collection of subsets, providing even more hierarchical complexity. 
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Example 4.73. For n = 2, an entry of an n-superhypermatrix might look like: 
Mali, 7) = {{1, 2}, {3}, {4}, (5, 6}}} € P2(K). 
This exhibits a two-level nesting of subsets. 


Theorem 4.74. An n-superhypermatrix generalizes both hypermatrices and matrices. 


Proof. Forn = 1, M,:1IxJ— P(K) is a hypermatrix. Since a hypermatrix generalizes a matrix, it follows 
by transitivity that an n-superhypermatrix, for n > 1, generalizes hypermatrices and hence also matrices. By 
choosing n = | and restricting each entry to singletons, we get a matrix; by allowing multiple subsets, we get 
hypermatrices. Increasing n adds more complexity. Oo 


Theorem 4.75. An n-superhypermatrix inherits the structure of an n-Superhyperstructure. 


Proof. An n-superhypermatrix has entries in P,(K), the n-th powerset of K. Since n-Superhyperstructures 
operate on P,,(K) with suitable hyperoperations, defining appropriate entrywise n-th level hyperoperations 
allows embedding the n-superhypermatrix into an n-superhyperstructural framework. Each entry, being from 
f,,(K), can undergo n-th level hyperoperations to produce new sets at the n-th level. Thus, n-superhypermatrices 
fit into n-superhyperstructures. oO 


We previously discussed Random Functions, Hyperfunctions, and n-Superhyperfunctions, as well as Random- 
ness, Hyperrandomness, and n-Superhyperrandomness. We can similarly define random versions of matrices, 
hypermatrices, and n-superhypermatrices by introducing probability spaces and randomness in their entries: 


¢ A Random Matrix :M:QxI1xJ-— K isa function that, for each w € Q, yields 


a classical matrix. 


e A Random Hypermatrix(cf. (27): M:QxIxJ— P(K) introduces randomness and hyperalgebraic 
behavior. 


¢ A Random n-Superhypermatrix: M,, : Qx I x J — P;,(K) adds multiple hierarchical layers. 


We can further consider hyperrandomness and n-superhyperrandomness in these contexts if the statistical 
properties of entries change non-stationarily and in complex patterns. 


Theorem 4.76. A Random Hypermatrix generalizes a Random Matrix. 


Proof. A Random Matrix assigns to each (w,i, j) a single element of K. A Random Hypermatrix assigns to 
each (w,i, j) a subset of K. Restricting subsets to singletons reduces a Random Hypermatrix to a Random 
Matrix, showing that the former generalizes the latter. oO 


Theorem 4.77. An n-Superhypermatrix, if made random and allowed n-superhyperrandom behaviors, gen- 
eralizes all previously defined notions (Random Matrix, Random Hypermatrix) and can be embedded into an 
n-Superhyperstructure. 


Proof. By combining the ideas established: 


¢ n-Superhypermatrices generalize hypermatrices and matrices. 
¢ Randomness and hyperrandomness can be introduced, giving random n-superhypermatrices. 


* n-superhyperrandomness can be modeled in n-superhyperstructures (as shown in previously proven 
theorems). 


Therefore, a random n-superhypermatrix with n-superhyperrandom characteristics encompasses the entire 
hierarchy of complexity and uncertainty discussed so far. It can be integrated into an n-Superhyperstructure 
by defining appropriate n-th level hyperoperations and probability spaces. Thus, it generalizes all lower 
constructs. Oo 
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4.6 Discussions: Cognitive HyperMap 


A Cognitive Map is a directed graph representing concepts (nodes) and their causal relationships (edges) with 


weighted influences . Derived concepts such as Fuzzy Cognitive Maps 
, Neutrosophic Cognitive Maps , and Dynamic Cognitive Maps [94 have 


also been studied. This subsection presents extended definitions of these concepts using the frameworks of 
Hypersructures and Superhyperstructures. Future research is anticipated to explore the applications of these 
extended models. 


Definition 4.78 (Cognitive Map). (cf. ) A cognitive map is a directed graph G = (V, E, w), 
where: 


° V={v1,V2,..., Vn} is a finite set of nodes, each representing a concept or variable. 


* ECVxVisaset of directed edges, where (v;,v;) € E represents a causal or relational influence of v; 
on v;. 
J 


* w: E — Risa weighting function that assigns a weight w(e) to each edge e = (v;, v;), quantifying the 
strength and direction of the influence. Positive weights indicate reinforcement, while negative weights 
indicate inhibition. 


Definition 4.79 (The state of Cognitive Map). The state of a cognitive map can be described by a vector: 
= aly n 
X = [%1,%2,...,Xn] €R", 
where x; represents the activation level or intensity of concept v;. 


Definition 4.80 (Update Rule of Cognitive Map). The evolution of states over time can be modeled using an 
update function, typically of the form: 
x(¢+ 1) = f(W- x(t), 


where: 


¢ Wis the adjacency matrix of G, with entries W;; = w((vi, v;)), representing the weights of the edges. 
¢ f :R— Risa non-linear activation function applied element-wise to ensure bounded states. 


Remark 4.81 (Special Cases of Cognitive Maps). Several related concepts can be derived from the foundational 
idea of Cognitive Maps: 


* Fuzzy Cognitive Maps (FCMs) : These extend cognitive maps by allowing 


activation levels x; to take values in the interval [0, 1] and employing fuzzy logic to represent and analyze 
relationships. 


Dynamic Cognitive Maps : These maps incorporate time-dependent weights w: E x R— R, 
enabling the modeling of adaptive or evolving relationships over time, reflecting dynamic systems. 


Neutrosophic Cognitive Maps : These generalize cognitive maps by introducing 


neutrosophic weights w : E — [T,/, F], where T, J, and F represent the degrees of truth, indeterminacy, 
and falsity, respectively. They are particularly effective for capturing and analyzing uncertainty and 
conflicting relationships in complex systems. 


Definition 4.82 (Cognitive HyperMap). Let V = {v1,v2,..., vn} be a finite set of concepts and let P(V) 
denote the powerset of V. A Cognitive HyperMap is defined as: 


H =(V,E,w), 


where: 


1. Visa finite set of concepts (vertices). 
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2. ECP(V)xP(V) isa set of directed hyperedges. Each hyperedge (A, B) € & maps a subset of concepts 
A C V to another subset B C V, indicating that collectively, the concepts in A influence the concepts in 
B. 


3. w: & > R assigns a real-valued weight to each hyperedge, quantifying the overall influence from the 
group A to the group B. 


A Cognitive HyperMap generalizes a cognitive map by allowing hyperedges to represent multi-concept-to- 
multi-concept influences, rather than strictly pairwise influences. 


Remark 4.83 (Special Cases of Cognitive HyperMaps). Several related concepts can be derived from the 
foundational idea of Cognitive HyperMaps, extending the principles of Cognitive Maps into the framework of 
Hyperstructures: 


¢ Fuzzy Cognitive HyperMaps (FCHMs): These extend Cognitive HyperMaps by allowing activation 
levels x; to take values in the interval [0, 1] and employing fuzzy logic to represent relationships. The 
hyperedges and hyperweights generalize the relationships among multiple concepts. 


Dynamic Cognitive HyperMaps (DCHMs): These incorporate time-dependent hyperweights w : ExXR > 
R, enabling the modeling of adaptive or evolving relationships over time within the Hyperstructure 
framework. 


Neutrosophic Cognitive HyperMaps (NCHMs): These generalize Cognitive HyperMaps by introducing 
neutrosophic hyperweights w : &6 — [T,/,F], where T, J, and F represent the degrees of truth, 
indeterminacy, and falsity, respectively. This extension is particularly suited for analyzing uncertainty 
and conflicting relationships in complex systems. 


Example 4.84. Consider V = {v1, v2, v3}. In a cognitive map, one might have edges: 
Vivo, W273, Vy V3. 
In a cognitive hypermap, we could have a hyperedge: 
{v1, v2} > {v3} 
with a weight w({v1, v2}, {v3}) = 0.8, indicating that v; and v2 collectively influence v3. 


Theorem 4.85. A Cognitive HyperMap generalizes a Cognitive Map. 


Proof. A cognitive map has edges v; — v;. A cognitive hypermap allows hyperedges A — B for subsets 
A, B CV. If we restrict each hyperedge to relate singletons, we recover the directed edges of a cognitive map. 
Thus, a cognitive map is a special case of a cognitive hypermap. oO 


Theorem 4.86. A Cognitive HyperMap inherits the structure of a Hyperstructure. 


Proof. A cognitive hypermap involves hyperedges A — B with A, B C V. Since hyperstructures are defined 
on powersets with hyperoperations, we can interpret each hyperedge or influence as a hyperoperation on subsets 
of V. Thus, a cognitive hypermap’s domain and co-domain are subsets from P(V), aligning naturally with the 
hyperstructural framework. oO 


Definition 4.87 (Cognitive n-SuperhyperMap). Let Vo be a finite set of base concepts. Define the n-th iterated 
power set of Vo recursively as: 


P(Vo) =Vo, P**!(Vo) =P(P*(Vo)), 
where P(A) denotes the power set of the set A. 


A Cognitive n-SuperhyperMap is a triple H, = (V, S,, w\”), where: 
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1. V € P"(Vo) is the set of superconcepts (sometimes called supervertices). Each superconcept is an 
element of the n-th iterated power set P” (Vo). Thus, a superconcept can represent: 


e A single base concept v € Vo, 
¢ A subset of Vo, 


¢ A more complex hierarchical subset structure up to n-levels (i.e., v € P”(Vo)). 


2. Syn © P”" (Vo) is the set of n-th level superedges. Each superedge S € S,, connects multiple superconcepts 
across potentially different levels of hierarchy. A superedge captures higher-dimensional relationships 
that may involve several groups of concepts simultaneously. 


3. w : S, — Ris a weighting function that assigns a real-valued weight w‘”)(S) to each n-th level 
superedge S. These weights quantify the strength and nature of the influences or interactions within the 
conceptual framework. 


A Cognitive n-SuperhyperMap with Superedges generalizes the concept of Cognitive Maps and Cognitive 
HyperMaps by introducing hierarchical, multi-dimensional relationships. The use of superedges allows for 
more explicit modeling of complex interactions between subsets of concepts, enabling advanced analysis of 
multi-layered systems. 


Example 4.88 (Illustration of a Cognitive n-SuperhyperMap for n = 2). Let n = 2 and Vo = {a,b}. The 
iterated power sets are as follows: 


¢ The first-level power set is: 
P'(Vo) = P(Vo) = (0, a}, {b}, {a, b}}. 
¢ The second-level power set is: 


P*(Vo) = P(P(Vo)) = {0, {0}, {Lat}, ({b}}, (a, DH}, (0, {ah}... 3. 
In a Cognitive n-SuperhyperMap with n = 2, consider the following example: 


¢ A second-level superedge connects the group {0, {a}} to another group {{a, b}, {b}}. 


¢ The weight of this superedge is: 


w ({0, {a}}, {{a, b}. (b}}) = 1.2. 
This structure represents a hierarchical influence where: 


¢ The group {0, {a}} (including the absence of a and the singleton {a}) affects the group {{a, b}, {b}} 
(including the joint set {a, b} and singleton {b}). 


¢ The weight 1.2 quantifies the strength and importance of this influence in the decision-making or 
conceptual framework. 


Such an example illustrates how Cognitive n-SuperhyperMaps can capture multi-level, complex interdepen- 
dencies among concepts, enabling advanced modeling of hierarchical systems. 


Remark 4.89 (Specialized Variants of Cognitive n-SuperhyperMaps). The foundational concept of Cognitive 
n-SuperhyperMaps can be extended into specialized frameworks, adapting the principles of Cognitive Maps 
and Cognitive HyperMaps to the n-Superhyperstructure context. Key variants include: 


¢ Fuzzy Cognitive n-SuperhyperMaps (FCnSHMs): These variants extend Cognitive n-SuperhyperMaps 
by allowing activation levels x; to range within the interval [0, 1]. Fuzzy logic governs the relationships, 
and n-th level superedges and weights generalize the interactions between superconcepts across multiple 
hierarchical layers. 
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¢ Dynamic Cognitive n-SuperhyperMaps (DCnSHMs): These models incorporate time-dependent n-th 
level weights w“”) : &,, x R > R, enabling the representation of dynamic, evolving relationships within 
the multi-level superhyperstructure. This approach captures temporal changes and adaptive behaviors in 
complex systems. 


¢ Neutrosophic Cognitive n-SuperhyperMaps (NCnSHMs): These generalizations introduce neutrosophic 
weights wi ; &, — [T,1, F], where T, I, and F represent degrees of truth, indeterminacy, and falsity. 
This variant is particularly suited for modeling uncertainty, ambiguity, and contradictory hierarchical 
relationships in multi-layered systems. 


These specialized frameworks highlight the adaptability and robustness of the Cognitive n-SuperhyperMap 
framework in addressing increasingly complex and uncertain conceptual structures. 


Theorem 4.90. A Cognitive n-SuperhyperMap generalizes a Cognitive HyperMap (and therefore also a 
Cognitive Map). 


Proof. For n = 1, a Cognitive n-SuperhyperMap reduces to a Cognitive HyperMap. Since a Cognitive Hyper- 
Map generalizes a Cognitive Map, it follows by transitivity that Cognitive n-SuperhyperMaps also generalize 
Cognitive Maps. Thus, by increasing n, we obtain higher-order structural complexity that encompasses the 
simpler forms as special cases. oO 


Theorem 4.91. A Cognitive n-SuperhyperMap inherits the structure of an n-Superhyperstructure through the 
use of superedges. 


Proof. Cognitive n-SuperhyperMaps are constructed on P”(Vo), which corresponds to the n-th iterated pow- 
erset of the base concept set Vo. In this framework: 


* The superconcepts (nodes) are elements of P” (Vo), representing hierarchical or multi-level subsets of 
Vo. 


¢ The relationships between these superconcepts are encoded by n-th level superedges, which can connect 
subsets of P” (Vo) at multiple levels. 


An n-th level superedge is defined as a generalized relationship: 


En & |_) P'(Yo) x P/ (Vo), 
i,j=0 


allowing connections across different levels of hierarchy. These superedges, combined with the weighting 
function w‘”), capture the multi-layered relationships and influences among superconcepts. 


By aligning the structural definitions of Cognitive n-SuperhyperMaps with those of n-Superhyperstructures, 
we observe that: 


1. The superconcepts correspond to the n-th level nodes in the n-Superhyperstructure. 


2. The superedges define the interactions and dependencies within and across levels, analogous to the n-th 
level hyperoperations in n-Superhyperstructures. 


3. The weighting function w‘”) adds an additional layer of abstraction, quantifying the relationships repre- 
sented by superedges. 


Thus, the Cognitive n-SuperhyperMap adheres to the structural framework of an n-Superhyperstructure, with 
superedges and associated weights providing the necessary mathematical and conceptual connections. oO 
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4.7 Discussions: Hyperfield 


A field is a mathematical structure consisting of a set with two operations (addition and multiplication) 
satisfying associativity, commutativity, distributivity, and the existence of additive and multiplicative inverses 


(441/148 |/208|/294]/296//328)/419]. A hyperfield is a gener ae of a field where addition is a hyperoperation, 


producing a set of possible sums rather than a single value [271|[305|[347|[532}. 


Definition 4.92 (Field). 282) A field is a set F equipped with two binary operations +: F x F > F 
(addition) and - : F x F — F (multiplication) such that: 


1. (F,+) is acommutative group with additive identity 0. 
2. (F \ {0}, -) is a commutative group, ensuring every nonzero element is multiplicatively invertible. 


3. Multiplication distributes over addition: 


Va,b,cé F, a-(b+c)=a-b+a-cand(b+c):a=b-a+c-a. 


A hyperfield generalizes a field by allowing the addition operation to be multivalued. While multiplication 
remains a standard binary operation, addition becomes a hyperoperation, yielding a subset of the field rather 
than a single element. This concept was originally introduced and studied by Krasner [271 : 


Definition 4.93 (Hyperfield). 271) A hyperfield is a set X with two operations: 


¢ A hyperaddition @ : X x X > P(X) \ {0}, making (X, ©) a commutative hypergroup. 
¢ A usual (univalued) multiplication - : X x X — X such that: 


1. (X \ {0}, -) is a commutative group (so each nonzero element is multiplicatively invertible). 


2. Multiplication distributes over the hyperaddition in a strong sense: 


a:(b@c)=a:b@a-c, (b@c)-a=b-a@®c-a. 


The element 0 serves as the additive identity, and 1 is the multiplicative identity. 


Theorem 4.94. Any field is a hyperfield in which the hyperaddition reduces to a univalued addition. 


Proof. Ina field F, the addition is a single-valued map + : F x F — F. This trivially satisfies the hyperfield 
axioms if we interpret each sum a+b as the singleton set {a+b}. The multiplicative structure and distributivity 
remain unchanged, making F a hyperfield with singleton-valued addition. oO 


Theorem 4.95. Not every hyperfield is a field. Hyperfields strictly generalize fields by admitting multi-valued 
addition. 


Proof. Consider the Krasner hyperfield K = {0, 1} where addition is defined by: 
1e1={0,1}, LeO={1}, O080= {0}. 
This addition is not univalued. Multiplication is standard with 0 - x = 0 and 1 - x = x. Such a structure cannot 


be a field because | @ 1 is not a single element. Thus, hyperfields are strictly more general. oO 


To generalize further, we consider an n-th powerset construction analogous to n-Superhypergraphs and n- 
Superhyperstructures. Just as we defined n-Superhypergraphs by iterating power sets n-times, we now define 
n-Superhyperfields by lifting a hyperfield structure to higher-order powersets. 


Definition 4.96 (n-Superhyperfield). Let F be a hyperfield. Define P°(F) = F and P'*!(F) = P(P*(F)). 
An n-Superhyperfield is constructed as follows: 
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1. The underlying set of the n-Superhyperfield is P,(F) =P” (F). 


2. Addition at the n-th level, ®, : Pn(F) X Pu(F) — P(Pr(P)) \ {0}, is defined by appropriately lifting 
the hyperaddition of F to the n-th power set. This creates a highly nested hyperoperation, where each 
addition step involves unions and expansions based on the previous power set level. 


3. Multiplication -, : Py(F) x Pu(F) — Pp(F) is defined similarly by lifting the multiplication of F, 
ensuring an invertible multiplicative structure at each nonzero level. 


4. The distributivity conditions are extended to the n-th level, requiring that for any A, B,C € Py(F): 
A-n(BO@nC)CAn BO, AnC, (BOC) nACB1AO,C 1A, 


and these conditions are strengthened as one ascends the n-th hierarchy to ensure a proper n-superhyperfield 
structure. 


Intuitively, an n-Superhyperfield is a hyperfield at the n-th iterative power set level. At n = 1, we recover 
a hyperfield. At n = 0, restricting to singletons, we get a field. Thus, n-Superhyperfields generalize both 
hyperfields and fields. 


Theorem 4.97. An n-Superhyperfield generalizes a hyperfield (and thus also a field). 


Proof. For n = 1, the definition of an n-Superhyperfield reduces to that of a hyperfield. Since hyperfields 
generalize fields, it follows that n-Superhyperfields also generalize fields. 


For higher n, each iteration of the powerset and hyperoperation lifts the structure to a higher complexity level. 
This nesting preserves generalization. Thus, n-Superhyperfields strictly encompass hyperfields and fields as 
special cases. oO 


Theorem 4.98. The construction of an n-Superhyperfield from a given hyperfield F is well-defined and results 
in a Structure that satisfies the n-Superhyperfield axioms. 


Proof. The construction is by induction on n: 


* Base case (n = 1): P'(F) = P(F) with appropriately defined addition and multiplication is a hyperfield 
by definition. 


* Inductive step: Assume P”(F) forms an n-Superhyperfield. Consider P”*!(F) = P(P"(F)). By 
applying the hyperoperations at the n-th level and extending them to the (n + 1)-th level sets, we ensure 
each operation remains closed, associative in the weak hyperfield sense, and that every nonzero element 
at the (nm + 1)-th level is invertible under multiplication. Distributivity conditions can be verified by 
carefully lifting the conditions from the 1-th level. 


Thus, by induction, the n-Superhyperfield structure holds for all n. oO 


4.8 Discussions: Hypermodules 


Modules generalize vector spaces by replacing the underlying field with a ring 513}. 


Hypermodules further extend modules by allowing certain operations (notably addition) to be hyperoperations 
[378|[567}, and superhypermodules push this construction to n-th iterated generalized powerset levels. In this 
section, we define these concepts rigorously and establish several results and theorems that illustrate their 
properties. 


Definition 4.99 (Module). (cf. 457) Let R be a ring (with multiplicative identity 1) and let 
(M,+) be an abelian group. Suppose there is an operation: : R X M — M called scalar multiplication, 
satisfying: 


154 


1. Distributivity over M: For allr ¢ Randx,y € M, 


r-(x+y)=r-x4r-y. 


2. Distributivity over R: For allr,s €¢ Randx € M, 


(r+s)*x=r-x+5-x. 


3. Associativity: For allr,s €¢ Randx € M, 


(rs) -x=r-(s-x). 


4. Identity: For all x € M, 


If these conditions hold, we call M a left R-module. A right R-module is defined analogously with the scalar 
multiplication on the right. If R is commutative, left and right modules coincide, and we often simply say 
*module.” 


Modules generalize vector spaces by replacing the field with a ring R. Unlike vector spaces, modules need not 
have a basis, and their structure can be more complex. 


Definition 4.100 (Hypermodule). (cf. (122|[378]|567)[575}) Let R be a ring and (M, ®) be a commutative 
hypergroup (so ®@ : Mx M — P(M) \ {0} is a hyperoperation making M a commutative hypergroup). Suppose 
we have a scalar multiplication - : R x M — M that is univalued but must interact with the hyperaddition © in 
a manner analogous to modules: 


1. Forallr ¢ Randx,y eM, 
r-(x®y)C(r-x)@(r-y). 


2. Forallr,s € Randx € M, 
(r+s)-xC (r-x) @(s-x). 


3. Forallr,s ¢ Randx eM, 


(rs)-x=r-(s-x) (associativity as in modules, still univalued for scalar multiplication), 


4. Forallx e M, 


If these conditions hold, we call M a Hypermodule over R. 


In a Hypermodule, addition is multi-valued, but scalar multiplication remains a single-valued operation dis- 
tributing over the hyperaddition in a ”’weak” sense. Every module is a hypermodule with singleton-valued 
addition. 


Definition 4.101 (n-Superhypermodule). Consider a Hypermodule M over R. Suppose P”(M) (or a gen- 
eralized construction G,,(M) if we choose a generalized framework) is defined by iterating the powerset 
construction n-times. Define: 

@n : Pn(M) X Pu(M) > P(Pa(M)) \ {9} 


as an n-th level hyperaddition and similarly extend scalar multiplication: 


nt RXPy(M) > Pr(M). 


An n-Superhypermodule is a structure (P;,(M), ®n, -n) where: 
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* (Pn(M), ®n) is an n-superhyperstructure (i.e., a hypergroup at the n-th level). 


¢ Scalar multiplication -, is defined so that it distributes” over ©,, in a similar manner to a Hypermodule, 
but now at the n-th level. 


Thus, an n-Superhypermodule generalizes a Hypermodule (and thus a module) by iteratively increasing com- 
plexity through n-th powersets or generalized n-th powersets. 


Theorem 4.102. Every module is a hypermodule (with singleton hyperaddition), and every hypermodule is a 
special case of an n-superhypermodule with n = 1. 


Proof. Module to Hypermodule: A module M has a single-valued addition +. Define ® by x ® y = {x + y}. 
This trivially makes (M, ®) a commutative hypergroup (since it’s isomorphic to an abelian group). The scalar 
multiplication in the module already satisfies distributivity and associativity, so it still does for the hypermodule 
definition. Thus, every module is a hypermodule. 


Hypermodule to n-Superhypermodule: For n = 1, define (P!(M), ®;) where © is just @ lifted to subsets. If 
we restrict ourselves to singleton subsets and the induced operations, we recover the hypermodule. Therefore, 
every hypermodule can be embedded into an n-superhypermodule structure by considering n = 1. Oo 


Theorem 4.103. Consider a hypermodule M over R. If M possesses additional structural properties 
(e.g., free hypermodule with a ”basis” in some generalized sense), these can be iterated to produce an 
n-superhypermodule inheriting analogous properties at the n-th level. 


Proof. Assume M is a hypermodule with a certain property P. Constructing the n-superhypermodule involves 
applying the powerset operation -times. If property P is preserved under the formation of hyperoperations at the 
powerset level (for example, if P relates to closure properties, distributive axioms that scale with set operations, 
or structural decompositions that remain meaningful under iteration), then the induced n-superhypermodule 
also possesses P. The induction proceeds by verifying that each step from P«(M) to P**!(M) preserves or 
extends P. Oo 


Theorem 4.104. [fa hypermodule M over aring R is finitely generated or free (in a certain generalized sense), 
then its n-superhypermodule construction P,(M) inherits a notion of generability or freeness at the n-th level, 
albeit in a more complex form. 


Proof. Consider a hypermodule M generated by a finite set {m,,...,m,}. Under the iteration for an n- 
superhypermodule, the generators become subsets at n-th level. The operation ©, allows any n-th level element 
to be expressed via scalar multiplication and hyperadditions of these generators, though now each ’sum” may 
correspond to multiple sets. By carefully lifting the generability conditions through each powerset iteration, 
we maintain a notion of generation at the higher level. The proof is constructive, applying induction on n, and 
relies on verifying that every element in P,,(M) can be represented by a ”hyper-basis” at that level. oO 


4.9 Discussions: Hyperlattices 


In this subsection, we rigorously define lattices [108 , hyperlattices, and n-superhyperlattices. 
Lattices are algebraic structures where any two elements have a unique supremum (join) and infimum (meet), 


satisfying associativity, commutativity, and idempotency. We then state and prove several theorems illustrating 
their fundamental properties and relationships. 


Definition 4.105 (Lattice). [209| A lattice is an algebraic structure (L, A, V) consisting of a 


non-empty set L equipped with two binary operations: 
A:LXLoOoL, V:LXLotlL, 


called the meet and join, respectively, satisfying the following axioms for all a,b,c € L: 


1. Commutativity: aNb=bAaandavVb=bVa. 
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2. Associativity: (a\b) \c=aA(bAc)and (av b)Vc=av(bVc). 


3. Absorption: a\(aV b) =aandav (aA b) =a. 


The following definitions, which will be used in the subsequent proofs of theorems, are introduced below. 


Definition 4.106 (Ideal). Let L = (L, V, A) be a lattice. A non-empty subset J € L is called an ideal 
if: 


¢ a,b € Timplies a V b € I (closed under join), 
e a€landb < a implies b € J (downward closed). 


Definition 4.107 (Prime Ideal). An ideal P C L isa prime ideal if: 


* aANbe Pimpliesa¢ Porbe P. 


Definition 4.108 (Maximal Ideal). 67|[210] An ideal M C L is a maximal ideal if: 


MEL, 
¢ There is no ideal J such that MV CJ ¢ L. 


Definition 4.109 (Filter). (cf. ) A non-empty subset F C L is called a filter if: 


¢ a,b € F implies a A b € F (closed under meet), 


¢ aé F anda < b implies b € F (upward closed). 


A hyperlattice generalizes a lattice by replacing one of the operations (usually the join or the meet) with a 


hyperoperation [152|/299|/427|/547|/558}. 


Definition 4.110 (Hyperlattice). (cf. 152) ) Let L be a non-empty set. A hyperlattice is a triple (L, A, °) 
where: 


* A: LX L — Lisa binary operation (single-valued), often analogous to a meet operation. 


*o:LXxL— P(L) \ {0} is a hyperoperation (multi-valued), often analogous to a join operation, such 
that (L, o) is a commutative hypergroup and (L, A) is a commutative semigroup. 


A hyperlattice must satisfy certain adapted forms of the lattice axioms. Typically, we impose: 


1. Idempotency: For alla € L, we havea € acaandaAa=a. 


2. Commutativity: For all a,b € L, o is commutative in the hypergroup sense, and A is commutative as 
usual. 


3. Associativity Conditions: While A remains associative, o must satisfy the associative-like property for a 
hyperoperation (i.e., a weak associativity condition that ensures coherence of the structure). 


4. Absorption-like conditions: Adapted from lattices, ensuring that A and o interact in a manner resembling 
absorption. For instance,a € ao (aAb)andaead(aob). 


5. Weak distributivity or s-distributivity (if required): In a distributive hyperlattice, we might impose 


conditions like a A (boc) € (aA b)o (a Ac) or even equality if s-distributivity is demanded. 


These conditions generalize those of a lattice to a setting where join is replaced by a hyperjoin. 
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To define an n-Superhyperlattice, we apply the n-th power set construction or a generalized n-th power set 
construction to a hyperlattice, lifting its elements to P”(L) and adapting the operations accordingly. 


Definition 4.111 (n-Superhyperlattice). Let L be a hyperlattice. Define: 
PL)=L, P*(L) =P(PK(L)), for k > 0. 


An n-Superhyperlattice is constructed as follows: 


1. Its underlying set at level n is P”(L). 


2. The meet operation A, : P"(L) x P"(L) — P"(L) is defined by lifting A in a suitable manner (e.g., 
elementwise or through a hypergroup construction at each level). 


3. The join hyperoperation o, : P"(L) x P"(L) — P(P"(L)) \ {O} is defined to generalize o to the n-th 
level. 


The axioms of hyperlattices must be adapted at each level n. The iterative construction ensures that at the 
n-th level, we have a structure where ’elements” are now subsets of subsets ... of L up to n-fold iteration, and 
operations act in a correspondingly complex manner. 


Theorem 4.112. Every lattice (L,A,V) can be viewed as a hyperlattice by defining ao b = {a V b}. 
Consequently, every lattice is a special case of a hyperlattice. 


Proof. This is immediate by taking the join operation V and turning it into a trivial hyperoperation with 
singleton outputs. The axioms of a hyperlattice reduce to those of a lattice. Hence, any lattice is a hyperlattice 
with no additional complexity in the join. Oo 


Theorem 4.113. Every hyperlattice can be embedded into an n-superhyperlattice for any n > 1. 


Proof. Given a hyperlattice (L,A,°), define P”(L) and lift A and o to A, and o, at the n-th level. The 
resulting structure (P"(L), An, °n) satisfies the axioms of an n-superhyperlattice. Taking n = 1 yields a 
structure isomorphic in some sense to the original hyperlattice (though more complicated), and larger n 
introduce hierarchical complexity. oO 


Theorem 4.114. Jf (L, A, ©) is a distributive hyperlattice (or s-distributive), then the induced operations at the 
n-th level preserve distributive properties, meaning (P"(L), An, °n) remains distributive (or s-distributive). 


Proof. Distributivity conditions in hyperlattices typically involve inclusion relations like: 
aN(boc)C(adb)o(andc). 


At the n-th level, a,b,c become sets of sets, and we must apply these distributive laws elementwise, using 
induction. The base case n = | is given by the definition of hyperlattice distributivity. Assuming it holds at 
level n, we show that lifting from P”(L) to P"*!(L) preserves the distributive pattern because each operation 
at level n + 1 is defined in terms of unions and products of sets at level n. Thus, the distributive pattern is 
inductively maintained. oO 


Theorem 4.115. [fa hyperlattice (L, A, °) admits a theory of ideals, prime ideals, and maximal ideals, then 
its induced n-superhyperlattice (P"(L), An, °n) also admits analogous concepts (e.g., prime and maximal 
*hyperideals”) at the n-th level. 


Proof. The notions of ideals (or filters) in a hyperlattice rely on closure properties with respect to A and 
conditions relating to o. At the n-th level, these notions translate to subsets of P”(L) stable under the 
operations A,,,°,. The definition of hyperideals at level n essentially lifts the conditions from level n — 1, 
ensuring prime and maximal ideals (if they exist) also ascend to higher levels. Detailed verification requires 
checking that upward closures and downward closures under A, ©,, remain well-defined and non-trivial, which 
follows from the inductive construction of these operations. oO 
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Theorem 4.116. Hypermodules possess the structure of a Hyperstructure. Similarly, n-Superhypermodules 
possess the structure of a Superhyperstructure. 


Proof. We will prove the two claims sequentially: 


1. Hypermodules as Hyperstructures: A Hypermodule (M, ®, -) consists of a commutative hypergroup 
(M, ®) with scalar multiplication -. By definition: 


®:MxM —P(M)\ {0}, 
making (M, ®) a hyperstructure. The scalar multiplication - interacts with @ in a distributive manner: 
r-(x®y)C(r-x) (ry). 


This satisfies the key properties of a Hyperstructure, with addition being multi-valued and scalar multi- 
plication compatible with this multi-valued addition. Thus, a Hypermodule is a Hyperstructure. 


2. n-Superhypermodules as Superhyperstructures: Consider an n-Superhypermodule (P,(M), @n,-n), 
where f;,(M) is the n-th iterated powerset of M, and @, is the n-th level hyperaddition: 


®n = Pn(M) X Pn(M) > P(Pn(M)) \ {9}. 


The scalar multiplication -, : R x P,(M) — P,(M) distributes over @, in a manner analogous to 
Hypermodules: 
r-(A@, B) C(r-A)@, (7: B), VWA,BEP,(M). 


Since (P,(M), ®,) forms an n-Superhyperstructure by definition, the entire structure (P;,(M), ®n, -n) 
inherits the hierarchical complexity of Superhyperstructures. Thus, n-Superhypermodules are Superhy- 
perstructures. 


In both cases, the respective module extensions (Hypermodules and n-Superhypermodules) satisfy the structural 
requirements for Hyperstructures and Superhyperstructures, respectively. Therefore, the theorem holds. Oo 


The concept of a Semilattice is well-known as a related notion to Lattices [76]|96||416)/430]. A semilattice 
is a mathematical structure with a commutative, associative, idempotent binary operation over a non-empty 
set. This Semilattice is also extended to hyperconcepts and superhyperconcepts. The relevant definitions and 
theorems are provided below. 


Definition 4.117 (Semilattice). (cf. ) A semilattice is a pair (S, *) where S is a non-empty set 
and * : S x S — Sis a binary operation satisfying: 


1. Commutativity: For alla,b € S,a*b=ba. 

2. Associativity: For all a,b,c € S, (a*b)*c=a*(b*c). 

3. Idempotency: For alla € S,a*a=a. 
These axioms ensure that (5, «) can be seen as a commutative, idempotent semigroup. Common examples of 
semilattices include sets of subsets of a given set under union or intersection. 
Definition 4.118 (Semi-Hyperlattice). A semi-hyperlattice is a pair (S,¢) where S is a non-empty set 
ando: Sx S — P(S) \ {0} is a hyperoperation satisfying: 


1. Commutativity: For all a, b € S, ois commutative, i.e.,ao°b=bea. 
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2. Associativity (in the hyper sense): For all a,b,c € S, 


LJ) em! eee. 


x€ac(bec) ye(acb)ec 


This is a weak associativity condition ensuring that no matter how we parenthesize the operation, the 
resulting sets have at least one common element. 


3. Idempotency: For alla € S,a€aca. 


Such a structure can be interpreted as a ’join-only” or ’meet-only” hyperstructure that generalizes a semilattice. 
Each binary combination of elements yields a set of possible ’results,” maintaining commutativity, a form of 
associativity, and idempotency. 


Theorem 4.119. Every semilattice (S, *) is a special case of a semi-hyperlattice by defining ao b = {a * b}. 
Thus, semilattices are embedded into the class of semi-hyperlattices. 


Proof. In a semilattice, the operation * is single-valued. Define a hyperoperation o by ao b = {a * b}. 
This trivially makes (S,°) a semi-hyperlattice since the hyperoperation now always returns a singleton set, 
preserving commutativity, associativity (in a trivial sense), and idempotency. Hence, every semilattice is a 
degenerate semi-hyperlattice. oO 


Definition 4.120 (Semi-n-Superhyperlattice). Let (S,°) be a semi-hyperlattice. Define: 
P'(S)=S, P1(S) = P(PK(S)), for k > 0. 


An semi-n-superhyperlattice is constructed as: 


* Its underlying set at level n is P”(S). 


¢ The operation o, : P"(S) x P"(S) — P(P"(S)) \ {O} is defined by lifting o to the n-th level. This 
involves defining, for example: 


Ao, B= ig) (aob) 


acA,beB 


or a more elaborate definition depending on the chosen approach. The key is that o,, must be commutative, 
weakly associative, and idempotent at the n-th level. 


The axioms of a semi-hyperlattice must be suitably adapted so that the n-th level construction (P”(S),o,) 
remains a semi-hyperlattice at the n-th order. 


Theorem 4.121. Every semi-hyperlattice can be embedded into a semi-n-superhyperlattice for any n > |. 


Proof. Starting from a semi-hyperlattice (S,), construct P”(S) and define o,, as: 


Aon B= LJ (aob). 


acA,beB 
We must verify the axioms at the n-th level: 


* Commutativity: This follows from the commutativity of , as any pairwise combination is symmetric. 


¢ Weak associativity: If o satisfies weak associativity at the base level, then at the n-th level, we must check 
that 
LJ xn (LJ veo. 
XEAon(BonC) Ye (AoyB) onc 
This condition can be shown by induction on n. The base case n = | is the definition of the semi- 
hyperlattice. Assuming it holds for P”(S), lifting to P”*!(S) involves unions and set combinations that 
preserve non-empty intersection due to the structure of the hyperoperation. 
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¢ Idempotency: For any A € P”(S), since © is idempotent at level 0, we have for alla € A,a € aca. At 
level n, consider A ¢,, A. By definition, for each a,a’ € A, aoa’ is non-empty and if a’ =a,a€aca. 
This ensures A C A°, A because foreacha € A,a€avaC Ado, A. 


Thus, (P"(S), %,) satisfies the axioms of a semi-hyperlattice at the n-th level. Oo 


Theorem 4.122. [f a semi-hyperlattice (S,°) has additional distributive-like properties (e.g., a form of dis- 
tributivity involving subsets), then these properties lift to the n-th level in a semi-n-superhyperlattice. 


Proof. The proof is analogous to the distributivity results in hyperlattices. Since we only have one operation o, 
distributivity often refers to conditions involving other set-theoretic constructions or additional operations (like 
a meet operation if we consider expansions). If such conditions hold at the base level, they can be verified by 
induction to hold at higher levels because the n-th level operation ©, is defined in terms of the base operation 
©. Each distributive condition translates into set inclusions or equalities that remain valid under unions and 
iterative power set constructions. oO 


Theorem 4.123. [f (S,°) is a semi-hyperlattice with a well-defined notion of ideals” and ’prime ideals” (or 
analogous concepts), then these notions also ascend to the n-th level (P"(S),°n), yielding a theory of prime 
*hyperideals” at higher levels. 


Proof. The notion of an ideal in a semi-hyperlattice would involve closure properties under ¢ and certain 
downward closure properties. When we move to the n-th level, an ’ideal” becomes a subset of P”(S) stable 
under ©, Prime-like conditions, i.e., conditions that replicate the behavior of prime ideals (where certain 
decompositions imply membership conditions), also lift naturally because they rely on the underlying structure 
of o. The induction from level n to n + 1 ensures that prime conditions remain meaningful, as the operations 
and their axioms are consistently applied at each level. oO 


4.10 Discussions: Boolean Hyperalgebra 


A Boolean algebra is a mathematical structure with operations (and, or, not) satisfying commutativity, associa- 


tivity, distributivity, identity, and complement laws [164 479]. A Boolean hyperalgebra 


generalizes Boolean algebra by replacing binary operations with hyperoperations, allowing multi-valued re- 
sults while retaining complement properties (239||449|/507]. Boolean SuperHyperAlgebra extends Boolean 
hyperalgebra by incorporating m-ary operations and n-th powersets, enabling hierarchical, multi-valued logical 
frameworks for complex systems. Boolean SuperHyperAlgebra can also be understood as a concept applying 
the ideas of SuperHyperAlgebra, as explored in (499][500}, to the realm of Boolean algebra. Definitions and 
related theorems are provided below. 


Definition 4.124 (Boolean Algebra). [221 477| A Boolean algebra is a structure (B, A, V,’ ,0, 1) where 
Bis anon-empty set, and A, V are binary operations, and’ is a unary operation (complement), and 0 and 1| are 
distinguished elements of B, such that for all x, y, z € B: 

1. (B, A, 1) is a commutative, associative, idempotent structure with x A 1 =x andx Ax =x. 

2. (B, V, 0) is a commutative, associative, idempotent structure with x VO =x andx Vx =x. 

3. Distributivity: x A (y Vz) = (xAy) V (x Az) andxV (yAz) =(XVy)A (XV 2). 


4. Complementation: For each x € B, there is an x’ € B such thatx Ax’ =Oandx Vx’ =1. 


These axioms ensure that the algebraic structure mimics classical Boolean logic. 
Definition 4.125 (Boolean Hyperalgebra). [239 A Boolean hyperalgebra is astructure (H, 01, 02,’ ,0, 1) 


where: 


1. His anon-empty set. 
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2. 01,02 : HX H — P(H) \ {0} are hyperoperations (often generalizing A and Vv from Boolean algebra) 
that are commutative, weakly associative, and idempotent. 


3. There is a unary operation’ : H — H providing complements such that for each x € H: 
Ax’ € A with x o, x’ = {0} and x 02 x’ = {1} 
(interpreting these hyperoperations in a way that mimics the Boolean complement property). 
4. O and | are special elements analogous to the least and greatest elements from Boolean algebra. 


5. A form of distributivity or s-distributivity (depending on the chosen variant) ensures that the Boolean-like 
structure is preserved at the hyper level. 


The axioms are chosen so that if we replace each hyperoperation by a single-valued operation (choosing 
singletons), we recover a Boolean algebra. Thus, a Boolean hyperalgebra is a hyperstructural generalization of 
a Boolean algebra. 


Definition 4.126 (Boolean (m, n)-SuperHyperalgebra). A Boolean (m, n)-SuperHyperalgebra is an algebraic 
structure: 
A = (H, {0 Fier,’ ,0,1) 


where: 


1. His anon-empty set. 


2. Each qn is an m-ary SuperHyperOperation: 


of") HH” 5 P"(H) or P"(H), 
depending on whether we are dealing with classical-type or Neutrosophic-type (allowing empty sets) 
superhyperoperations. The collection of indices J may represent a finite or infinite family of such 
operations. 


3. At least one of these operations plays the role analogous to V or A in the Boolean algebra setting, and 
must satisfy commutativity, weak associativity (or strong associativity if we specify), and idempotency. 


4. A complement operation ’ : H — H exists such that for each x € H: 


(m,n) 
i 


x’ is a complement satisfying Boolean-like conditions: x o x’ includes 0 and 1 appropriately. 


The exact form of complement conditions may depend on how the Boolean hyperalgebra axioms are 
generalized to m-ary and n-th powerset contexts. 


5. 0 and | remain distinguished elements (or sets) acting as the neutral and absorbing elements analogous 
to those in Boolean algebras. 


6. A form of distributivity or generalized distributivity (depending on the complexity of ann ) is imposed 
to ensure the structure mimics Boolean logic at a higher complexity level. 


This structure significantly generalizes both Boolean algebras and Boolean hyperalgebras by allowing multiple 
inputs (m-ary 121) and hierarchical complexity (n-th powerset), thus yielding a complex system that 
can encode intricate logical relationships and uncertainties. 


Theorem 4.127. Every Boolean algebra (B,A,V,’ ,0, 1) is a special case of a Boolean hyperalgebra where 
each hyperoperation outputs singletons. Further, each Boolean hyperalgebra is a special case of a Boolean 
(m,n) -SuperHyperalgebra!| 


'For m = 2, n = 1, and restricting hyperoperations to singletons. 
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Proof. If in a Boolean hyperalgebra we choose each hyperoperation so that it always returns a singleton set, 
we reduce it to a single-valued operation scenario. With appropriately chosen operations matching A and V, 
and a complement operation ’, and given elements 0, 1, the structure collapses to a Boolean algebra. 


Similarly, a Boolean hyperalgebra is obtained from a Boolean (m, n)-SuperHyperalgebra by choosing m = 2, 
n = I, and restricting the hyperoperations to behave as binary hyperoperations at the base level with single-step 
powerset. 


Thus the inclusion of these structures is evident. oO 


Theorem 4.128. In a Boolean (m,n)-SuperHyperalgebra, for every element x € H, there exists x' € H 
(the complement of x) such that x combined with x’ through the relevant superhyperoperations yields subsets 
containing 0 and 1, mimicking the Boolean complement property. 


Proof. By definition, a Boolean (m, n)-SuperHyperalgebra is designed to generalize Boolean concepts. There- 
fore, it must retain the ability to *negate” or *complement” each element. The axioms ensure there is a unary 
operation’ that assigns a complement to each element. By construction, the complement operation in a Boolean 
(m, n)-SuperHyperalgebra ensures: 


x an (x’,...,x") D {0}, x a (x’,...,x’) D {1} 


for suitably chosen i, 7 € J indexing the operations. Hence complements exist and behave analogously to 
Boolean algebra complements. oO 


Theorem 4.129. Jf a Boolean hyperalgebra satisfies a certain distributive or s-distributive property, then its 
corresponding Boolean (m, n)-SuperHyperalgebra can also be endowed with a similar distributive property at 
each level of iteration, provided the hyperoperations and their m-ary extensions are defined consistently. 


Proof. The distributivity or s-distributivity conditions in Boolean hyperalgebras state that certain set inclusions 
or equalities hold among the results of hyperoperations. When extending to Boolean (m, n)-SuperHyperalgebra, 
we define ia at n-th powerset levels. Since these constructions arise by applying power set operations and 
unions over the base hyperoperations, any set-theoretic property like distributivity can be verified via induction 
on n. The complexity of m-ary operations does not obstruct distributivity as it typically generalizes from 
binary to m-ary by imposing analogous conditions on all tuples of inputs. Thus, distributivity properties can 


be preserved. oO 


4.11 Discussions: Generalized n-th Powerset 


In (180), the concept of a Generalized n-th Powerset was introduced as an extension of the traditional n-th 
Powerset. Building upon this, we anticipate that applying this framework to the concepts proposed in this 
paper will contribute to further advancements in mathematical structures and their practical applications. For 
readers interested in a detailed understanding of Fuzzy Sets or Neutrosophic Sets, we recommend referring to 


foundational lecture notes or introductory materials (e.g., ). 


Definition 4.130 (Generalized n-th Powerset). [180] Let H be a set or a mathematical structure, and let P(H) 
denote the classical powerset of H. Define the n-th generalized powerset of H, denoted G,,(#), recursively as: 


Gi(H) = G(A), 


Gnii(H) =G(G,(H)) forn > 1, 


where G(#) is a generalized powerset operator that incorporates additional constraints, properties, or structures. 
Examples of G(H) include: 


¢ Labeled subsets: G(H) = {(A, €4) | A C H, €4 € L}, where L is a set of labels. 


© Weighted subsets (562): G(H) = {(A,wa) | A © H,wa € R}, where weights w, are assigned to 
subsets. 


163 


Soft subsets : Let U be a universe and E a set of parameters. A soft subset over U is a pair (F, A), 
where A C E and F : A > P(U). For each e € A, F(e) € U represents the set of elements satisfying 
parameter e. 


Graph subsets: G(H) = {(G, VG, Eg) | Vg € V(A), Eg © E(A)}, where G = (VG, Eg) is a subgraph 
of H. 


Structured subsets: Subsets with internal structures, such as orderings, multisets, or graph-like properties. 


Filtered subsets: Subsets satisfying a predicate P(A), such that G(H) = {A C H | P(A)}. 


Fuzzy subsets : G(A) = {(A, ua) | A S Aypa : A — [0,1]}, where pw, defines the degree of 
membership for each element in A. 


Rough subsets 405): Defined in terms of lower and upper approximations, G(H) = {(A, A, A)|AC 
H}, where: 


A= {x € H| P(x) is definitely true}, A = {x € H | P(x) is possibly true}. 


Neutrosophic subsets : G(A) = {(A, Ta, Ta, Fa) | A S A,Ta, 14, Fa : A — [0, 1]}, where: 
0 < Ta(x) + JA(x) + Fa(x) $3 forallxe€ A, 


and T(x), 14(x), and F'4(x) represent the degrees of truth, indeterminacy, and falsity, respectively. 


Plithogenic subsets : G(A) = {(A, v, Pv, pdf, pCF) | A © H}, where: 


— vis an attribute. 


— Pv is the range of possible values for v. 
-— pdf : Ax Pv — [0, 1]* is the Degree of Appurtenance Function (DAF). 
— pCF: Pvx Pv = [0,1]' is the Degree of Contradiction Function (DCF) satisfying: 


pCF(a,a)=0, pCF(a,b) = pCF(b,a) foralla,be Pv. 


Definition 4.131 (Generalized Non-Empty n-th Powerset). [180] Define the n-th generalized non-empty 
powerset of H, denoted G;,(H), recursively as: 


Gi(H) = G"(H), 


Gri (A) = G*(G,(H)), 


where G*(#) is the non-empty subset operator under the generalized powerset G(H), satisfying G*(H) C 
G(H) \ {9}. 


Theorem 4.132. A Generalized n-th Powerset generalizes a n-th Powerset. 


Proof. It is evident from the definition. oO 


Theorem 4.133. A Generalized n-th Powerset generalizes a classic Powerset. 


Proof. It is evident from the definition. oO 


Theorem 4.134. {/80 The Generalized n-th Powerset can represent the structure of supervertices and 
superedges in an n-SuperHyperGraph. 


Proof. It is evident from the definition. Refer to [180] as needed. Oo 


In this paper, we discussed classical hyperstructures, n-superhyperstructures, and the concepts of generalized 
n-th powersets. To further extend these notions, we now introduce the concepts of Generalized Hyperstructures 
and Generalized n-Superhyperstructures. These frameworks provide an even broader stage for incorporating 
additional attributes, logic, uncertainty, or complexity into the hyperstructural environment. 
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Definition 4.135 (Generalized Hyperstructure). Let H be a set or a mathematical structure, and let G(H) be 
a Generalized Powerset of H, as defined by a chosen operator G that assigns additional structure, such as 
fuzziness, neutrosophic values, weights, parameters, or other internal complexities. 


A Generalized Hyperstructure is a pair: 
G = (G(A),°), 


where: 


* G(H) is a generalized collection of subsets or enriched subsets of H (e.g., fuzzy subsets, neutrosophic 
subsets, weighted subsets, etc.). 


° ©: G(H)xG(H) > P(G(A)) \ {0} is a hyperoperation that takes two elements from G(#) and returns 
a non-empty subset of G(#). 


The conditions for associativity (strict or weak), commutativity, identity, and invertibility can be adapted 
depending on the intended generalization. The key point is that both the underlying domain and the 
hyperoperation are ’ generalized,” potentially carrying additional attributes or logic. 


Definition 4.136 (Generalized n-Superhyperstructure). Let G be a generalized powerset operator, and define: 


Gi(H) =G(A),  Gnsi(H) = G(G,(A)) forn > 1. 


An Generalized n-Superhyperstructure is a pair: 
GWSH,, = (Gn(H),°n), 


where: 


* G,,(H) is the n-th iteration of the generalized powerset operator G applied to H. 


* oy : Gn(A) xX Gn(AH) — P(Gp(A)) \ {0} is a hyperoperation at the n-th level of generalization. 


This structure extends n-superhyperstructures by incorporating additional attributes, such as fuzziness, 
weighting, neutrosophic logic, or plithogenic properties, at each level of iteration. 


Example 4.137 (Example of structures). Below, we present several examples of such structures. 


Generalized Fuzzy Hyperstructures: Let G(H) represent the fuzzy subsets of H. Then a Generalized 
Hyperstructure (G(H),) might have o defined so that the combination of two fuzzy subsets results in a 
set of fuzzy subsets with certain combined membership functions. 


Generalized Neutrosophic Hyperstructures: If G(H) denotes neutrosophic subsets of H, then © combines 
neutrosophic degrees of truth, indeterminacy, and falsity, yielding sets of neutrosophic subsets that 
capture more complex uncertainty at each operation. 


Weighted Generalized Hyperstructures: If G(H) consists of subsets of H with weights or valuations, 
then a Generalized Hyperstructure uses © to combine these valuations in a hyperstructural manner. 


Generalized n-Superhyperstructures: Consider G,,(H) where at the first level we have fuzzy sets, at the 
second level fuzzy sets of fuzzy sets, etc. The complexity grows, and so does the flexibility in modeling 
hierarchical and uncertain systems. 


Theorem 4.138. A Generalized Hyperstructure generalizes a Hyperstructure. 


Proof. A Hyperstructure (5,0) is a special case of a Generalized Hyperstructure (G(H),°) when G(H) = 
Pf (H) (the ordinary powerset) and the hyperoperation © reduces to o. Thus, every hyperstructure is ob- 
tained by choosing a trivial generalization G = #. Hence, Generalized Hyperstructures strictly generalize 
Hyperstructures. Oo 


Theorem 4.139. A Generalized n-Superhyperstructure generalizes a n-Superhyperstructure. 
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Proof. This is evident. Oo 


Theorem 4.140. An n-Superhyperstructure is a special case of a Generalized n-Superhyperstructure. 


Proof. An n-Superhyperstructure (P”(H), x,,) uses the standard powerset operator P. If we choose G = FP as 
the generalized operator, then G,(H) = P"(H). By defining ©, to coincide with *,, we recover the original 
n-Superhyperstructure. Therefore, Generalized n-Superhyperstructures encompass n-Superhyperstructures as 
a special case. oO 


Theorem 4.141. /f the generalized operator G preserves certain algebraic or logical properties (e.g., clo- 
sure under certain operations, monotonicity, or stability under fuzzy intersection/union), then the resulting 
Generalized n-Superhyperstructure inherits similar structural properties. 


Proof. Assume G is defined so that it integrates additional algebraic or logical properties into the subsets of 
H. For example, if G(H) is closed under a particular fuzzy intersection operator and this closure extends to 
G(G(#1)), and so forth. By induction, each G,, (H) is constructed in a manner that preserves these properties at 
each level. Similarly, if >, is defined to respect these properties, the entire Generalized n-Superhyperstructure 
will maintain the desired properties. 


Thus, properties introduced by G are percolated through each iterative application, ensuring the resulting 
structure inherits the aimed attributes. Oo 


Remark 4.142. The author believes that Generalized Hyperstructures and Generalized n-Superhyperstructures 
open a realm of possibilities. Future research in the following areas is highly anticipated. 


¢ Integration with Complex Logics: Incorporating neutrosophic sets, plithogenic sets, or rough sets can 
model complex, uncertain systems. 


* Hierarchical Modeling(cf. [49 ): The n-th order generalization allows multi-layered hierarchical 
modeling, capturing different levels of abstraction. 


* Applications in Decision Making(cf. [292) ), AI, and Data Science (cf. (69]/397]): Handling 


complex attributes (like fuzziness or neutrality) within a hyperstructural framework can enhance decision- 
making models, neural network architectures, or data clustering algorithms. 


¢ Combinational Explosion and Simplification Strategies: While generalization increases expressive 
power, it also increases complexity. Future research might focus on identifying simplifications, canonical 
forms, or embeddings into simpler structures, or establishing equivalences between different generalized 
frameworks. 


4.12 Discussions: Application of Hyperstructures to Social Science and Other Domains 


The concepts of hyperstructures and superhyperstructures can be applied beyond purely mathematical frame- 
works. This subsection explores their application to various concepts across different domains. 


4.12.1 The Relationship Between Hyperstructures and Project Management 


These concepts of Hyperstructure and n-Superhyperstructure can potentially be applied to Social Sciences as 
well. For instance, project management can be mathematically defined, albeit in an unconventional manner. 
Project management can be described as the structured planning, organization, and execution of tasks to 
achieve specific objectives within a defined timeframe and scope [41| 474)5 10). 
Generalized concepts such as program management [293) i 
are also well-known in this context. 


While this approach may seem somewhat unconventional, it is possible to mathematically define these concepts 
and explore their relationships through the lens of Hyperstructures and n-Superhyperstructures. Relevant 
definitions and theorems are presented below. 
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Definition 4.143 (Project Management as a Structure). Consider a non-empty finite set P of tasks (activities) 
that belong to a single project. A Project Structure is defined as a pair (P, *), where: 


1. P is the set of tasks for one project. 


2. * : PX P — Pisa binary operation that composes tasks or results in an aggregated outcome (e.g., 
combining two tasks into a single aggregated deliverable). 


The operation * is assumed to be classical (single-valued). This resembles a classical structure where each 
combination of tasks leads to a unique well-defined next step or integrated deliverable. 


For example, if P = {t1,f2,...,tn}, then (t; x t;) € P is a unique output task from merging or sequencing ¢; 
and f;. 
J 


Definition 4.144 (Program Management as a Hyperstructure). A Program consists of multiple interrelated 
projects. Let P = {P 1, P2,...,Pm} be a collection of project task sets, each with its internal operation x. 
Define a Program Hyperstructure as: 


H = (P,°) 
where o: P XP — P(LU; P;) is a hyperoperation, mapping two project sets to a set of possible combined 
outcomes. Unlike the project-level operation *, the program-level operation © is multi-valued, reflecting the 


fact that combining tasks from different projects can lead to multiple possible integrated outcomes or sets of 
solutions. 


For example, consider two projects P, and P,. The hyperoperation o might produce: 
Pao Py CP(Pa UP»), 
a set of possible integrated workstreams or solution paths, rather than a single unique outcome. 


Definition 4.145 (Portfolio Management as an n-Superhyperstructure). A Portfolio encompasses multiple 
programs and possibly standalone projects, possibly arranged hierarchically. Let Q = {7|,Ho,...,H} bea 
finite set of programs, each a hyperstructure. To represent the complexity of a portfolio, we introduce iterative 
power set constructions leading to an (m, n)-SuperHyperOperation. 


Define: 
Qn = P(A) 
J 


as the n-th iterated powerset (or n-th super-level) of the union of all program task sets. An (m,n)- 
SuperHyperOperation ¢ acts on these n-th level sets: 


©: (Qn)”" > Pr(Qn), 
where f;,(-) denotes an n-th order power set structure that can generate sets of sets of sets, and so forth. 


The resulting structure: 


(Qn, °) 


is an n-Superhyperstructure, reflecting the multi-layered, hierarchical decision-making environment of a port- 
folio. Here, combining multiple programs (each already a hyperstructure) produces a richer, more complex 
structure, allowing multiple possible solutions at various hierarchical levels. 


Theorem 4.146. A program management structure (hyperstructure) generalizes a project management struc- 
ture (classical structure). 


Proof. A project management structure (P, x) involves a single-valued operation on tasks. If we consider 
multiple projects P|, P2,..., Pm and define a hyperoperation o that can produce multiple outcome sets from 
combining these P;, we introduce multi-valuedness. This move from single-valued * to multi-valued o is 
precisely the jump from a structure to a hyperstructure. Thus, a program (with multiple related projects) 
naturally corresponds to a hyperstructure generalization of a single project structure. oO 
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Theorem 4.147. Portfolio management, represented as an n-superhyperstructure, generalizes program man- 
agement (hyperstructure) and project management (structure). 


Proof. A portfolio consists of multiple programs (hyperstructures). Introducing n-th power set constructions 
and n-SuperHyperOperations © on these program sets leads to an n-Superhyperstructure. For n = 1, we have 
a hyperstructure (program level). For n > 1, each iteration introduces additional layers of complexity and 
hierarchy, yielding an n-Superhyperstructure. Therefore, portfolio management, with its hierarchical combi- 
nations of programs and projects, is modeled by an n-Superhyperstructure that generalizes the hyperstructure 
(program) and the structure (project) cases. Oo 


Remark 4.148. The analogy presented is metaphorical: 


¢ Project management deals with a single organized set of tasks and decisions, analogous to a single-valued 
algebraic structure (classical structure). 


¢ Program management deals with multiple projects, introducing branching sets of outcomes and integrated 
decision-making paths, analogous to a hyperstructure with multi-valued operations. 


¢ Portfolio management involves an even higher-order hierarchical system of multiple programs and 
projects, where layering and complexity grows, analogous to an n-superhyperstructure. 


4.12.2 Product Portfolio Management 


Product Management refers to the process of managing individual products throughout their lifecycle, including 


strategy, development, and marketing 452]. Product Portfolio Management is the concept of 
managing overarching collections of products in a unified and strategic manner |109| : 


To formalize these concepts mathematically, we define Product Management (PM) and Product Portfolio 
Management (PPM) as follows. 


Definition 4.149 (Product Management (PM)). Product Management focuses on the management of individual 
products. It is defined as: 
PM = (P, R, M) ? 


where: 


* P={p1,p2,.-.-, Pn} is the set of products. 


¢ RC PX P represents relationships between products, such as complementarity, competition, or depen- 
dency. 


* M: P > R* is a management function that assigns attributes to each product, such as revenue, cost, or 
market share. 


Example 4.150. Consider a company managing two products: a smartphone (1) and a tablet (p2). The 
product set is: 


P = {pi, p2}. 


The relationship R = {(p1, p2)} indicates that the smartphone and tablet are complementary. The management 
function M assigns attributes: 


M(p1) = (100,50), M(p2) = (50, 30), 
where M(p;) represents (revenue, cost) in million USD. 


Definition 4.151 (Product Portfolio Management (PPM)). Product Portfolio Management manages collections 
of products as a whole. It is defined as: 


PPM = (P(P), R’,M’), 


where: 
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* P(P) is the power set of P, representing all possible subsets of products (i.e., product portfolios). 
° R’ C P(P)xP(P) represents relationships between product portfolios, such as competition or synergies. 


* M’: P(P) — R* is a portfolio management function that assigns attributes to portfolios, such as total 
revenue or strategic value. 


Example 4.152. For the product set P = {p1, p2}, the power set is: 


P(P) = {0, {pi}, {pa}. {P1, prt}. 


Atelationship R’ = {({p1}, {p2})} indicates competition between the smartphone portfolio {p;} and the tablet 
portfolio {p2}. The portfolio management function M’ assigns total revenue: 


M'({p1, p2}) = 150 (million USD). 


Definition 4.153 (Product n-SuperHyperPortfolio Management (Product SHPPM,,)). Product n-SuperHyperPortfolio 
Management generalizes Product Portfolio Management to include recursive layers of portfolios. It is defined 
as: 

SHPPMy, = (Pn(P),R™,M™), 


where: 


¢ f,,(P) is the n-th power set of P, recursively defined as: 
P\(P)=P(P), Prsi(P) =P(Px(P)) for k = 1. 
This represents nested collections of portfolios. 


* R') C P,(P) x Pn(P) represents relationships between elements of P,,(P), such as dependencies 
between hierarchical portfolios. 


« M”) : P,(P) — R* is a management function that assigns attributes to elements of P,(P), such as 
aggregated risks or strategic values. 


Example 4.154. Let P = {p1, p2}. The first power set is: 


Pi(P) = {0, {pi}. {p2}, {P1, p2}}.- 


The second power set P2(P) includes subsets of P| (P). A relationship R = {({{pi}, {p2}}, {{p1, p2}})} 
reflects dependencies between portfolios and their sub-portfolios. The management function M7) could assign 
aggregate risks: 

mM) ({{p1},{pa}}) = 0.5, 


where 0.5 represents the aggregated risk of the nested portfolios. 


In this paper, we introduced Project Portfolio Management and Product Portfolio Management. However, it 
is important to note that portfolio management is not limited to projects or products; it is a widely studied 
concept across various contexts. For instance, Active Portfolio Management [83]/84|/201|/212], Agile Portfolio 
Management [298 | , Investment Portfolio Management (42|379}, Business Portfolio Management 
[25]466], Passive Portfolio Management [316]515], and Strategic Portfolio Management are all areas of 
research within this domain. These concepts can also be examined as hyperstructures and superhyperstructures 
using similar methodologies. Further research into these areas is anticipated as needed. 


4.12.3. Programming Function Hyperstructure 


Programming is the process of designing, writing, testing, and maintaining code to create functional software 
applications 257] . A Programming Function is a reusable computational unit in programming, map- 


ping inputs to outputs based on defined operations or logic (cf. |342| ). It can be analyzed using 
hyperstructure and superhyperstructure frameworks. The definitions and related concepts are detailed below. 
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Definition 4.155 (Programming Function Hyperstructure). Let S = {f1, fo,..., fn} be a set of functions 
within a programming context, where each /; represents an individual function or a method. The Programming 
Function Hyperstructure is defined as: 


Hp = (P(S),°), 


where: 


* P(S): The powerset of S, representing all possible subsets of functions, including individual functions 
and their combinations. 


* o: A binary operation defined on subsets of P(S), such as function composition, union, or a custom- 
defined operation specific to the programming framework. 


Example 4.156 (Hyperstructure in Programming). Consider a set of programming functions S = { fi, fo, fs}, 
where: 


¢ fi(x) =x+ 1: A function that increments its input by 1. 
¢ f2(x) = 2x: A function that doubles its input. 


° f3(x) = x?: A function that squares its input. 


The powerset P(S) includes: 
P(S) = {0, {fil {fo}. (Ab tA, fab (A, fh Ch Bb A, fe Aah}. 


Define an operation o as the sequential composition of functions. For example: 


{fir fiot{h} ={hoh. Ke fi}. 


If fi(x) =x + Land f3(x) =x’, then: 
foo fix) = (x4 1’. 


Theorem 4.157. The Programming Function Hyperstructure generalizes function organization in software 
systems, enabling structured analysis of combinations, dependencies, and compositions within codebases. 


Proof. By definition, P (S) provides all possible groupings of functions. The operation o defines interactions 
between these groupings, thereby encapsulating the structural and behavioral complexity of a software system 
in a hyperstructure framework. oO 


Definition 4.158 (Programming Function n-SuperHyperstructure). Let S = { fi, fo,..., fr} be a set of func- 
tions within a programming context. The Programming Function n-SuperHyperstructure is defined as: 


SH = (Pn(S),0™), 


where: 


¢ P,,(S): The n-th powerset of S, defined recursively as: 
Pi(S)=P(S),  Prii(S) =P(Pz(S)) fork > 1. 
This represents all n-level combinations of subsets of S. 


* o(: A generalized n-ary operation defined on P,,(S), such as nested function compositions, unions, or 
other operations specific to the programming framework. 


Example 4.159 (n-SuperHyperstructure in Programming). Let S = { fi, fo, fs}, where: 


* fi(x) =x+ 1: A function that increments its input by 1. 
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* f2(x) = 2x: A function that doubles its input. 


° f3(x) = x?: A function that squares its input. 


The first powerset is: 


P1(S) =P(S) = {0, {fi}. {fa}. (Ah. (A. fal. (A. Ab {h AL ff. hf, At}- 


The second powerset P2(S) is the powerset of P; (S$), containing all subsets of P; (S). 


Define o'?) as the nested composition of subsets of functions. For instance: 


{{fi}. {Al} 0? (A) = (hh ° fil. {fo A}. 


If fi(x) =x +1 and f(x) = x’, then: 
fro fila) = (et )* 


Similarly, P3(S) extends this to a third level, where operations are defined on subsets of P2(S). 


Theorem 4.160. The n-SuperHyperstructure provides a hierarchical framework for analyzing multi-level 
relationships and operations within programming function systems. 


Proof. By recursively constructing ;,(), the n-SuperHyperstructure models higher-order dependencies and 
combinations of functions. The operation o”) enables analysis and optimization at each hierarchical level, 
making it a powerful tool for understanding complex program structures. oO 


4.12.4 Software Framework Ecosystem 


To enhance the efficiency of programming and development, numerous programming libraries and software 


frameworks have been introduced (e.g. 401]). This section attempts to represent these 


concepts using hyperstructure and superhyperstructure frameworks and mathematically define the Software 
Framework Ecosystem. It is important to note that this definition is conceptual and may be refined further, as 
more comprehensive definitions could emerge in the future. 


Definition 4.161 (Programming Library as a Structure). A Programming Library is a reusable collection of 
functions and routines designed to perform specific tasks in a programming environment. Formally, a library 
can be defined as: 


£=(L,°), 


where: 


* L={fi, fo,..-, fn}: A set of functions or routines provided by the library. 
¢ o: An operation that combines or sequences functions within the library, such as function composition. 


Example 4.162. Consider NumPy [229 , a Python library for numerical computations. The functions 
L = {dot,sum, mean} represent specific tasks like matrix multiplication, summation, and averaging. The 
operation o combines these functions, for example: 


result = mean(sum(dot(A, B))), 


where A and B are input matrices. 


Definition 4.163 (Programming Framework as a Hyperstructure). A Programming Framework is a structured 
environment that integrates multiple libraries and defines their interactions to support the development of 


complex systems (cf. ). It can be represented as: 
F =(P(L),°), 


where: 
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¢ P(L): The powerset of libraries L = {L1, Lo,..., Lm}, where each L; is a programming library. 


e o: A hyperoperation that models the interaction or data flow between libraries, such as API calls or 
dependency relationships. 


Theorem 4.164. A Programming Framework possesses the structure of a hyperstructure. 


Proof. This follows directly from the definition. Oo 


Example 4.165. The Django framework (cf. [161) ) integrates libraries for handling requests, databases, 
and templates: 
L = {views.py, models.py, templates/}. 


The operation o models their interaction, such as routing user requests (views. py) to database operations 
(models .py) and rendering templates (templates/). 


Definition 4.166 (Framework Ecosystem as a Superhyperstructure). A Framework Ecosystem (cf. (2) isa 
higher-order system composed of multiple frameworks interacting in a hierarchical or networked structure. It 
is formally defined as: 


SF = (Pn(F), 9°), 


where: 


* P,(F): The n-th powerset of frameworks F = {f1, ¥2,...,Fp}, capturing higher-level relationships 
between frameworks. 


¢ o: A superhyperoperation that models interactions, such as API integration, data exchange, or orchestra- 
tion between frameworks. 


Theorem 4.167. A Framework Ecosystem possesses the structure of a superhyperstructure. 


Proof. This follows directly from the definition. Oo 


Example 4.168. A full-stack web application (cf. ) combines Django (backend) and React (frontend) 
[149]: 
F= {F Django: FReact }- 


The interaction o is modeled as API calls, such as Django exposing REST endpoints consumed by React. The 
ecosystem is represented as: 


SF _ (Prl(F), °), 


where multiple frameworks interact to build a cohesive application. 


4.12.5 Educational Curriculum and Courses 


Educational Curriculum is a structured framework outlining courses, subjects, and learning objectives to guide 
and assess educational progress [/217| 329]. Educational Curriculum and Courses are examined using 
hyperstructure and superhyperstructure frameworks. 


Definition 4.169 (Structure: Individual Course or Subject). A course C is modeled as a tuple: 
Cc = (T, P, O), 


where: 


¢ T: The title of the course (e.g., °>Mathematics 101’). 
e P: Prerequisites for the course. 


¢ O: Learning outcomes or objectives. 
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Definition 4.170 (Hyperstructure: Course Collection and Relationships). The curriculum, representing courses 
and their interrelations, is defined as a hyperstructure: 


Hc = (P(C),9), 


where: 


¢ P(C): The powerset of all courses. 
* o: Operations modeling relationships such as prerequisites, co-requisites, or course progression paths. 


Definition 4.171 (Superhyperstructure: Hierarchical Course Organization). The curriculum extended across 
programs or institutions is represented as: 


SHE = (Pn(C),°), 


where: 


* P,,(C): The n-th powerset of courses, capturing nested structures (e.g., programs, institutions). 


* o: Operations modeling collaborative or hierarchical relationships among courses. 


4.12.6 Products and Components 


Products and Components are analyzed and extended using hyperstructure and superhyperstructure frameworks. 
Definition 4.172 (Structure: Individual Product or Component). A component P is defined as: 
P = UD, F, C), 


where: 


¢ ID: A unique identifier for the component (e.g., Engine”). 
e F: A set of features or specifications. 
¢ C: Constraints such as compatibility or size. 


Definition 4.173 (Hyperstructure: Component Collection and Interactions). The system of components is 
represented as: 


Hp = (P(P),°), 


where: 


* P(P): The powerset of components. 
* o: Operations describing assembly rules or interactions between components. 


Definition 4.174 (Superhyperstructure: Hierarchical Component Organization). A nested system of products 
and subsystems is represented as: 


SH > = (Pn(P),°), 


where: 
* P,(P): The n-th powerset of components, capturing nested subsystems or inter-product (cf. [579]) 


shared components. 


* o: Operations describing hierarchical dependencies across products. 
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4.12.7 Economic Systems and Transactions 


Economic Systems are frameworks for organizing production, distribution, and consumption of goods and 


services, encompassing resources, institutions, and interactions [163 . This concept is ex- 


tended using hyperstructure and superhyperstructure to model complex economic relationships and hierarchical 
interactions. 


Definition 4.175 (Structure: Individual Transaction). A transaction T is modeled as: 
T = (A, B, X, P), 


where: 


e A: Buyer. 


B: Seller. 
e X: Item or service exchanged. 
e P: Price or value. 


Example 4.176 (Structure: Individual Transaction). An individual economic transaction T can be modeled as: 
T = (A, B, X, P), 


where: 


e A: The buyer involved in the transaction. 


B: The seller providing goods or services. 
¢ X: The item or service exchanged in the transaction. 


e P: The price or value assigned to the transaction. 


For instance, consider a transaction where a consumer buys a book from a bookstore for $20. Here, A is the 
consumer, B is the bookstore, X is the book, and P = 20. 


Definition 4.177 (Hyperstructure: Transaction Collection and Dependencies). The market, representing all 
transactions and their interdependencies, is defined as: 


Hr = (P(T),°), 


where: 


¢ P(T): The powerset of transactions. 
* o: Operations describing dependencies such as supply-demand relationships or price dynamics. 


Example 4.178 (Hyperstructure: Transaction Collection and Dependencies). The market, encompassing all 
transactions and their interdependencies, can be represented as a hyperstructure: 


Hr = (P(T),°), 


where: 
¢ P(T): The powerset of transactions T, representing all subsets of transactions in the market. 


* o: Operations that describe dependencies such as supply-demand relationships, price adjustments, or the 
impact of one transaction on another. 
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Consider a specific example in the retail market. Suppose T includes transactions such as: 
T = {T, Tr, Ts}, 


where: 


¢ T,: Customer purchases a smartphone. 
¢ T>: Retailer orders new stock of smartphones from a supplier. 


¢ T3: Supplier orders components from a chip manufacturer. 


The powerset P(T) represents all combinations of these transactions, such as {7|, 7}, indicating that customer 
demand leads the retailer to order new stock. 


An operation o could represent the dependency: 
T, ° T) = Increased stock order due to customer purchases. 


Similarly: 
T, o T3 = Supplier increases chip orders due to retailer’s demand. 


This hyperstructure captures how a single customer purchase propagates through the supply chain, influencing 
subsequent transactions. 


Definition 4.179 (Superhyperstructure: Hierarchical Market Interactions). The global economic system [545| 
is represented as: 


SH? = (Pn(T),°); 


where: 


¢ P,(T): The n-th powerset of transactions, modeling interactions across markets or economies. 
* o: Operations capturing inter-market dynamics or global supply chains. 


Example 4.180 (Superhyperstructure: Hierarchical Market Interactions). The global economic system, cap- 
turing hierarchical interactions across markets or economies, is represented as a superhyperstructure: 


SH7T = (Pr(T),°), 
where: 


* f,(T): The n-th powerset of transactions, representing interactions across multiple levels, such as 
regional, national, and global markets. 


* o: Operations that capture inter-market dynamics, global supply chains, or international trade relations. 


For example, consider T containing transactions at different levels: 
T = {T,, 1,73, Ts}, 


where: 


¢ T,: Local farmer sells produce to a regional distributor. 
¢ J): Distributor sells produce to a national retailer. 
¢ 73: Retailer exports produce to an international market. 


¢ Ty: International market supplies value-added goods back to the retailer. 
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The n-th powerset ?,,(T) represents combinations such as: 


P2(T) = {{T, Ty}, {T3, Ty}, {T, T3, Ty}}. 


An operation o could model how these interactions influence global trade: 


{T,, T2} 0 {T3, T4} = Price adjustments based on export-import balance. 


This superhyperstructure describes how local economic activities (e.g., farming) cascade into regional and 
global economic systems, illustrating complex market hierarchies. 


4.12.8 Musical Patterns and Relationships 


This subsection explores the representation of Musical Patterns and Relationships using hyperstructures and 
superhyperstructures. 


Definition 4.181 (Structure: Individual Note or Phrase). A note or phrase M is modeled as: 
M=(N,D,1), 


where: 


¢ N: The pitch or note (e.g., "C4’) (cf. 238) ). 
¢ D: Duration (e.g., *quarter note’) (cf. [519]). 
e I: Intensity (e.g., ’forte’). 


Definition 4.182 (Hyperstructure: Musical Patterns and Relationships). A musical composition is represented 
as: 


Hm = (P(M),°), 


where: 


* P(M): The powerset of notes or phrases. 
* o: Operations describing relationships such as harmony, rhythm, or counterpoint. 


Example 4.183 (Hyperstructure: Musical Patterns and Relationships). A musical composition (cf. ) 
consisting of patterns and relationships between notes is modeled as: 


Hm = (P(M),°), 
where: 
* P(M): The powerset of notes M, representing all possible combinations of notes or phrases. 
* o: Operations that define relationships between notes, such as harmonic progression, rhythmic patterns, 
or melodic counterpoint. 


For example: 


¢ Let M = {C4 quarter forte”, ””E4 quarter piano”, G4 half mezzo-forte’’}. 


¢ The powerset P (M) includes subsets such as {”C4 quarter forte”} or {”C4 quarter forte”, "E4 quarter piano”’}. 
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¢ An operation o could represent harmony, e.g., 


{”C4 quarter forte”, ’E4 quarter piano”} o {”G4 half mezzo-forte”} = C-major chord. 


Definition 4.184 (Superhyperstructure: Hierarchical Music Organization). A complex musical piece with 
nested arrangements is defined as: 


SH iy = (Pn(M), ©), 


where: 


* P,(M): The n-th powerset of notes, capturing sections (e.g., phrases — movements — orchestration). 
* o: Operations modeling interdependencies between movements or instruments. 


Example 4.185 (Superhyperstructure: Hierarchical Music Organization). A symphony with multiple move- 
ments (cf. |374]) and nested arrangements is modeled as: 


SH - (Pn(M), °), 


where: 


* P,,(M): The n-th powerset of notes M, capturing hierarchical structures such as phrases, movements, 
and orchestration. 


* o: Operations modeling dependencies, e.g., how phrases within movements interact or how instrument 
sections collaborate. 


For example: 


¢ M: Individual notes from a violin section, e.g., {’C4”, "E4”, "G4”}. 

* P,(M): Represents phrases in the violin section. 

* P2(M): Represents the interaction of violin phrases with cello phrases. 
e o: Describes interdependencies, e.g., 


(P(Violin)) o (P;(Cello)) = String harmony. 


This framework can capture complex orchestral compositions, such as how a flute melody in one movement 
transitions into a violin counterpoint in another. 


4.12.9 Company’s Organizational Structure 


Organizational structure has been widely discussed in various contexts (cf. 
). For example, a company’s organizational structure [256] can be effectively represented using 


a superhyperstructure. Here, divisions (departments or business units [214 ) are considered as nodes in a 
hierarchical framework, with each layer introducing new complexities, dependencies, and relationships. 


Definition 4.186 (Division Structure). (cf. [327}) Let D = {d1,d2,..., dn} represent the set of all divisions in 
the company. Each division may have sub-divisions, forming a hierarchical dependency structure. 


Definition 4.187 (Relations and Constraints). Define R C D x D, where (d;, d;) € R indicates that d; depends 
on d; (e.g., for resources, deliverables, or strategy alignment). 


Definition 4.188 (Hyperstructure for Interactions). A hyperstructure is defined to capture multiple interactions, 
such as resource sharing across divisions: 


H(D) ={H|HCD,|H| > 1}, 


where H represents a subset of divisions collaborating on a common objective. 
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Theorem 4.189. The hierarchical structure of a company’s divisions can be represented as an-superhyperstructure. 


Proof. 1. Base Case (n = 1): At the first level, the company’s divisions form a hyperstructure H{(D), 
where subsets H C D represent interacting divisions. 


2. Induction Hypothesis: Assume that for k, the structure up to k-th level can be represented as Px (D), 
capturing dependencies among divisions and sub-divisions recursively. 


3. Induction Step (n = k +1): At the k + 1-th level, meta-interactions (e.g., global strategy alignment across 
divisions) introduce dependencies among subsets of subsets, formalized by Px4;(D). 


Thus, by induction, the company’s structure can be fully captured as a n-superhyperstructure. oO 


Example 4.190. Consider the hierarchical structure of a multinational corporation: 


¢ Level n = 1: Divisions. Divisions are grouped by function: 


D = {Marketing, Sales, Engineering, Operations}. 


¢ Level n =2: Interactions Between Subgroups. Interactions between divisions can be represented as: 


P2(D) = {{Marketing, Sales}, {Engineering, Operations}}. 


¢ Level n = 3: Global Coordination. Coordination between interaction groups can be expressed as: 


P3(D) = {{{Marketing, Sales}, {Engineering, Operations}}}. 


¢ Level n = 4: Corporate Strategy. Top-level dependencies are captured, aligning global resources and 
strategy. 


From the above discussion, the Organizational SuperHyperstructure can be mathematically defined as follows. 


Definition 4.191 (Organizational SuperHyperstructure with Superedges). An Organizational SuperHyper- 
structure is a hierarchical framework representing a company’s organizational structure, defined as a tuple: 


O = (L,N,S), 


where: 


° L = {L,,Lo,..., Ly} represents the hierarchical levels of the organization, with L; being the top level 
(e.g., executive board) and L, the lowest level (e.g., operational teams). 


«N= WA N;, where N; is the set of nodes (departments, divisions, teams, or individuals) at level L;. 


© S = {S,,So,...,Sm} represents the set of superedges. Each superedge connects a subset of nodes from 
potentially multiple levels, forming a multi-layered relationship or dependency. 


Each node N é€ N; may have attributes or roles A(N) = {a1, a2,...,ax}, capturing its functions or responsi- 
bilities. Each superedge S € S can be represented as: 


scl Pm) 
i=l 


where ?’"(N;) denotes the m-th power set of nodes at level L;, allowing for multi-layer and multi-node 
connections. 


A SuperHyperstructure emerges when L, N, or S incorporate the following: 
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¢ Nested Relationships: Recursive dependencies where higher-level decisions affect lower-level actions. 


¢ Plithogenic Attributes: Overlapping or conflicting roles of nodes, modeled with fuzzy or neutrosophic 
sets. 


¢ Superedges: Higher-dimensional relationships that span multiple levels or subsets of nodes, enabling 
intricate collaborations and dependencies. 


Example 4.192 (Organizational SuperHyperstructure with Superedges). Consider a multinational corporation 
structured as follows: 


e At L; (Executive Level): The board of directors sets global strategies, such as sustainability goals or 
profit targets. 


¢ At Lo (Regional Level): Regional managers adapt these strategies to local markets, allocating resources 
based on regional needs. 


¢ At L3 (Department Level): Departments like marketing, R&D, and logistics create localized plans. 


e At L4 (Team Level): Teams execute specific tasks, such as running ad campaigns or managing inventory. 
Superedges in this structure: 


¢ A superedge at S; connects (L,, L3), representing the direct influence of executive decisions on depart- 
mental goals. 


¢ A superedge at Sz spans (Lo, L4), capturing the flow of resource allocation from regional managers to 
operational teams. 


¢ A multi-level superedge at $3 includes nodes from (Lj, L2, L3), describing collaborative efforts across 
global, regional, and departmental levels for a sustainability initiative. 


These superedges enable the representation of intricate, multi-layered relationships within the company, sup- 
porting advanced analysis of organizational dependencies and strategies. 


The above concept can be applied to various frameworks, such as government structures (Government Man- 


agement) [361! , legal structures [144], product management (81}[1 16}, software structures [}153}|414], 
and school structures (School Management) . The author hopes that future research will further 


explore the application of these concepts across various fields. 


4.13 Discussions: HyperGame Theory 


Game Theory is a mathematical framework for analyzing strategic interactions among rational decision-makers 
in competitive or cooperative scenarios [50) [368|[377|389]. An extension of this, HyperGame Theory, 
has been recently defined 303|529|583]. HyperGame Theory can, in certain respects, be viewed as 
possessing the structure of a Hyperstructure. Furthermore, a more generalized concept, the superhypergame, 
is defined as follows. Future research on these topics is expected to advance further. 


Definition 4.193 (Game). (cf. 141) ) A Game is a formal model of strategic interaction among a finite set 
of players N = {1,2,...,n}. It is defined as: 


G =(N,S,U), 
where: 
¢ N is the set of players. 
e S={S,,S,...,S,} is the set of strategy spaces, where S; is the set of strategies available to player 7. 
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© U={U,, U2,...,Un} is the set of utility functions, where U; : S; x Sz X--- X S, — Rassigns a payoff 
to player 7 for each strategy profile (51, 52,..., Sn). 


Example 4.194 (Battle of the Sexes). Consider two players N = {1,2} with the following scenario: 


¢ S$; = S» = {Opera (O), Football (F)}, where player 1 prefers Opera and player 2 prefers Football. 


¢ The payoff matrix is as follows: 


Oo | F 
O | (2,1) | (0,0) 
F | (0,0) | (1,2) 


In this game, both players aim to coordinate but have conflicting preferences, leading to two pure strategy Nash 
equilibria: (O, O) and (F, F). 


Definition 4.195 (HyperGame). (cf. (56) A HyperGame generalizes a game to account for players’ differing 
perceptions of the game structure, strategies, or payoffs. It is defined as: 


H = {G,, Go, see »Gy}, 


where: 


* G; = (N,5S;, U;) is the perceived game of player i, where: 


— S; = {Si1, Si2,..., Sin} is the set of strategies as perceived by i. 
- U; = {Uji1, Vin, ..., Uin} is the set of utility functions as perceived by i. 


Example 4.196 (Perceived Asymmetric Payoffs). Suppose two players N = {1,2} face a situation where their 
perceptions of the game differ: 


¢ Player | perceives the game G, as: 


O F 

G,= O| (2,1) | (0,0) 

F | (0,0) | (1,2) 

¢ Player 2 perceives the game G2 differently, assuming Player | values coordination more than their own 
preference: 

O F 

G2= (3,3) | (0,0) 

F | (0,0) | (1,2) 


Here, Player 1’s actual preference differs from Player 2’s perception, illustrating a HyperGame. 


Theorem 4.197. A HyperGame H = {G,, G2,...,Gn}, where G; = (N,S;, U;) represents the game perceived 
by player i, is a generalization of a classical Game G = (N,S,U). 


Proof. To demonstrate this theorem, it is necessary to show that any classical Game G can be represented as a 
special case of a HyperGame H where all players share the same perception of the game. 


First, consider the structure of a classical Game G. It is defined as a tuple G = (N,S,U), where N = 
{1,2,...,n} is the set of players, S = {8 ,, S2,...,S,} is the set of strategy spaces, and U = {U;, U2,...,Un} 
is the set of utility functions. In a classical Game, it is assumed that all players have a common and complete 
understanding of the game, meaning that S; = S and U; = U for all players i € N. 


Now consider the structure of a HyperGame H. A HyperGame is defined as H = {G1,G2,...,Gy}, where 


each G; = (N, S;, U;) represents the game as perceived by player i. Here, S; = {S;1, Si2,..., Sin} is the set of 
strategies as perceived by player i, and U; = {Uj1, Uj2,..., Uin} is the set of utility functions as perceived by 
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player i. The key difference between a classical Game and a HyperGame lies in the fact that the perceptions of 
the game can vary across players in a HyperGame. 


If all players in a HyperGame share identical perceptions of the game, it follows that for all i ¢ N, S; = S and 
U; = U. In this scenario, the perceived games G; are identical for all players. Consequently, the HyperGame 
H simplifies to H = {G,G,...,G}, which is equivalent to H = {G}. This demonstrates that a classical Game 
G is a special case of a HyperGame H where there are no differences in players’ perceptions. 


In a more general HyperGame, S$; and U; can vary between players, allowing for the modeling of scenar- 
ios involving incomplete information, misperceptions, or asymmetric knowledge among the players. These 
characteristics extend the applicability of HyperGame beyond that of classical Game theory. 


Since any classical Game G can be expressed as a specific instance of a HyperGame H, where all players have 
identical perceptions, it is clear that a HyperGame generalizes the concept of a classical Game. oO 


Theorem 4.198. A HyperGame H = {G,, G2,..., Gy}, where each G; = (N, S;, U;) represents the perceived 
game of player i, possesses the mathematical structure of a Hyperstructure. 


Proof. To prove this, we verify that a HyperGame satisfies the formal definition of a Hyperstructure, which is 
given as: 


H = (P(S),°), 


where #(S) is the powerset of a base set S, and o is an operation defined on elements of P(S). 


Let S = Uj, S; be the union of all strategy spaces S; perceived by players i € N. Since P(S) is the set of all 
subsets of S, it includes every subset of the strategies available in the HyperGame. 


The perceived games G; are defined by subsets of P(S), specifically S; € S, and thus H = {G,,G2,...,Gn} 
naturally resides within P(S). This satisfies the requirement that the HyperGame is built on the powerset of a 
base set. 


In the context of a HyperGame, the operation o represents the combination of strategy profiles across players’ 
perceptions. Formally, o is a mapping: 


0: P(S1) x P(S2) > P(S), 


where 0(A, B) = {(a,b) |a € A,b € B}, and A C S;,B C S. This operation is closed within P (S$) because 
any combination of subsets A, B from P(S$) produces another subset of S. 


To verify that o satisfies the requirements of a Hyperstructure: 
¢ Closure: For any A, B € P(S), o(A, B) € P(S), since the Cartesian product of subsets is also a subset 
of P(S). 
¢ Associativity: For A,B,C € P(S), 
0(0(A, B),C) = ofA, 0(B, C)), 
which holds because the Cartesian product operation is associative. 
* Identity: The empty set 0 € P(S) serves as an identity element: 
0(A,0)=A, 0(0,B) = B. 
The HyperGame H = {G,,G2,...,G,} is formed by the interaction of players’ perceptions, where each 


G; = (N, S;, U;) is based on subsets of P(S). The operation o combines strategy spaces S; across perceptions, 
ensuring that H satisfies the recursive structure of a Hyperstructure. 


Since the HyperGame #1 satisfies the powerset-based structure, supports a closed operation o, and adheres to 
the properties of closure, associativity, and identity, we conclude that: 


H possesses the structure of a Hyperstructure. 
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Definition 4.199 (n-SuperHyperGame). An n-SuperHyperGame extends a HyperGame by including recursive 
levels of perception, where each player perceives other players’ perceptions up to n-levels. It is defined as: 


SHy = {M, Ho,..., Hn}, 


where: 


© Ay = {Gix, Gox,..., Gnx} is the k-th level HyperGame, representing each player’s k-th level perception. 
© Giz = (N, Six, Uix), where: 


— Sj, is the strategy space at level k as perceived by player i. 


— Uj, is the utility function at level k as perceived by player 7. 


Example 4.200 (Two-level SuperHyperGame: Battle of Misaligned Beliefs). Consider N = {1,2}, where at 
level 1: 


¢ Player | perceives G, as: 


O F 
O | (2,1) | (0,0) 
F | (0,0) | (1,2) 
¢ Player 2 perceives G2 as: 
O F 
O | (3,3) | (0,0) 
F | (0,0) | (1,2) 


At level 2: 


¢ Player | believes Player 2’s perception is Go. 


¢ Player 2 believes Player 1’s perception is G1. 


Thus, the 2-SuperHyperGame is represented as: 
SH = {{G1, G2}, {Gi, Go}}. 
This recursive structure highlights the complexity introduced by differing beliefs about perceptions. 


Theorem 4.201. An n-SuperHyperGame generalizes a HyperGame. 


Proof. This is evident. The proof follows the same reasoning as in the case of a HyperGame. Oo 


Theorem 4.202. An n-SuperHyperGame possesses the structure of a superhyperstructure. 


Proof. This is evident. The proof follows the same reasoning as in the case of a HyperGame. oO 
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4.14 Discussions: Hyperdecision-making 


Decision-making is the process of selecting the best option from alternatives based on criteria, constraints, 


and desired outcomes (cf. 509|/544]). Related theories, such as Social Choice Theory 


465], are also well-known and have been extensively studied, similar to Decision-making. 
This concept is extended using Hyperstructures and Superhyperstructures, which allow for the representation 


of decision-making frameworks where higher-level or preceding decisions influence lower-level or subsequent 
decisions. 


Definition 4.203 (Decision-Making). (cf. 544]) Decision-making is the process of 


selecting an optimal choice from a set of alternatives A = {a,,a2,...,a,} under given constraints C = 
{C1,C€2,..-,€m} and criteria K = {k,,kz,...,k,}. Formally, it can be represented as: 


a” = argmax U(a,C,K), 
acA 
where U : AXC XK — Risa utility function quantifying the desirability of each alternative a given the 
constraints and criteria. 


Example 4.204 (Personal Investment Decision). (cf. ) A person decides how to allocate an amount J 
among 7 investment options A = {a1,d2,...,a,}, suchas stocks, bonds, or savings accounts. The constraints 
include: 


e¢ A maximum risk tolerance c;: Risk(a;) < c, for all i. 


¢ A minimum liquidity requirement cz: Liquidity(a;) > c2. 


The criteria involve maximizing expected returns: 


a* = arg max E[Returns(a)]. 
age 


Definition 4.205 (Hyperdecision-making). Hyperdecision-making refers to a decision-making process where 
individuals or systems face an overabundance of choices or alternatives, often characterized by high-dimensional 
relationships or dependencies. It incorporates: 


* Choice Overload: Situations with an excessive number of options, leading to decision fatigue or cognitive 
overload. 


¢ Hyperstructures: Multi-layered structures such as hypergraphs, representing complex interdependencies 
between options. 


Example 4.206. Consider an online shopping platform like Amazon. Searching for /aptops may yield thousands 
of options varying in brand, specifications, price, and user ratings. Each laptop has dependencies such as 
compatibility with accessories or warranties, creating a high-dimensional decision space. 


Theorem 4.207. Hyperdecision-making possesses the structure of a Hyperstructure. 


Proof. This follows directly from the definition. oO 


Theorem 4.208. Hyperdecision-making generalizes classical decision-making by extending the choice space 
A, constraints C, and criteria K into hyperstructures, thereby accommodating multi-layered interdependencies 
and complex relationships. 


Proof. Classical decision-making operates over a finite set of alternatives A, constraints C, and criteria K, with 
decisions determined by: 
a” = argmax U(a,C,K), 
acA 


where 1H is a utility function. 
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Hyperdecision-making generalizes this by replacing A, C, and K with hyperstructures: 
H(A) =P,(A), H(C), H(K), 
and a utility function Uy : H(A) x H(C) x H(K) OR. 
When H(A) = A, H(C) = C, and H(K) = K, hyperdecision-making reduces to classical decision-making. 


Therefore, hyperdecision-making generalizes classical decision-making by incorporating higher-dimensional 
structures and relationships. oO 


Definition 4.209 (Superhyperdecision-making). Superhyperdecision-making is an extension of Hyperdecision- 
making, involving multi-level hierarchical decision frameworks where decisions span across recursive or nested 
(n-Superhyperstructures). It integrates: 


¢ n-Superhyperstructures: Iterated, hierarchical decision spaces where each layer introduces new dimen- 
sions of complexity. 


* Context Adaptation: Dynamic decision-making influenced by factors at multiple hierarchical levels. 


Example 4.210 (n-SuperHyperDecision-Making in Global Climate Governance). Global climate governance 
(cf. |552]) exemplifies a multi-level hierarchical decision-making process, where decisions at higher levels 
influence those at lower levels, as characteristic of n-SuperHyperDecision-Making: 


¢ Level n = 3 (Global Coordination): International organizations, such as the United Nations Framework 
Convention on Climate Change (UNFCCC) [424], define global strategies, including: 
— Setting emission reduction targets. 
— Creating global carbon markets. 


— Negotiating international agreements. 
These decisions are shaped by: 


— Neutrosophic uncertainties about future climate projections. 
— Plithogenic constraints balancing economic disparities among nations. 
— The dynamic evolution of global consensus. 
¢ Level n = 2 (National Implementation): National governments adapt global strategies to their specific 
contexts by implementing measures such as: 
— Carbon taxes. 
— Renewable energy subsidies. 


— Reforestation programs. 
This level involves: 


— Weighted criteria, such as cost-effectiveness, political feasibility, and public acceptance. 
— Interdependencies between measures (e.g., subsidies influencing carbon tax effectiveness). 


— Dynamic constraints, such as changing energy demands and resource availability. 


¢ Level n = 1 (Regional Execution): Regional or local governments implement specific initiatives, includ- 
ing: 


— Constructing solar farms. 


— Introducing electric vehicle incentives. 


— Managing forest conservation projects. 


Decision-making at this level integrates: 
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— Fuzzy criteria to handle factors like population density, resource accessibility, and local economic 
conditions. 


— Feedback adjustments based on community input or ecological monitoring. 


¢ Level n = 0 (Local Actions): At the most granular level, individual or community-based efforts opera- 
tionalize strategies, such as: 


— Installing solar panels on residential properties. 
— Organizing local climate education programs. 


— Conducting tree planting drives. 


These actions focus on optimizing immediate impact through practical and accessible implementations, 
guided by constraints such as budget limits and volunteer availability. 


Dynamic Hierarchical Feedback: Information flows bidirectionally across all levels. For example: 


¢ Evolving global scientific insights at n = 3 may necessitate policy adjustments cascading down to n = 2, 
n=1l,andn=0. 


¢ Feedback from local actions (n = 0) informs regional (7 = 1) and national (n = 2) strategies, potentially 
influencing global priorities (n = 3). 


This scenario exemplifies n-SuperHyperDecision-Making because: 


¢ It spans four hierarchical levels (n = 3 to n = 0), each embedding decision complexity and interdepen- 
dencies. 


¢ Higher-level decisions impose constraints on lower levels, while lower-level feedback informs higher-level 
adaptations. 


¢ The process integrates neutrosophic, plithogenic, and fuzzy approaches to manage uncertainties and 
support dynamic adaptation. 


Achieving coherent and effective global climate governance requires integrating these multi-layered decisions 
into a unified n-SuperHyperstructure. 


Theorem 4.211. SuperHyperdecision-making inherently possesses the structure of a SuperHyperstructure. 


Proof. This result follows directly from the definition. oO 


Theorem 4.212. Every instance of Superhyperdecision-making encapsulates at least one layer of Hyperdecision- 
making, but not all Hyperdecision-making scenarios generalize to Superhyperdecision-making. 


Proof. 1. Base Case: Hyperdecision-making operates within a hypergraph structure, where nodes rep- 
resent choices, and hyperedges represent relationships or dependencies. This corresponds to n = 1- 
Superhyperstructures. 


2. Induction Hypothesis: Assume that k-Superhyperdecision-making involves k-Superhyperstructures with 
hierarchical and recursive dependencies. 


3. Induction Step: Adding another layer k + 1 introduces meta-decisions (e.g., weighting criteria dynami- 
cally), generalizing the decision space to k + 1-Superhyperstructures. 


Thus, n-Superhyperdecision-making generalizes Hyperdecision-making for n > 1. oO 
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Theorem 4.213 (Hierarchical Reduction in n-Superhyperdecision-making). In n-Superhyperdecision-making, 
achieving a final decision necessarily involves sequential reduction from the highest hierarchical level n to the 
base level n = 0, such that: 


n 
Final Decision = LJ Optimal Choices at Level k. 
k=0 


Each reduction step k — k — 1 resolves dependencies and constraints imposed by the higher levels, ensuring 
consistency across all levels. 


Proof. The theorem follows from the following steps: 


1. Base Case (n = 0): At the base level, decisions are made within a single hyperstructure, involving only 
direct choices and constraints. No higher-level adjustments are necessary, as this is the foundational 
layer. 


2. Induction Hypothesis: Assume that for a given k = n, decisions at this level depend on the results from 
n+ 1, and resolving n + | ensures consistency across levels. 


3. Induction Step: At n = k + 1, meta-decisions are made that introduce constraints and dependencies for 
n=k. By sequentially reducing from k + 1 to k, decisions at k are adapted based on results from k + 1, 
ensuring coherent propagation to k — 1. 


Therefore, by induction, the final decision process necessarily involves reduction from n to 0, integrating and 
aligning decisions across all hierarchical levels. oO 


Example 4.214 (Multi-level Corporate Strategy (Superhyperdecision-making)). Corporate strategy involves 
defining an organization’s long-term goals, resource allocation, and competitive positioning to maximize 
overall value and growth (cf. [[160|{268]/445]). In a multinational corporation, the decision-making process 
spans multiple hierarchical levels: 


¢ Atn = 4 (Global Strategy): The global board establishes overarching strategic objectives, such as 
sustainability, profitability, and global market share. These objectives set the foundation for all subsequent 
decisions across the organization. 


¢ Atn = 3 (Regional Alignment): Regional divisions translate global goals into region-specific strategies. 
For example, they might prioritize market entry into emerging economies or adapt sustainability goals to 
regional regulations. Dependencies include aligning with global targets while accommodating regional 
constraints. 


¢ Atn = 2 (Departmental Action Plans): Departments within regional divisions, such as sales, R&D, and 
operations, develop detailed plans tailored to local markets. Examples include launching region-specific 
products, conducting localized marketing campaigns, or optimizing supply chain logistics. 


¢ Atn = 1 (Team Execution): Teams implement specific tasks, such as conducting customer outreach, 
deploying advertising campaigns, or rolling out new product lines. Execution at this level requires precise 
coordination to meet departmental goals and regional strategies while adhering to global objectives. 


¢ At n = 0 (Task-Level Implementation): Individual contributors complete granular tasks essential for 
achieving team objectives. For instance, tasks might include designing marketing materials, coding 
software features, or negotiating supplier contracts. Decisions at this level are directly influenced by 
higher-level directives and are vital for overall coherence. 


Hierarchical Dependency and Feedback: At each level, dependencies from higher levels must be resolved 
before progressing to the next. Feedback loops between levels ensure adaptability; for instance: 


* Insights from n = 0 (e.g., task-level delays or resource shortages) inform adjustments at higher levels. 
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¢ Shifts in global priorities at n = 4 cascade down to influence decisions at all lower levels. 


This hierarchical structure exemplifies n-Superhyperdecision-making by integrating global objectives with 
operational execution, ensuring consistency, adaptability, and alignment across all organizational levels. 


Example 4.215 (Disaster Management (Superhyperdecision-making)). Disaster management involves plan- 
ning, coordinating, and implementing strategies to mitigate, prepare for, respond to, and recover from natural 
or man-made disasters (cf. |113) 381]). The decision-making process operates across multiple hierarchical 
levels: 


¢ Atn = 3 (National Coordination): The national government defines strategic priorities, such as allocat- 
ing resources across regions, setting evacuation protocols, and establishing emergency communication 
systems. Decisions at this level are influenced by neutrosophic uncertainties, including incomplete 
forecasts and varying disaster severity across regions. 


¢ At n = 2 (Regional Prioritization): Regional authorities adapt national strategies to local needs, pri- 
oritizing tasks such as evacuations, deployment of medical aid, or infrastructure repairs. This level 
incorporates weighted criteria, such as population density, vulnerability indices, and regional healthcare 
capacity. 


¢ Atn = | (Local Execution): Local teams carry out specific tasks, including setting up emergency shelters, 
distributing food and water, or coordinating search-and-rescue operations. Decisions at this level rely on 
fuzzy criteria, such as real-time resource availability and local feedback from affected communities. 


¢ At n = 0 (Task-Level Implementation): Individual responders and volunteers perform granular tasks, 
such as transporting supplies, administering first aid, or setting up communication equipment. These 
actions directly support team-level objectives and ensure the timely execution of disaster response plans. 


Hierarchical Integration and Feedback: At each level, higher-level priorities and constraints are integrated into 
actionable plans, while feedback loops ensure adaptability. For instance: 


¢ Real-time updates from n = 0 (e.g., delays in supply delivery or changing weather conditions) inform 
adjustments at n = | and higher levels. 


¢ Strategic shifts at n = 3 (e.g., reallocation of resources based on evolving disaster impact) cascade down 
to regional and local levels for implementation. 


This multi-level framework illustrates n-Superhyperdecision-making, where coordinated actions at all hierar- 
chical levels ensure effective disaster management, integrating strategic objectives with operational execution. 


Example 4.216 (SuperHyperdecision-making on an Online Shopping Platform). Consider an online shopping 
platform like Amazon (cf. ). A user searching for laptops engages in a multi-layered decision-making 
process structured as follows: 


¢ Level n = 0 (Individual Choice): The user evaluates a single product in detail, considering factors such 
as reviews, warranty terms, and compatibility with existing devices. This step represents the final choice 
among filtered options. 


¢ Level n = 1 (Filtered Decision): Within the Laptops category, the user applies filters based on specifi- 
cations such as brand, processor type, RAM size, and storage capacity. Weighted criteria, such as price 
versus performance, guide this filtering process. 


¢ Level n = 2 (Category Refinement): The user narrows the search to a specific subcategory (e.g., gaming 
laptops or ultra-portables) based on broader considerations like intended use or budget constraints. 


¢ Level n = 3 (Category Selection): At the highest level, the user selects the overarching category, such 
as Laptops, from a broader electronics section. Constraints at this level may include general preferences 
for type (e.g., laptops versus desktops) or purpose (e.g., gaming, work, or study). 


Example 4.217 (Artificial Intelligence in Decision Support). AI systems can model n-Superhyperdecision- 
making to assist in hierarchical decisions, such as autonomous multi-agent systems for supply chain optimiza- 
tion. 
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4.15 Discussions: Generalized n-Superhyperdecision-making 


In this subsection, we explore the concept of Generalized n-Superhyperdecision-making based on the framework 
of the Generalized n-th Powerset. This approach establishes a foundation for decision-making processes 
where each decision step incorporates considerations such as Fuzzy, Neutrosophic, or Weighted criteria. 


Fuzzy Decision-Making [20 and Neutrosophic Decision-Making 
[117 are well-studied, making it a natural extension to examine the behavior of these concepts 
within the n-Superhyperdecision-making framework. 


This framework aims to enhance the precision and adaptability of decision-making in complex, multi- 
dimensional environments. Future research is expected to focus on applying these concepts across various 
domains. Definitions and related concepts are provided below. 


Definition 4.218 (Generalized n-Superhyperdecision-making). Let D be a set of decision options, and let 
G,,(D) denote the n-th generalized powerset of D as defined in | 180]. A Generalized n-Superhyperdecision- 
making framework is defined as: 


Gn = (G,(D),%n, Cn), 


where: 


* G,,(D) represents the n-th level of generalized decisions, allowing subsets or enriched structures (e.g., 
fuzzy subsets, weighted subsets, neutrosophic subsets, plithogenic subsets). 


© on : Gn(D) X Gn(D) — P(Gp(D)) \ {0} is a hyperoperation that governs the interaction of decision 
elements, allowing multi-valued outcomes. 


* C,, is a set of constraints or criteria that guide the decision process. These may include: 


— Fuzzy constraints: Membership degrees up : D — [0, 1] assigned to decision options. 
— Weighted criteria: Priorities w : D — R assigned to each option. 


— Neutrosophic criteria: Truth (T), indeterminacy (J), and falsity (F’) values T,J,F : D — [0,1] 
satisfying 0 < T(x) + I(x) + F(x) < 3. 


— Plithogenic criteria: For each decision d € D, a set of attributes {v;}i", and their possible values 
P(v;). The decision compatibility is given by: 


pdf: Dx P(v) > [0,1]’, pCF: P(v) x P(v) > [0,1], 


where pdf is the degree of appurtenance, and pC F is the degree of contradiction between attributes. 


The decision process involves sequential reductions from n to 0, with each step integrating the constraints Cx 
for k =n,n-—1,...,0 to refine decision options and achieve an optimal decision set. 


Example 4.219 (Generalized n-Superhyperdecision-making in Online Shopping). Consider an online shopper 
browsing an e-commerce platform, such as Amazon, to purchase a laptop. The decision process involves 
multiple hierarchical levels, where each level integrates criteria like Fuzzy, Weighted, and Neutrosophic 
considerations. 


¢ Level n = 3 (General Preferences): At this level, the shopper establishes broad preferences for the 
purchase: 


— Fuzzy Criteria: Assigning preference scores to brands: 
u(Brand A) = 0.8, (Brand B) = 0.6. 


— Weighted Criteria: Weighting key attributes: 


w(Performance) = 0.7, w(Price) =0.5, w(Portability) = 0.6. 
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— Neutrosophic Criteria: Evaluating battery life with truth (7), indeterminacy (J), and falsity (F’) 
values: 
T=0.9, J=0.1, F=0.0. 


These preferences generate the decision set G3(D), containing laptops that align with the shopper’s 
general preferences. 


Level n = 2 (Feature-Specific Decisions): The shopper refines their choices by focusing on specific 
features: 


— Screen Size: Prioritizing laptops with screen sizes between 13 and 15 inches: 
“(13-15 inches) = 0.9. 
— Processor: Assigning weighted importance to processors: 
w(Intel 17) = 0.8, ©. w(AMD Ryzen 7) = 0.7. 
— Compatibility: Using Neutrosophic evaluation to assess software compatibility: 
T=0.8, 2=0.2, F=0.0. 


Applying these feature-specific constraints reduces G3(D) to G2(D), narrowing the decision space 
further. 


Level n = 1 (Practical Constraints): In the final step, practical constraints guide the shopper’s choice: 


— Budget: The laptop must be priced between $1000 and $1500. 


— Delivery Options: Preference is given to laptops with fast delivery options. 


These constraints refine G2(D) into G,(D), containing the most suitable options or the single optimal 
choice. 


Level n = 0 (Final Evaluation): At this level, the shopper makes a detailed evaluation of the final choice, 
considering factors such as warranty terms, reviews, and compatibility with existing devices. 


The process involves sequential reductions from n = 3 ton = 0, where each level integrates relevant criteria and 
constraints. This framework demonstrates the adaptability and precision of Generalized n-Superhyperdecision- 
making in complex, multi-dimensional decision scenarios. 


Example 4.220 (Generalized n-Superhyperdecision-making in a National Healthcare System). Consider the 
decision-making process in a national healthcare system (cf. [263) Ne 


n = 3; National Level Decisions The central government prioritizes regions for resource allocation, such 
as vaccines or medical equipment, using: 


— Fuzzy Criteria: Regions with higher population density are assigned a higher priority: 


(Population Density) = High: 0.8, Medium: 0.5, Low: 0.2. 


— Weighted Metrics: Budget constraints are factored in, assigning weights to regions based on 
projected costs: 
w(Region A) = 0.6, w(Region B) = 0.4. 


— Neutrosophic Uncertainty: Future demand for healthcare services is evaluated using truth (7), 
indeterminacy (J), and falsity (F): 


T=0.7, 7=0.2, F=0.1. 


This level produces a prioritized list of regions for further refinement. 
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¢ n = 2: State Level Decisions State governments adapt national priorities to allocate resources among 
cities: 


— Hospital Capacity: Cities with higher available capacity are deprioritized to ensure equity. 
— Critical Care Needs: Weighting critical care requirements: 


w(City X) =0.7, w(City Y) =0.5. 


For example, if Region A prioritizes Cities X and Y, the state’s resource allocation ensures alignment 
with national goals. 


¢ n=1: Facility Level Decisions Local facilities make operational decisions: 


— Procurement: Ordering medical supplies based on immediate demand. 


— Staff Scheduling: Adjusting work shifts for peak periods of care. 
These tasks directly implement strategies from higher levels. 


¢ n = 0: Individual Decision-Making At this level, individual healthcare workers make on-the-ground 
decisions: 


— Patient Triage: Deciding the order of patient care based on severity. 


— Resource Allocation: Allocating limited equipment like ventilators or ICU beds to patients. 


These decisions are influenced by immediate circumstances and local constraints while adhering to 
guidelines from higher levels. 


The decision-making process involves sequential reductions from n = 3 to n = 0. Each step integrates 
constraints C, from higher levels, ensuring a consistent and efficient allocation of resources across all levels. 


Example 4.221 (Generalized n-Superhyperdecision-making in Product Development). Consider the decision- 


making process in product development (cf. 308)]): 


¢ n = 3: Strategic Decisions The executive team determines broad product categories using plithogenic 
criteria: 


— Customer Preferences: Attributes such as durability and aesthetics are analyzed with compatibility 
evaluations: 
Compatibility(Durability, Aesthetics) = 0.85. 


-— Technological Trends: Products are ranked based on projected market adoption rates and innovation 
indices. 


¢ n=2: Tactical Decisions The product development team evaluates design prototypes: 


— Cost-Performance Trade-offs: Weighted criteria are applied to balance production costs with 
expected performance: 


w(Prototype 1) = 0.8, w(Prototype 2) = 0.6. 


— Reliability Metrics: Prototypes are tested under various conditions to evaluate robustness. 
The selected prototype aligns with strategic goals and available resources. 
¢ n=1: Operational Decisions Manufacturing decisions are made to optimize the production process: 


— Material Sourcing: Suppliers are chosen based on cost, quality, and reliability. 


— Production Scheduling: Assembly lines are scheduled to meet delivery deadlines while minimizing 
downtime. 


¢ n = 0: Individual Decisions Workers on the production line make on-the-spot decisions during manu- 
facturing: 
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— Quality Control: Identifying and addressing defects in real-time to ensure product standards. 


— Equipment Handling: Adjusting machinery settings based on specific batch requirements. 


These decisions are guided by operational protocols and immediate situational factors. 


By integrating plithogenic criteria at each level, this process ensures comprehensive evaluations, accommodat- 
ing multi-attribute complexities across all hierarchical levels, down to individual actions. 


Example 4.222 (Superhyperdecision-making in Emergency Pandemic Response). Emergency pandemic re- 
sponse [349| requires a multi-level hierarchical decision-making framework, where each level is charac- 
terized by distinct objectives, constraints, and interactions: 


¢ Level n = 3 (Global Coordination): International organizations such as the World Health Organization 
(WHO) define global strategies, including vaccine distribution priorities, international travel restrictions, 
and research funding for variant surveillance. Constraints at this level often include neutrosophic 
uncertainties due to incomplete or contradictory data about emerging virus variants, their transmissibility, 
and vaccine efficacy. 


¢ Level n = 2 (National Response): National governments allocate resources such as vaccines, ventilators, 
and testing kits to regional authorities. Plithogenic constraints play a significant role, balancing factors 
like economic impact (e.g., GDP reduction), public health outcomes (e.g., infection fatality rates), and 
political feasibility (e.g., public trust or opposition). 


¢ Level n = 1| (Regional Implementation): Regional health authorities focus on prioritizing specific 
interventions, such as expanding ICU capacities, establishing mass vaccination centers, and deploying 
mobile testing units. Decisions are guided by fuzzy criteria that account for population density, infection 
rates, and regional healthcare capacity. 


¢ Level n = 0 (Local Action): Local teams execute concrete tasks, such as administering vaccines at 
community health centers, delivering medical supplies, or conducting public awareness campaigns. 
These actions are optimized using weighted constraints, such as minimizing logistical costs while 
maximizing vaccination coverage and accessibility. 


By systematically reducing complexity from n = 3 to n = 0, the decision-making process integrates global 
strategies into practical, actionable local plans. This hierarchical approach ensures adaptability and consistency 
while addressing challenges at each level. 


Example 4.223 (Superhyperdecision-making in Urban Planning). Urban planning (cf. ) involves 
a multi-level hierarchical decision-making framework that incorporates both global objectives and local exe- 
cution: 


¢ Level n = 4 (National Level): The national government establishes high-level urban development 
goals, such as increasing affordable housing, promoting renewable energy adoption, and reducing traffic 
congestion. These goals often involve plithogenic attributes, requiring trade-offs between cost efficiency, 
environmental impact, and political support. 


¢ Level n = 3 (Regional Level): Regional authorities adapt national goals to local contexts by setting 
specific targets, such as allocating budgets for solar energy projects or defining housing quotas for 
major metropolitan areas. Fuzzy constraints arise from uncertainties in factors like population growth, 
economic trends, and regional resource availability. 


¢ Level n = 2 (City Level): City councils develop detailed action plans, including selecting contractors, 
revising zoning regulations, and planning public infrastructure improvements. Decisions at this level 
are driven by weighted criteria, such as maximizing cost-effectiveness, ensuring social equity, and 
minimizing environmental disruption. 


¢ Level n = | (Neighborhood Level): Local teams carry out tangible tasks, such as constructing residential 
complexes, installing solar panels on public buildings, or developing bike lanes. Decisions at this level 
are often influenced by neutrosophic uncertainties, such as potential delays, fluctuating material costs, 
or changing community preferences. 
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¢ Level n = 0 (Community Action): Community organizations and individual stakeholders implement 
hyperlocal initiatives, such as organizing community clean-ups, planting trees, or participating in neigh- 
borhood watch programs. Actions at this level are shaped by specific constraints and goals, like enhancing 
local livability, fostering civic engagement, and addressing immediate neighborhood concerns. 


Each level systematically incorporates constraints and dependencies from higher levels, allowing for a consistent 
and adaptable decision-making framework. This ensures that national objectives are effectively translated into 
impactful local initiatives and hyperlocal actions. 


Theorem 4.224. In a Generalized n-Superhyperdecision-making process, the optimal decision set D* is 
obtained through sequential reductions: 


where Rx, is the refinement operation at level k, integrating the constraints Cx. 


Proof. We proceed by induction on the levels k. 


At the highest level n, the decision set D is reduced using the refinement operation R,,, which integrates 
the constraints C,. This results in a subset R,(D,C,) € D, containing only those decisions that satisfy the 
constraints at level n. 


Assume that for level k + 1, the refinement operation R;,,, has reduced the decision set to Rx4;(D, Crt), 
satisfying all constraints at levels k + 1,4 +2,...,n. At level k, the refinement operation R;, further reduces 
this subset by integrating the constraints Cx, resulting in: 


Rg (Rea (Dy Ceri), Ck). 


Since Rx ensures that the constraints C; are satisfied, the resulting decision set satisfies all constraints from 
level k to level n. 


At the base level k = 0, the refinement operation Rg ensures that the constraints Cp are satisfied, reducing the 
decision set to: 
Ro(Ri(D, C1), Co). 


This ensures that all constraints from levels 0 to 7 are integrated. 


By recursively applying the refinement operations Rx for all k =n,n—1,...,0, the final decision set is given 
by: 


ensuring that all constraints from every level k are satisfied. This process guarantees the optimal decision set 
D*, completing the proof. Oo 


Theorem 4.225. Generalized n-Superhyperdecision-making extends classical decision-making by incorpo- 
rating multi-level hyperoperations and enriched constraints, making it adaptable to complex, multi-attribute 
decision scenarios. 


Proof. Classical decision-making operates on a single decision set D with a utility function and a set of 
constraints. Generalized n-Superhyperdecision-making expands this by introducing: 


* Hierarchical Decision Sets: The decision space is extended to G,,(D), where each level represents 
increasingly complex subsets or enriched structures (e.g., fuzzy subsets, neutrosophic subsets). 


¢ Multi-level Constraints: Constraints Cx at each level k allow for the incorporation of advanced criteria, 
such as fuzzy membership degrees, weights, or plithogenic attributes. 
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¢ Hyperoperations: The operation ©,, facilitates multi-valued relationships and interactions between deci- 
sions, capturing dependencies and complexities not possible in classical frameworks. 


By combining these elements, the framework can handle scenarios with multi-level decision dependencies, 
conflicting criteria, and uncertainty. This adaptability demonstrates its extension beyond classical decision- 
making frameworks. oO 


Theorem 4.226. Generalized n-SuperHyperdecision-making inherently possesses the structure of a SuperHy- 
perstructure. 


Proof. From the definition of Generalized n-Superhyperdecision-making, the decision framework involves: 


* G,,(D), the n-th generalized powerset of the decision set D, forming a hierarchical decision space. 
* ©,, a multi-level hyperoperation acting on G,,(D), enabling recursive and multi-valued interactions. 


* C,,, constraints defined across n levels, incorporating enriched structures such as fuzzy, neutrosophic, 
and plithogenic attributes. 


These elements align with the definition of a SuperHyperstructure, where the components G,,(D), o,, and C, 
represent hierarchical levels, hyperoperations, and associated constraints, respectively. Therefore, Generalized 
n-SuperHyperdecision-making naturally possesses the structure of a SuperHyperstructure. oO 
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Some Types of Hyperdecision-making and Superhyperdecision-making 
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Abstract 


Decision-making is the process of systematically selecting the best option from a set of alternatives, considering 
criteria, constraints, and desired outcomes. Extensions of decision-making, such as HyperDecision-Making 
and SuperHyperDecision-Making, are well-known. Additionally, various decision-making frameworks have 
been developed, including Multi-Criteria Decision Making (MCDM), Technique for Order Preference by 
Similarity to Ideal Solution (TOPSIS), Analytic Hierarchy Process (AHP), Multi-Attribute Decision Making 
(MADM), Dynamic Decision Making (DDM), Multi-Objective Decision-Making, and Plithogenic Decision- 
Making. In this paper, we further extend these frameworks into the forms of HyperDecision-Making and 
n-SuperHyperDecision-Making. 


Keywords: Decision-making, Hyperdecision-making, Superhyperdecision-making 


1 Preliminaries and Definitions 


This section provides the preliminaries and definitions used in this paper. 


1.1 Hyperstructure and Superhyperstructure 


Structures such as graphs, algebra, and topology can be extended to hyperstructures and superhyperstructures 
using the powerset or the repeated structure of the powerset, known as the n-th powerset. The definitions and 


details are provided below (31//83}/90). 


Definition 1.1 (Set). A set is a well-defined collection of distinct objects, called elements. If x is an 
element of a set A, it is written as x € A. Sets are typically represented using curly braces. 


Definition 1.2 (Base Set). A base set is a primary set S from which more elaborate constructs, such as 
powersets and hyperstructures, are generated. Formally, it is defined as: 


S = {x | x is a member of the specified domain}. 


All elements of derived structures like P(S) or P,,(S) are ultimately drawn from the elements of S. 


Definition 1.3 (Powerset). The powerset of a set S, denoted by #(S), is the collection of all subsets 
of S, including the empty set and S itself. Formally, it is defined as: 


P(S)={A|AC S}. 
Example 1.4. Let S = {1,2, 3}. The powerset P(S) is: 
P(S) = {0, {1}, {2}, {3}, {1,2}, {1, 3}, {2, 3}, {1,2, 3}}. 


Definition 1.5 (n-th Powerset). (cf. (3.1][83|/90}) The n-th powerset of a set H, denoted by ?,,(H), is defined 
iteratively, starting with the standard powerset. Specifically: 


Pi(A) =P(A), Prii(H) =P(Pr(A)), forn> 1. 
Similarly, the n-th non-empty powerset of H, denoted by P;(H), is defined recursively as: 
Pi(H) =P), Pay (A) = PP, (AD). 


Here, #*(#) represents the powerset of H excluding the empty set. 
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Example 1.6. Let H = {a, b}. Then: 
Pi (H) = P(A) = {0, {a}, {b}, {a, b}}. 
The second powerset is: 


Po(H) = P(P(A)) = {0, {0}, {{a}}, {bh}, {{a, bh}, (0, tah}, (0, {dh}, ..-}- 
For brevity, the elements of P2(H) are subsets of subsets of H. 
Definition 1.7 (Classical Operation). A Classical Operation is a function defined as: 
#): H” — H, 
where m > | is an integer, and H™ represents the m-fold Cartesian product of the set H. Examples of classical 
operations include addition and multiplication in algebraic structures such as groups, rings, and fields. 


Definition 1.8 (Classical Structure). (cf. (83][90]) A Classical Structure is a mathematical framework con- 
structed on a non-empty set H. It consists of one or more Classical Operations and satisfies a specific set of 
Classical Axioms. 


Definition 1.9 (Hyperoperation). (cf. (74]101}/103}) A hyperoperation is a generalization of a binary operation 
where the result of combining two elements is a set, not a single element. Formally, for a set S, a hyperoperation 
o is defined as: 

o: SxS > P(S), 


where P(S) is the powerset of S. 


Definition 1.10 (Hyperstructure). (cf. [31]|83|[90]) A Hyperstructure is a mathematical framework defined on 
the powerset of a base set. It is formally expressed as: 


H = (P(S),°), 
where S is the base set, P(S) is the powerset of S, and o is an operation defined on elements of P(S). 


Definition 1.11 (SuperHyperOperations). (cf. (90}) Let H be a non-empty set, and let P(H) denote the 
powerset of H. The n-th powerset P” (H) is defined recursively as follows: 


P'(H)=H, P*'(H)=P(PK(H)), fork >0. 


A SuperHyperOperation of order (m,n) is an m-ary operation: 
0"). H™ 5 P"(H), 


where P/"(H) represents the n-th powerset of H, either excluding or including the empty set, depending on the 
type of operation: 


* Ifthe codomain is P." (H) excluding the empty set, it is called a classical-type (m, n)-SuperHyperOperation. 


* Ifthe codomain is P” (A) including the empty set, it is called a Neutrosophic (m, n)-SuperHyperOperation. 


These SuperHyperOperations are higher-order generalizations of hyperoperations, capturing multi-level com- 
plexity through the construction of n-th powersets. 


Definition 1.12 (n-Superhyperstructure). (cf. [83]/90}) An n-Superhyperstructure is a higher-level generaliza- 
tion of a hyperstructure achieved through n-fold iterations of the powerset operation. It is formally defined 
as: 


SHn = (Pn(S),9); 


where S is the base set, P;,(S) is the n-th powerset of S, and o is a general operation defined on P,(S). 


Concepts with hierarchical structures are essential in various fields, leading to significant research on frame- 
works utilizing superhyperstructures. Notable examples include SuperHypergraphs [29 
[45]|65]|84}|89|/89|/90], SuperHypertopologies 91], SuperHypersoft Sets [34|/57\/86|/92), SuperHy- 
perAlgebras [52) 59|/83|[85]/91), SuperHyperLanguage [32], and SuperHyperNeutrosophic Sets (28/(33)37)). 
These frameworks highlight the versatility and applicability of superhyperstructures in addressing complex 
hierarchical problems. 
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1.2 n-SuperhyperDecision-Making 


Decision-making is the process of selecting the optimal alternative from multiple options, considering relevant 
criteria, constraints, and desired outcomes 
112]. Extensions of decision-making, known as HyperDecision-Making and n-SuperHyperDecision-Making, 
utilize hyperstructures and superhyperstructures to address more complex decision scenarios (27)/35|[38). The 
definitions of these frameworks are outlined below. 


Definition 1.13 (Decision-Making). (cf. [13} ) Decision-making is the process of identifying 
the optimal choice from a set of alternatives A = {a, a2,..., ay}, subject to constraints C = {c1,c2,...,Cm} 
and evaluated against criteria K = {k,, ko,...,k,}. Formally, it is defined as: 


a“ = argmaxU(a,C,K), 
acA 


where U : AXC XK — Ris autility function that quantifies the desirability of each alternative a, considering 
the given constraints and criteria. 


Definition 1.14 (Hyperdecision-making). Hyperdecision-making describes a scenario where a decision- 
maker (a person, group, or system) must choose from a highly complex or extensive set of options. Unlike 
traditional decision-making, which involves a manageable number of independent alternatives, hyperdecision- 
making is characterized by: 


* Choice Overload: The decision-maker faces an overwhelming number of possible alternatives, often 
in the hundreds or thousands. This abundance can lead to decision fatigue, where the sheer volume of 
choices hinders effective decision-making or results in suboptimal outcomes. 


Interconnected Choices: The options are not independent; selecting one alternative may affect the 
feasibility, desirability, or outcomes of other options. For example, a decision in one domain (e.g., 
resource allocation) might impose constraints or offer opportunities in another (e.g., scheduling or 
priorities). 


Dynamic Relationships: The relationships among choices evolve based on external factors or prior 
decisions, creating layers of dependencies that must be considered. This makes the decision space 
dynamic and complex, requiring iterative analysis and adaptation. 


Multidimensional Criteria: Decision options are evaluated against multiple, often conflicting, criteria 
such as cost, risk, efficiency, and fairness. The interdependencies between criteria further complicate 
the evaluation process. 


Hyperdecision-making arises in contexts where the decision space is vast, interconnected, and influenced by 
multiple layers of constraints and criteria. After completing the hyperdecision-making phase, a traditional 
decision-making process is triggered to select the optimal alternative(s) from the refined and reduced set of 
choices. Traditional decision-making tools are applied at this stage to finalize the choice effectively. 


Definition 1.15 (Superhyperdecision-making). Superhyperdecision-making takes the complexity of 
hyperdecision-making a step further. Instead of dealing with just one level of a complicated decision space, 
we consider multiple layers or levels, known as (7)-Superhyperstructures. This involves: 


¢ n-Superhyperstructures: Imagine starting with a basic set of options (level 0). At level 1, you might 
consider groups or patterns formed from these options. At level 2, you examine patterns of patterns, and 
so forth. Each new level introduces another layer of structure, complexity, and uncertainty. By the time 
you reach level n, you’re dealing with an incredibly rich and multi-dimensional decision landscape. 


* Context Adaptation: Decision-making does not happen in a vacuum. External factors, changing goals, or 
new information might alter the relevance or desirability of certain choices. Superhyperdecision-making 
frameworks let you adapt at different levels. For instance, a shift in market conditions at a high level 
might trickle down to change how you evaluate specific sets of options at a lower level. 


In simpler terms, superhyperdecision-making addresses situations where decisions are not only numerous and 
interconnected (as in hyperdecision-making), but also organized into multiple hierarchical layers. Each layer 
adds another dimension of complexity, and the decision-maker must consider how changes at one level affect 
decisions at another. This approach helps structure and manage extremely complex decision problems, ensuring 
that the decision process remains coherent and adaptive across multiple scales and contexts. 
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2 Result of this Paper 


This section succinctly presents the results of this paper. 


2.1 Multi-Criteria n-SuperhyperDecision-Making 


Multi-Criteria Decision Making (MCDM) involves selecting the optimal alternative from a set, evaluated under 


multiple weighted criteria and subject to constraints [4 (69//96]. In this paper, we extend 
this framework into the forms of HyperDecision-Making and n-SuperHyperDecision-Making. Additionally, 


we provide the definitions of TOPSIS and AHP, which are well-known methods in Multi-Criteria Decision 
Making. 


Definition 2.1 (Multi-Criteria Decision Making (MCDM)). Multi-Criteria Decision Making 
(MCDM) is a formal decision-making process for selecting the optimal alternative a* from a finite set of 
alternatives A = {a1,d2,...,d,}, evaluated under multiple criteria K = {k,,ko,...,km} and subject to 
constraints C. The problem is mathematically defined as: 


a* = arg max U(a; w,c), 
acA 


where: 


1. U: A — Ris the utility function that aggregates the performance of each alternative a under the criteria 
K. 


2. W = (W1,W2,.--,Wm) € [0,1]” is the vector of weights representing the relative importance of each 
criterion k;. The weights satisfy: 
m 
S Ww; = 1. 


t=] 


3. e(a) = (c;(a), C2(a),...,Cm(a)) is the performance vector of the alternative a over all criteria, where 
c;(a) represents the score of a under criterion k;. 


4. The utility function U/(a; w, c) is typically a scalarization function defined as: 


U(a;w,c) = > w; + ui(c;(a)), 


i=l 
where u; : R > Ris a normalization or transformation function that maps the raw criterion value c;(a) 


into a dimensionless scale (e.g., [0,1]) for aggregation. 


5. The set of feasible alternatives A is determined by constraints C C {g;(a) < 0, hx(a) =O|jeske 
K}, where g; are inequality constraints and h; are equality constraints. 


Objective: The decision-maker seeks to find a* € A such that: 


U(a*;w,c) = max U(a; w,¢). 
acA 


This definition is applicable to various methods such as Weighted Sum Model (WSM), Weighted Product 
Model (WPM), Analytic Hierarchy Process (AHP), and TOPSIS, each characterized by specific choices of u; 
and constraint handling. 


Definition 2.2 (Multi-Criteria HyperDecision Making (MCHDM)). Let A = {aj,a2,...,a,} be a set of 
alternatives and K = {k,,k2,..., km} be a set of criteria. Assume each alternative a; is associated with a 
hyper-evaluation 


E(a;,k;) CR, 


for each criterion k;. That is, instead of a single numeric score c;;, we have a subset of possible scores 
&(a;,k;) © R (analogous to the “hyper” concept, in which an operation or evaluation can yield a set of 
outcomes rather than a single outcome). 
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A Multi-Criteria HyperDecision Making problem is to find 
a” = arg max Uy (a; w, &), 
acA 


where: 


1. w= (W1,W2,...,Wm) is a weight vector for the criteria, satisfying w; > 0 and pas wal. 
2. & = {E(a;,k;) | 1 <is<n,1< j < m} is the family of all hyper-evaluations. 


3. Un(-) is a hyper-utility function that aggregates the multi-criteria hyper-evaluations into a real value so 
that a maximization makes sense. One standard approach is 


Un (a;) = > Wj ig [Age(S(a;, k;))| Fi 
j=l 
where Agg(&(a;, k;)) is any operator mapping the subset &(a;, k;) C R to a single representative (e.g. 
max, min, some centroid function, etc.). 


In other words, MCHDM extends standard MCDM (single-valued evaluations) to allow hyper-valued evalua- 
tions under each criterion. 


Remark 2.3. When each &(a;, k;) is a singleton set (i.e. &(a;,k;) = {cij}), MCHDM reduces to a standard 
Multi-Criteria Decision Making (MCDM) problem (see Definition of MCDM). On the other hand, if we 
treat the problem as having one (aggregated) criterion with hyper-evaluations, it parallels the definition of 
HyperDecision Making (where the complexity is in the single criterion but with a large or set-valued outcome). 
Thus, MCHDM can be seen as a unifying framework that captures both MCDM and HyperDecision Making 
as special cases. 


Theorem 2.4 (MCHDM generalizes MCDM and HyperDecision Making). Multi-Criteria HyperDecision Mak- 
ing (Definition[2.2) encompasses both standard Multi-Criteria Decision Making (MCDM) and HyperDecision 
Making as special cases. 


Proof. (i) Reduction to MCDM. If for each alternative a; under criterion k;, the hyper-evaluation &(a;, k;) isa 
singleton {c;;} C R, then the aggregation operator Agg is trivial; we recover the classical MCDM framework: 


Un (ai) = yw; nips 


j=l 

Hence the MCHDM definition collapses to the standard multi-criteria optimization problem. 

(ii) Reduction to HyperDecision Making. Consider a single aggregated criterion (or interpret all criteria 
as combined into one). Then we effectively have a set G&(a;) € R for each alternative a;. Maximizing 


over the hyper-utility U(a;) = Agg(6(a;)) is precisely the HyperDecision Making scenario (choose from 
hyper-evaluations). Thus, MCHDM reduces to HyperDecision Making in the single-criterion case. oO 


Definition 2.5 (Multi-Criteria n-SuperhyperDecision Making (MC-n-SHDM)). Let A = {a1,...,an} bea set 
of alternatives, K = {k,,..., Kk} a set of criteria, and 


E™ (aj, kj) S PPC PR)--)) = P*R) 
ae 


be an n-superhyper-evaluation for each (a;, k;). This means that instead of a single real number or even a set 
of real numbers, the evaluation can be a nested structure of sets up to depth n. 


We define the Multi-Criteria n-SuperhyperDecision Making problem as finding 


a” = argmax US (a,w, 6), 
acA 


where: 
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1. w= (1,...,Wm) is a vector of weights for the criteria. 
2. &” is the family of all n-superhyper-evaluations, i.e., 6 (aj, kj) €P"(R). 


3.U ts 76) is an n-superhyper-utility function that maps each (a;,k;) to a real number via a sequence of 
super-aggregation operations, for example: 


Uy) (ai) = > wi- SuperAgg” (6™ (a;, kj)), 
j=l 


where SuperAgg”) might recursively apply set-aggregation at each level of the P”(R) structure (e.g. a 
chain of max, min, or mean-operations at each depth). 


Theorem 2.6 (MC-n-SHDM generalizes MCHDM and n-SuperhyperDecision Making). Multi-Criteria n- 
SuperhyperDecision Making (Definition|2.5) encompasses both Multi-Criteria HyperDecision Making (Defini- 
tion the case n = 1) and n-SuperhyperDecision Making (when there is effectively one composite criterion, 
but at n-superhyper level). 


Proof. (i) Reduction to MCHDM when n = 1. If n = 1, then each E\") (a;, kj) = E (aj, k;) Cc P(R), 
which is precisely a hyper-evaluation for each criterion. Hence MC-1-SHDM is identical to Multi-Criteria 
HyperDecision Making. 


(ii) Reduction to n-SuperhyperDecision Making in a single-criterion setting. If there is only one aggregated 
criterion (or we merge all criteria into one), then 6“) (a;) C P”(R) is an n-superhyper-evaluation. Optimizing 
over SuperAgg”) (§") (a;)) coincides with n-SuperhyperDecision Making. Oo 


2.2 Hyper AHP and Superhyper AHP 


Hyper AHP and Superhyper AHP are extended concepts of AHP. Their definitions are provided below. 
Definition 2.7 (Analytic Hierarchy Process (AHP)). AHP is a structured decision- 


making method that decomposes a complex decision problem into a hierarchy of goals, criteria, and alternatives, 
and uses pairwise comparisons to assign weights to each element. 


Steps for AHP: 


1. Define the hierarchy: Structure the problem into levels, including the overall goal, criteria, sub-criteria 
(if any), and alternatives. 


2. Construct pairwise comparison matrices: For each criterion or sub-criterion k;, construct a pairwise 
comparison matrix A ;, where: 


Lo ai2 +++ Aim 
1 
hee a 1 “++ dam 
a ie : : 
ie 
aim a2m 


3. Calculate the priority vector: Compute the weights w ; by normalizing the eigenvector corresponding to 


the largest eigenvalue Amax of Aj: 
ej 


Wi ym o> 
218] 

where e; is the eigenvector of A ;. 
4. Check consistency: Calculate the consistency index (CI) and consistency ratio (CR): 


Amax — mM CI 


CI = ’ = as 
m-1 RI 


where RI is the random index. The matrix is consistent if CR < 0.1. 
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5. Aggregate scores: Compute the overall priority scores for each alternative a; by aggregating weights 
across the hierarchy. 


6. Rank the alternatives: Rank the alternatives based on their overall scores. 


Definition 2.8 (Hyper AHP). Hyper AHP is a generalization of the classical Analytic Hierarchy Process (AHP) 
that allows each pairwise comparison or each local evaluation to take the form of a set of values rather than a 
single ratio. 


Hierarchy Setup: 


1. Levels in the hierarchy: As in classical AHP, we decompose the decision into levels: Goal — Criteria > 
Sub-criteria — Alternatives. 


2. Hyper pairwise comparisons: Instead of a single pairwise comparison value, we allow a set of comparison 
ratios for each pair. Concretely, for two criteria k, and kg, we have a set 


R{kprkg) € Rt 


capturing the possible relative importances of k, vs. kg. (Classically, there is one ratio r,,. Here, we 
can have multiple plausible ratios.) 


Hyper Priority Vector: The priority vector for each pairwise matrix can be computed by a suitable hyper- 
aggregation of the set of pairwise ratios. For instance: 


ae Agg({I]q @ | @ € R(kp, kq)}) 
PY Age({Ig @ 1a € R(kp kg)})’ 


where we might use geometric means or other classical AHP methods, but applied to the set of ratios. We then 
normalize across all criteria in the usual manner. 


Hyper Consistency Check: The notion of a consistency ratio can be extended by measuring whether for 
each triple (kp, kg, k,), the sets of pairwise ratios R(kp, kg), R(kg, kr), R(Kp, k,) are collectively feasibly 
consistent, i.e. there exist numbers x € R(Kp, kg), y € Rlkg, kr), 2 © R(Kp, ky) that satisfy x-y = z. If 
no such triple exists, we have full inconsistency. Intermediate measures of partial consistency can be defined 
accordingly. 


Overall Hyper AHP Score: For each alternative a;, its overall priority is computed similarly to classical 
AHP, but each local weight and local evaluation can be a set, which is then aggregated into a single numeric 
representative. The final ranking is determined by max of these aggregated values. 


Definition 2.9 (n-superHyper AHP). Let us have a hierarchical AHP framework with criteria kj,..., ky». For 
each pair of criteria (k,, k,,), instead of a set of pairwise ratios, we allow an n-superhyper pairwise comparison: 


R™ (ky, kg) © PR). 


SuperHyper Aggregation of Pairwise Comparisons: One may define a multi-level nested aggregation 
process, SuperAgg‘”) (RM (kp, kq)), which iteratively collapses the P”(R) structure into a single numeric 
ratio. For example: 
SuperAgg”) = Agg o Aggo--- 0 Agg, 
eee” 
n times 


where each Agg might be a max, min, geometric mean, etc. 
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SuperHyper Priority Vector and Consistency: After obtaining a single numeric ratio from each R"” (k p> Kq)s 
we can compute the priority vector in the standard AHP manner (via eigenvalue or geometric mean methods). 
Consistency checks are similarly extended by verifying the feasibility of triple products in the nested structure. 


Final Scores and Ranking: Each alternative a; also has an n-superhyper evaluation under each criterion (if 
needed). We apply the same multi-level aggregation to get final numeric scores U i ) (a;). The best alternative 


is arg max; “a (a;). 


2.3. Hyper TOPSIS and Superhyper TOPSIS 


Hyper TOPSIS and Superhyper TOPSIS are extended concepts of TOPSIS. Their definitions are provided 
below. 


Definition 2.10 (Technique for Order Preference by Similarity to Ideal Solution (TOPSIS)). 
TOPSIS is a multi-criteria decision-making method that ranks alternatives A = {a1,d2,...,a,} by comparing 
their proximity to the positive ideal solution (PIS) and their distance from the negative ideal solution (NIS), 
based on multiple criteria K = {k, k2,..., km}. 


Steps for TOPSIS: 


1. Construct the decision matrix: Evaluate the performance of each alternative a; under each criterion k ;, 
creating a matrix D: 


Cit C12 +t") Clim 

C21 C22 C2m 
D= : , 

Chi Cn2 °°" Cnm 


where c;; is the performance score of alternative a; under criterion k ;. 
2. Normalize the decision matrix: Compute the normalized values: 
Cij a A 
ij = ——.,_-*Viz~zj. 


n 2 
i=l Cij 


3. Calculate the weighted normalized matrix: Multiply the normalized values by the weights w ;: 
Vij =Wy*Tij> Vi, j- 


4. Determine the PIS and NIS: 
PIS: v* = (max vi; |j= Lis) ; 


NIS: v- = (min vij | j= 1,....m). 


5. Calculate the separation measures: The separation from the PIS and NIS for each alternative a; is: 


6. Calculate the relative closeness: The relative closeness to the PIS is: 
S; 


i= Vi. 
Or gage 


7. Rank the alternatives: Rank the alternatives based on C;, where higher values indicate better alternatives. 


Definition 2.11 (Hyper TOPSIS). Hyper TOPSIS is a set-valued generalization of the Technique for Order 
Preference by Similarity to Ideal Solution (TOPSIS), where each (a;, k ;) entry in the decision matrix is replaced 
by a set of possible scores. 
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Decision Matrix with Sets: Construct a hyper-decision matrix 


&(ay, ky) &(aq, k2) ws &(a1, km) 
E(az,ki) Elan,k2) +++ El(a2,km) 
E(an, ky) E(an, ky) and E(an, Km) 


where each entry &(a;,k;) CR. 


Hyper Normalization: For each criterion k ;, define 
rij (type) = Norm(&(a;, k;)), 


where Norm(-) is a function mapping each set of real numbers to a representative normalized value in [0, 1]. 
For instance, we might take 


n 


rjj(min) = min{&(a;,k;)} / [Sommtecnany 


i=l 


or other variants that capture lower/upper bounds. One can also define multiple representatives (e.g. using min 
and max) and keep track of intervals instead of single scalars. 


Weighted Hyper Matrix: Multiply each normalized representative by w;. We obtain 


vij(tep) = w; - rij (rep). 


Hyper Ideal Solutions: We define the hyper PIS and hyper NIS: 
via max{vjj (rep)}, v7 = min{v;;(rep)}. 


Alternatively, we might store these as intervals if we keep track of set-valued extremes. 


Hyper Separation Measures: 


sia {Sfomeung) s= |S fomtou) 


j=l J=1 


where Dist(-) is extended to handle sets or intervals. 


Hyper Relative Closeness: 
Sp 


C; — é 
ee 
Rank the alternatives by C;. This yields a set-based TOPSIS ranking mechanism. 


Definition 2.12 (n-superhyper TOPSIS). Suppose each entry in the decision matrix is an element of P”(R). 
Denote 
E\)(a;,kj) € P"(R). 


The n-superhyper TOPSIS procedure extends the steps of Hyper TOPSIS to the P” (IR) domain by replacing 
each single-level set-aggregation with an n-superhyper-aggregation. 
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Steps: 
1. Construct the n-superhyper decision matrix: 
Dp” = [E™ (ai, kj) ,_, 
2. SuperHyper normalization: For each cell 6") (aj, k 7)» apply an SuperNorm“” operator to map it into 
[0, 1], e.g.: 
oi = SuperNorm™ (8 (a;, k;)). 


3. Weighted matrix: 


4. n-superhyper Ideal Solutions: 


+(n) _ (n) —@) _ y(n) 
vi; = max{V;; Be We = min{y; ; = 


5. n-superhyper Separation: 


m 


mu 2 2 
Se Dist) =a] > (Dit) 
j=l 


— 
Il 
_ 


6. n-superhyper Relative Closeness: 


7. Rank: Rank {a1,...,4n} by C!”. 


Remark 2.13. In both n-superHyper AHP and n-superhyper TOPSIS, the primary conceptual leap is that each 
cell of the decision matrix (or each pairwise comparison) belongs to a nested powerset P”(R) rather than R or 
f(R). All traditional numeric operations (like min, max, or geometric mean) are replaced with n-superhyper 
aggregation operators that progressively collapse the nested sets into single numeric values. 


2.4 Group Decision-Making 


Group Decision-Making (GDM) aggregates the preferences and evaluations of multiple decision-makers to 


derive a collective decision over alternatives under multiple criteria (8|[9|/12|/16}/18|[48|[61|/82). 


Definition 2.14 (Group Decision-Making (GDM)). Group Decision-Making (GDM) is the pro- 
cess of aggregating preferences, judgments, or evaluations from multiple decision-makers D = {D,, D2,..., Dx} 
over a set of alternatives A = {a1, a2,...,4,}, considering a set of criteria C = {c1,C2,...,Cm}, and deriving 
a collective decision a* € A. 


Formally, GDM is defined as follows: 
a” =argmaxU(D,A,C), 
acA 
where: 
* U(D,A,C): A — Ris the utility aggregation function, which quantifies the overall desirability of an 


alternative a, incorporating: 


1. Individual preferences u;;(a) provided by decision-maker D; for alternative a under criterion c ;. 


2. Weights w; € [0, 1] for each criterion c ;, satisfying ie wj=l. 


* The aggregated group utility U/ is expressed as: 


U(D, A,C) = a 7 -uij(a) ], 


i=l j=l 


where a; € [0, 1] represents the influence weight of decision-maker D;, satisfying a a,=1. 
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Decision Matrix Representation The preferences are structured into a decision matrix: 


uyi(a1) uy2(a1) +++ Utm(a1) 
7 U21(a2) U22(a2) +++ U2m(a2) 
aes ies eee? Hes 


Steps for GDM _ The process of GDM involves the following steps: 


1. Preference Elicitation: Collect individual evaluations u;;(a) for all i, j, a. 


2. Normalization: Transform preferences using normalization techniques to ensure comparability: 


ujj(a) 


VduaeA uij(a)> 


3. Aggregation: Compute group utilities (a) for each alternative a using weights w,; and a;: 


k m 
U(a) = )\ a: Siw; -ri(a) . 
i=l 7=1 


rjj;(a) = 


4. Ranking and Selection: Identify the optimal alternative: 
a” = arg max U(a). 
acA 


Definition 2.15 (Group HyperDecision Making (GHDM)). Group HyperDecision Making (GHDM) extends 
the concepts of Group Decision-Making (GDM) and HyperDecision Making by incorporating group preferences 
into a hyper-decision framework. Let: 


© A= {aj,a2,...,4n} be the set of alternatives. 
° C = {c1,C2,...,Cm} be the set of criteria. 
° D={D),Do,..., Dx} be the set of decision-makers. 


¢ &(Dj,a,c;) © R be the hyper-evaluation of decision-maker D; for alternative a under criterion c;. 


The goal of GHDM is to find the optimal alternative a* by maximizing a collective hyper-utility function: 


a” = arg max Uy (D, A,C), 
aé 


where: 


1. Un(D, A, C) aggregates the hyper-evaluations into a group hyper-utility: 


k m 
Un(a) = )\ a; -| ))wj- Age(E(Di,a,c;)) |, 

i=l j=l 
where: 


* a; € [0, 1] is the weight of decision-maker D,, satisfying yy aj =1. 


* w; € [0, 1] is the weight of criterion c ;, satisfying ee wal. 


¢ Agg(-) is an aggregation function (e.g., max, min, or mean) that reduces the hyper-evaluation 
&(Dj, a, c;) into a single value. 
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The decision process involves hyper-valued evaluations from multiple decision-makers, incorporating their 
preferences and weights under a hyper-decision-making framework. 


Remark 2.16. When the hyper-evaluations & (Dj, a, c ;) reduce to singleton sets (i.e., E(Dj, a, c;) = {uij(a)}), 
GHDM becomes standard Group Decision-Making (GDM). Similarly, when there is a single decision-maker 
(k = 1), GHDM reduces to HyperDecision Making. 


Definition 2.17 (Group n-SuperhyperDecision Making (G-n-SHDM)). Group n-SuperhyperDecision Making 
generalizes GHDM by allowing n-nested hyper-evaluations for each decision-maker. Let: 


id A = {a,a2,..., an}, C = {C],C2,...,Cm}, D = {D), Do,..., Dx}. 


© &") (Dj, a, cj) © P”(R) be the n-superhyper-evaluation by D; for a under c;, where P”(R) is the n-th 
powerset. 


The objective is to find: 
a* = arg max U\") (D, A,C), 
acA 


where: 


k m 
U\” (a) = » Qj: be Wj- SuperAgg” (6 (Dj, a,cj)) |, 
i=l j=l 


and: 


* SuperAgg"” recursively aggregates the n-nested structure into a single value (e.g., by applying max, 
min, or mean iteratively). 


* @;,w; are as defined in GHDM. 


Remark 2.18. When 1 = 1, G-n-SHDM reduces to Group HyperDecision Making. When k = 1, G- 
n-SHDM reduces to n-SuperhyperDecision Making. Thus, G-n-SHDM generalizes both GHDM and n- 
SuperhyperDecision Making. 


Theorem 2.19 (GHDM generalizes GDM and HyperDecision Making). GHDM encompasses both standard 
Group Decision-Making (GDM) and HyperDecision Making as special cases. 


Proof. The proof can be established based on the following approach. 


Reduction to GDM: If all hyper-evaluations &(D;, a, c;) are singleton sets, the aggregation Agg(6(Dj, a, c;)) 
is trivial, and GHDM reduces to the standard GDM formulation. 


Reduction to HyperDecision Making: If there is only one decision-maker (k = 1), the group aggregation 
collapses, and GHDM becomes a standard HyperDecision Making problem. oO 


Theorem 2.20 (G-n-SHDM generalizes GHDM and n-SuperhyperDecision Making). G-n-SHDM encom- 
passes both Group HyperDecision Making (GHDM) and n-SuperhyperDecision Making. 


Proof. The proof can be established based on the following approach. 


Reduction to GHDM: If n = 1, then all n-superhyper-evaluations 6”) (D;, a,c ;) reduce to standard hyper- 
evaluations &(D;, a,c;). Hence, G-n-SHDM becomes GHDM. 


Reduction to n-SuperhyperDecision Making: If there is only one decision-maker (k = 1), the group aggregation 
is unnecessary, and G-n-SHDM reduces to n-SuperhyperDecision Making. Oo 
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2.5 Multi-Attribute Decision Making 


Multi-Attribute Decision Making (MADM) selects the best alternative by evaluating options against multiple 
weighted criteria to maximize overall utility : 


Definition 2.21 (Multi-Attribute Decision Making (MADM)). [5| 111] Multi-Attribute Decision Making 
(MADM) refers to the process of selecting the optimal alternative a* € A = {a,,a2,...,a,} from a finite set 
of alternatives A, evaluated against multiple criteria C = {c,,c2,...,Cm}, based on their respective weights 
w,; € [0, 1], where payee wj=l. 


The process involves constructing a decision matrix D, where: 


ri. 712 c'* Vim 

r21 122 T2m 
D= . > 

Tni Tn2 *** nm 


where r;; is the performance value of alternative a; with respect to criterion c;. 


Steps for MADM The MADM process can be defined in the following steps: 


1. Construct the Decision Matrix: Evaluate each alternative a; against each criterion c; to populate the 
decision matrix D. 


2. Normalize the Decision Matrix: Normalize the decision matrix D to ensure comparability across criteria: 


max; rj; ” 
min; Vij 
rij? 


—J_, if c; is beneficial, 
if c; is cost-related. 


3. Weight the Criteria: Assign weights w to each criterion c; based on their relative importance. 


4. Aggregate Scores: Compute the aggregate score V; for each alternative a; using a scoring rule, such as: 
m 
= N 
V; = > wj° Tipe 
j=l 


5. Rank the Alternatives: Rank the alternatives based on their aggregate scores V;, and select the optimal 
alternative: 
a* = arg max V;. 
ayeA 


Compensatory and Non-Compensatory Methods 


* Compensatory Methods: Allow trade-offs between criteria, e.g., Weighted Sum Model (WSM), Weighted 
Product Model (WPM). 


¢ Non-Compensatory Methods: Do not allow trade-offs, e.g., Lexicographic Method, Elimination by 
Aspects. 


Definition 2.22 (Multi-Attribute HyperDecision Making (MAHDM)). Multi-Attribute HyperDecision Making 
(MAHDM) generalizes Multi-Attribute Decision Making (MADM) and HyperDecision Making by incorpo- 
rating hyper-valued evaluations for each alternative under each criterion. 


Let: 


¢ A= {aj,d2,...,4n} be the set of alternatives. 
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° C = {c1,C2,...,Cm} be the set of criteria. 
¢ w; € [0, 1] be the weight of criterion c;, satisfying i wy=l. 


¢ &(a;,c;) C Rbe the hyper-evaluation of alternative a; with respect to criterion c;. 


The goal of MAHDM is to select the optimal alternative a* by maximizing the hyper-utility function: 
a“ = arg max Uy(a), 
acA 


where: 


Un (ai) = Dw; - Age(E(ai,¢;)); 
j=l 
and: 


* Agg(-) is an aggregation function (e.g., max, min, or mean) that reduces the hyper-evaluation &(a;, c;) 
into a single representative value. 


Steps for MAHDM The process for MAHDM includes: 


1. Construct the Hyper-Decision Matrix: Define a hyper-decision matrix Dy, where each element is a 
hyper-evaluation: 


E(a1,c1) El(ay,c2) +++ Elay,cm) 

E(az,c1) E(ar,c2) +++ Elar,cm) 
Du = : : ; ; . 

E(an, C1) E(an, C2) oR E(an, Cm) 


2. Normalize the Hyper-Evaluations: Apply a normalization operator to ensure comparability across crite- 
ria. 


3. Aggregate Scores: Compute the hyper-utility for each alternative a; using the weights w; and aggregated 
evaluations Agg(&(a;,c;)). 
4. Rank and Select: Rank alternatives based on U/;;(a;) and select the one with the highest score. 


Remark 2.23. When all hyper-evaluations &(a;,c;) reduce to singleton sets, MAHDM becomes standard 
Multi-Attribute Decision Making (MADM). When there is a single aggregated criterion, MAHDM reduces to 
HyperDecision Making. 


Definition 2.24 (Multi-Attribute n-SuperhyperDecision Making (MA-n-SHDM)). Multi-Attribute n-SuperhyperDecision 
Making extends MAHDM and n-SuperhyperDecision Making by introducing n-nested hyper-evaluations for 
each alternative under each criterion. 


Let: 


° A= {aj,d2,...,dn}, C = {€1,€2,...,Cm}, and w; € [0, 1] as defined in MAHDM. 


© 6 (aj,c ;) © P"(R) be the n-superhyper-evaluation for a; under c;, where P”(R) is the n-th powerset. 


The objective is to find: 
= Uu\” (a), 


where: 
m 


Uj; (ai) =) w;- SuperAge” (E (aj, ¢;)), 


j=l 
and: 


° SuperAgg”) (-) is a recursive aggregation function that collapses the n-nested structure into a single 
value. 
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Steps for MA-n-SHDM_ The process follows similar steps to MAHDM, with n-superhyper evaluations 
replacing the hyper-evaluations. 


Remark 2.25. When n = 1, MA-n-SHDM reduces to MAHDM. When there is only one aggregated criterion, 
MA-n-SHDM reduces to n-SuperhyperDecision Making. 


Theorem 2.26 (MAHDM generalizes MADM and HyperDecision Making). MAHDM encompasses both 
MADM and HyperDecision Making as special cases. 


Proof. The proof can be established based on the following approach. 


Reduction to MADM: If all hyper-evaluations E(a;,c;) are singleton sets, the aggregation Agg(&(a;, c;)) 
becomes trivial, reducing MAHDM to MADM. 


Reduction to HyperDecision Making: If there is only one aggregated criterion (m = 1), the multi-attribute 
framework collapses, and MAHDM becomes HyperDecision Making. oO 


Theorem 2.27 (MA-n-SHDM generalizes MAHDM and n-SuperhyperDecision Making). MA-n-SHDM en- 
compasses both MAHDM and n-SuperhyperDecision Making. 


Proof. The proof can be established based on the following approach. 


Reduction to MAHDM: If n = 1, the n-superhyper-evaluations 6” (a;,c ;) reduce to standard hyper-evaluations 
&(a;,c;). Thus, MA-n-SHDM becomes MAHDM. 


Reduction to n-SuperhyperDecision Making: If there is only one aggregated criterion (m = 1), the multi- 
attribute framework collapses, and MA-n-SHDM reduces to n-SuperhyperDecision Making. oO 


2.6 Dynamic Decision Making 


Dynamic Decision Making (DDM) involves sequentially choosing actions in a dynamic environment, adapting 
to interdependent states, feedback, and evolving conditions 107]. 
Definition 2.28 (Dynamic Decision Making (DDM)). Dynamic Decision Making (DDM) refers 


to the process of making a sequence of interdependent decisions in an environment where: 
1. The outcomes of decisions influence future states of the environment. 
2. The environment evolves dynamically due to external factors and feedback loops. 


3. Decision-making involves managing temporal delays, uncertainty, and system complexity. 
Formally, let: 


¢ S = {51,52,..., 5} be the set of states of the environment. 
¢ A= {a {,a2,...,@m} be the set of possible actions available to the decision-maker. 


« T:SxA—S be the state transition function, such that s;4; = T(.s;, a;) defines the next state based on 
the current state s; and action a;. 


« R:SxA— R be the reward function, where R(s;,a;) quantifies the immediate outcome of taking 
action a; in state s;. 


* y € [0, 1] be a discount factor representing the importance of future rewards. 


The goal of DDM is to find a policy 2 : S — A that maximizes the cumulative expected reward: 


Yy'Rts.09 > 


t=0 


nm = arg max E 
us 


where a; = 7(5;). 
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Feedback Loops} DDM involves feedback loops characterized by circular causality: 
Action at time t — Change in state at time t + 1 — Observation and updated decision at time ft + 2. 


Positive feedback amplifies changes, while negative feedback stabilizes the system. 


Dynamic Complexity Dynamic complexity arises from: 


1. Delayed feedback, where the effects of actions on the environment manifest after a time lag At. 
2. Interdependent actions, where T(s;, a;) and R(s;, a;) depend on sequences of past states and actions. 


3. Nonlinear interactions, where small changes in actions can lead to disproportionate changes in outcomes. 


Key Features of DDM 


¢ Sequential Decision-Making: Each decision a; is informed by prior states and affects future states. 


¢ Learning from Feedback: Decision-makers update their mental models based on observed rewards 
R(s;,a;) and state transitions T(s;, a;). 


* Adaptation: Optimal policies 2* evolve as the decision-maker learns the dynamics of T and R over time. 


Definition 2.29 (Dynamic HyperDecision Making (DHDM)). Dynamic HyperDecision Making (DHDM) 
generalizes Dynamic Decision Making (DDM) and HyperDecision Making by incorporating hyperstructures 
into sequential decision processes in a dynamic environment. 


Let: 


° S = {s1,52,...,5n} be the set of states of the environment. 


° A= {a}, da2,...,4m} be the set of possible actions available to the decision-maker. 


Ty : SX P(A) — S be the hyper-state transition function, such that 5,4; = Ty(s;,E(a;)), where 
&(a;) © P(A) is a hyper-evaluation of action a;. 


Ry : SX P(A) — R be the hyperreward function, where Ry(s;,6(a;)) quantifies the outcome of 
&(a;) in state s;. 


¢ y € [0,1] be a discount factor. 
The goal of DHDM is to find a hyper-policy my : S — P(A) that maximizes the cumulative expected 
hyper-reward: 


* —_ 
Tr = argmaxE 
TH 


Y Ronan ; 


t=0 


Definition 2.30 (Dynamic n-SuperHyperDecision Making (D-n-SHDM)). Dynamic n-SuperHyperDecision 
Making extends DHDM by introducing n-nested hyperstructures into the dynamic decision-making process. 


Let: 


° S = {s1,52,...,5n} be the set of states of the environment. 
° A= {a1,d2,...,4m} be the set of possible actions. 


°T 2x P"(A) — S be the n-superhyper-state transition function, such that s;4; = 7 (S;, 6” (a;)), 
where &) (a,) C P(A) is an n-superhyper-evaluation of a,. 


236 


* R\ :§xP"(A) > R be the n-superhyper-reward function. 


The goal of D-n-SHDM is to find an n-superhyper-policy 1”) : S > P"(A) that maximizes the cumulative 
expected n-superhyper-reward: 


h* = arg max E yee” (s;,2'™ (s,)) . 
an) t=0 


Theorem 2.31 (DHDM generalizes DDM and HyperDecision Making). Dynamic HyperDecision Making 
(DHDM) encompasses both Dynamic Decision Making (DDM) and HyperDecision Making as special cases. 


Proof. The proof can be established based on the following approach. 


Reduction to DDM: When hyperstructures &(a;) are singleton sets, 77 and Ry reduce to the state transition 
and reward functions in DDM. 


Reduction to HyperDecision Making: In a static environment, the dynamic aspect vanishes, and DHDM 


becomes equivalent to HyperDecision Making. oO 


Theorem 2.32 (D-n-SHDM generalizes DHDM and n-SuperHyperDecision Making). Dynamic n-SuperHyperDecision 
Making (D-n-SHDM) generalizes both Dynamic HyperDecision Making (DHDM) and n-SuperHyperDecision 
Making. 


Proof. The proof can be established based on the following approach. 
Reduction to DHDM: When n = 1, T”) and R“ reduce to Ty and Ry, and D-n-SHDM becomes DHDM. 


Reduction to n-SuperHyperDecision Making: In a static environment, the dynamic aspect vanishes, and 
D-n-SHDM becomes n-SuperHyperDecision Making. oO 


2.7 Multi-Objective Decision-Making 


Multi-Objective Decision-Making optimizes decisions across multiple conflicting objectives, balancing trade- 


offs to identify the most satisfactory solution [3}{6|[68}/73|/76|/108]. 


Definition 2.33 (Multi-Objective Decision-Making).  [3}|6|{73] Multi-Objective Decision-Making (MODM) 
is the process of identifying an optimal solution among a set of feasible alternatives A = {a1,a2,...,an}, 
evaluated with respect to a set of conflicting objectives F = {f\, fo,..., fm}, subject to constraints C = 
{C1,C€2,...,€p}. Formally, the MODM problem can be defined as follows: 


fi(x) 
ee _ fo(x) 
Minimize/Maximize F(x) = . », xE€Q, 
fin(X) 
where: 
© X= (x1,%2,...,Xx) € Qis the decision variable vector within the feasible region Q C RS, 


¢ f; : Q— Ris the i-th objective function, which is to be minimized or maximized, 


* C = {c1(x) < 0,...,cp(x) < 0} represents the constraint set that defines the feasible region Q. 
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Pareto Optimality. A solution x* € Q is said to be Pareto optimal if there does not exist another solution 
x € Q such that: 


fils) < fix"), Vie {1,2,...,m}, and f;(x) < f;(x") for some /. 


The set of all Pareto optimal solutions is called the Pareto Set, and its image in the objective space is known as 
the Pareto Front. 


Weighted Sum Method. One common approach to solve an MODM problem is the Weighted Sum Method, 
which transforms the multi-objective problem into a scalar optimization problem: 


Optimize U(x) = oy w;fi(x), 
i=l 


where: 


° w; = Ois the weight associated with objective fj, 


bg Dip] Wi = 1. 


Reference Point Method. Another approach is the Reference Point Method, which seeks to minimize the 
distance to a reference point r = (r1,72,...,/m) in the objective space: 


Been 


Applications. MODM has broad applications in fields such as transportation planning, environmental man- 
agement, engineering design, and economics, where trade-offs among multiple conflicting objectives are 
required. 


Definition 2.34 (Dynamic HyperDecision Making (DHDM)). Dynamic HyperDecision Making (DHDM) 
generalizes Dynamic Decision Making (DDM) and HyperDecision Making by incorporating hyperstructures 
into sequential decision processes in dynamic environments. 


Formally, let: 


¢ S = {5}, 52,..., Sn} represent the finite set of states in the environment. 


° A = {aj,a2,...,4m} represent the finite set of actions available to the decision-maker. 


f (A) denote the powerset of A, representing hyper-evaluations of actions. 


Ty : Sx P(A) — S be the hyper-state transition function, defined as: 
Sti = TH (51,6 (az), 


where &(a;) € P(A) represents a hyper-evaluation of a;. 


Ry: SXP(A) - R be the hyper-reward function, defined as: 
Ru (51,6 (ar) = Agg ({R(s7,.a) | a’ € E(az)}), 


where R(s;,a’) represents the immediate reward for a’, and Agg(-) is an aggregation operator (e.g., 
max, min, mean). 


¢ y € [0,1] be a discount factor for future rewards. 
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The objective of DHDM is to find a hyper-policy my : S — P(A) that maximizes the cumulative expected 
hyper-reward: 


Y Ronan ; 


* —, 
Try = argmax E 
TH 0 
t= 


Definition 2.35 (Dynamic n-SuperHyperDecision Making (D-n-SHDM)). Dynamic n-SuperHyperDecision 
Making extends DHDM by introducing n-nested hyperstructures, enabling multi-layered evaluations in dynamic 
decision processes. 


Formally, let: 


° S = {51,52,...,5n}, A = {1, @2,..., 4m} be the states and actions, respectively. 
* P"(A) denote the n-th powerset of A, recursively defined as: 
PI(A)=P(A), PMA) = P(PK(A)). 
¢ T’) : $x P"(A) — S be the n-superhyper-state transition function: 
Si = T° (5,6 (a,)), 
where &"") (a,) C P(A) represents an n-superhyper-evaluation. 


° R\) : § x P"(A) — R be the n-superhyper-reward function: 
R (5,6 (a;)) = SuperAge™ ({R""(s;,a") La’ € 6 (ai)}), 


where SuperAgg"”) is an aggregation operator for the n-layer structure. 


The goal of D-n-SHDM is to find an n-superhyper-policy 1”) : S > P"(A) that maximizes the cumulative 
expected n-superhyper-reward: 


Sai Rr'Gna sd) 


t=0 


n)* = arg max E 
n(n) 


Theorem 2.36 (DHDM Generalizes DDM and HyperDecision Making). Dynamic HyperDecision Making 
(DHDM) generalizes both Dynamic Decision Making (DDM) and HyperDecision Making. 


Proof. The proof can be established based on the following approach. 


¢ When hyperstructures &(a;) reduce to singleton sets, T747 and Ry become the standard state transition 
and reward functions, reducing DHDM to DDM. 
¢ When the dynamic aspect is removed, Ty and Ry reduce to static evaluations, resulting in HyperDecision 
Making. 
Oo 


Theorem 2.37 (D-n-SHDM Generalizes DHDM and n-SuperHyperDecision Making). Dynamic n-SuperHyperDecision 
Making (D-n-SHDM) generalizes both Dynamic HyperDecision Making (DHDM) and n-SuperHyperDecision 
Making. 


Proof. The proof can be established based on the following approach. 


* Whenn = 1,7) and R“™ reduce to Ty and Ry, and D-n-"SHDM becomes DHDM. 


* When the dynamic component is removed, T‘”) and R“ reduce to static evaluations, resulting in 
n-SuperHyperDecision Making. 
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Chapter 4 


Theoretical Interpretations of Large Uncertain and Hyper Language 
Models: Advancing Natural Uncertain and Hyper Language Processing 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


This paper explores the integration of uncertainty frameworks such as Fuzzy, Neutrosophic, and Plithogenic 
sets into Large Language Models (LLMs) and Natural Language Processing (NLP). We propose novel models, 
including Large Uncertain Language Models and Natural Uncertain Language Processing, to enhance linguistic 
representations and processing capabilities. Furthermore, we extend the theoretical foundation of LLMs 
and NLP by incorporating Hyperstructures and Superhyperstructures, enabling higher-order generalizations 
and hierarchical modeling. These advancements provide new perspectives for addressing uncertainty and 
complexity in language understanding and processing. While the paper focuses on theoretical generalizations, 
practical validation through computational experiments remains an important direction for future work. 


Keywords: Hyperstructure, Large Language Models, Natural Language Processing, nth Power set 
MSC 2010 classifications: 03E72 - Fuzzy set theory; 68T50 - Natural language processing; 68Q55 - Semantics 
(including automata theory) 


1 Short Introduction 


1.1 Large Language Models and Natural Language Processing 


Artificial Intelligence (AI) [1148] 319], Natural Language Processing (NLP) (25}/50), Machine Learning 
316], Graph Neural Networks [13| , and Data Analysis have become integral components 


of modern life. While numerous concepts are being actively researched, this paper focuses on Large Language 
Models (LLMs) and Natural Language Processing. 


Large Language Models (LLMs) are advanced AI systems trained on extensive text datasets to understand, 


generate, and process human language 314]. For instance, multimodal LLMs, capable 


of processing not only text but also other modalities such as images and audio, have become increasingly 


indispensable in practical applications 


Furthermore, various specialized LLMs have been developed to meet specific objectives. These include: 


Instruction-Tuned LLMs: Models fine-tuned to effectively follow user instructions, improving interaction 


and response generation (21/[69|[118][122|/760). 


Domain-Specific LLMs: Models tailored for specialized fields such as finance, healthcare, or legal 
applications [}145) . 


Lightweight LLMs: Optimized for resource-constrained environments, enabling deployment on mobile 


devices and edge computing platforms : 


Conversational LLMs: Designed for generating natural and contextually appropriate dialogue, focusing 


on improving coherence and interactivity in conversations |188} : 


These variations of LLMs represent active areas of research, addressing diverse challenges and expanding their 
applicability across a wide range of domains. 


Natural Language Processing, on the other hand, involves the computational analysis, interpretation, and 
generation of human language. It plays a crucial role in communication, decision-making, and knowledge 


discovery . It is often studied alongside Large Language Models. 
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¢ Multimodal Natural Language Processing: Expands NLP to process and integrate data from multiple 


modalities, such as text, images, and audio ; 


* Context-Aware Natural Language Processing: Enhances traditional NLP by incorporating contextual 
information to improve accuracy and relevance [134]. 


Furthermore, the concept of HyperLanguage extends traditional language structures [29\|30||80). HyperLan- 
guage finds application in various domains, such as automata theory, where it enhances the representation and 


processing of complex linguistic constructs [29| [99]. 


1.2 Uncertain Sets 


Set theory, a foundational branch of mathematics, provides the framework for studying collections of objects, 
known as ”sets” (66]/1441/303|[305). Over time, the classical concept of sets has been extended to address the 
complexities of real-world uncertainty. Prominent among these extensions are Fuzzy Sets [59 
, Vague Sets [5]/43|[48]128]/346], Soft Sets [8]10]88)182|196]328], Hypersoft Sets [272]273], Rough 
Sets 212! , Hyperfuzzy Sets [87] , and Neutrosophic Sets [35| 258282308]. 


Each of these frameworks addresses unique aspects of uncertainty. For instance, Fuzzy Sets assign a membership 
degree between 0 and | to each element, enabling the modeling of partial belonging (334]. In contrast, 
Neutrosophic Sets extend this concept by introducing three degrees: truth, indeterminacy, and falsehood, 
providing a comprehensive approach to handling ambiguity in complex systems (257][258). Among these, 
Plithogenic Sets stand out as a versatile generalization that incorporates multiple levels of uncertainty and 
contradiction. These sets have gained attention for their adaptability to complex systems 
[262)/280|283]289). 


Research on uncertain sets, including the aforementioned frameworks, has expanded significantly [99| 
258|/262|. These studies have led to advancements in uncertain graphs, such as Fuzzy Graphs and Neutrosophic 


Graphs, which have been applied to a variety of problems [82/[86} : 


Moreover, these concepts have seen practical applications in fields such as Neural Networks (9[123 
and decision-making processes [4||6]|46\[1 13} , showcasing their relevance and 


versatility in addressing uncertainty across diverse domains. 


1.3 Hyperstructure and Superhyperstructure 


This subsection explains the concepts of Hyperstructure and Superhyperstructure. Hyperstructures and Super- 
hyperstructures represent hierarchical structures. A Hyperstructure is a mathematical construct that extends 
the concept of power sets to various mathematical frameworks. Building upon this foundation, a Superhyper- 
structure incorporates the notion of n-th power sets, providing a hierarchical and iterative generalization of 
hyperstructures. Superhyperstructures can be interpreted as repeated applications of hyperstructural principles, 
enabling deeper levels of abstraction and complexity (278]/279}. 


For instance, in graph theory, a Hypergraph is a hyperstructure, while a Superhypergraph is a superhyperstruc- 
ture, offering a higher level of abstraction and complexity. A Hypergraph is defined as a generalization of a 


traditional graph (cf. [68}) where edges, called hyperedges, can connect more than two vertices (24 112). 
Hyperstructures have been extensively studied in the field of AI, including concepts like Hypergraph Neural 


Networks . In contrast, a SuperHyperGraph represents a more general- 


ized class of graphs that incorporates superedges and supervertices. This extension builds upon fundamental 
graph-theoretic concepts, including traditional graphs and hypergraphs, to achieve greater levels of abstraction 


and flexibility (ct 276|278)). Similarly 


SuperHypergraph Neural Networks have also been actively explored in recent studies [85]. 


Beyond graph theory, superhyperstructures have been extensively studied across various mathematical disci- 
plines, including: 


* Topology : The study of hypertopologies and superhypertopologies [274 
284] has revealed novel insights into topological structures. 
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Functions: Hyperfunctions [103 and superhyperfunctions [270| extend the functional 


analysis framework. 


Soft Sets 196): Advances include hypersoft sets and superhy- 
persoft sets [272\!285], broadening the scope of soft set theory. 


Fuzzy Sets : Hyperfuzzy sets [106) and superhyperfuzzy sets provide a higher- 


order generalization of classical fuzzy sets. 


Group Theory : The extension of hypergroups [159] to superhypergroups [159] enriches algebraic 
structures in group theory. 


Neutrosophic Sets : Hyperneutrosophic sets and superhyperneutrosophic sets address 
higher-order uncertainties. 


Algebra Theory 161: Developments in hyperalgebras [57 and superhyperalgebras 
142 284] expand the understanding of algebraic systems. 


Automata Theory (3i)[13 7): The concepts of Hyperautomata (29/241) and Superhyperautomata 


incorporate hyperstructures into the framework of automata theory, extending its theoretical boundaries. 


Ring Theory [258)|320): Hyperring Theory |14}|58})153\)}164] and Superhyperring Theory |277) explore 
& y I} & ipernyp & p 


hyperstructures within algebraic systems, enriching the study of commutative and non-commutative 
rings. 


Rough Set Theory ||214| 218]: The notions of Hyperrough Sets and Superhyperrough 
Sets generalize classical rough set theory by leveraging hyperstructural principles. 


Given this broad scope of applications, research into Hyperstructures and SuperHyperstructures is crucial for 
advancing mathematical theory and its interdisciplinary applications. 


1.4 Our Contribution in This Paper 
This subsection provides a concise explanation of our contributions in this paper. 


We theoretically propose models for Large Uncertain Language Models and Natural Uncertain Language 
Processing by incorporating the concepts of Fuzzy, Neutrosophic, and Plithogenic frameworks into the domains 
of Large Language Models and Natural Language Processing. Additionally, we introduce models that integrate 
the concepts of Hyperstructure and Superhyperstructure into Large Language Models and Natural Language 
Processing, expanding their theoretical foundation. 


It is important to note that this discussion primarily focuses on theoretical generalizations. The practical 
feasibility and robustness of these methods in real-world applications require further computational experiments 
and validation. 


1.5 The Structure of the Paper 


The format of this paper is described below. 


1__ Short Introduction 
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2 Preliminaries and Definitions 


In this section, we provide the necessary preliminaries and definitions. As it is not feasible to explain or define 
every concept within this paper, readers are advised to refer to the respective notations and basic definitions in 
the relevant literature as needed. 


2.1 Basic Set Theory 


This subsection introduces foundational concepts of set theory. For a detailed discussion, readers are encouraged 
to consult standard references []126! 150). 


Definition 2.1 (Set). A set is a well-defined collection of distinct objects, referred to as elements. For 
any object x, it can be unambiguously determined whether x belongs to the set. If A is a set and x is an 
element of A, this relationship is expressed as x € A. Sets are often denoted using curly brackets. For example, 
A = {1,2,3} represents a set containing the elements 1, 2, and 3. 


Definition 2.2 (Subset). [144] Let A and B be sets. The set A is said to be a subset of B, written A C B, if 
every element of A is also an element of B. Formally: 


ACB = Vx(xEeA = xeEB). 


If A C Band A # B, then A is called a proper subset of B, denoted A Cc B. 


2.2 Uncertain Sets 


In this subsection, we focus on Uncertain Sets, exploring concepts such as fuzzy sets, Neutrosophic sets, and 
plithogenic sets. 


Fuzzy sets offer a powerful framework for managing uncertainty by assigning degrees of membership to 
elements [334 . Building upon this foundation, several extensions have been proposed, including 


bipolar fuzzy sets [7 , intuitionistic fuzzy sets [16419], hesitant fuzzy sets [76 323], 
picture fuzzy sets [54 , spherical fuzzy sets , pythagorean fuzzy sets 
(102 B47), and vague sets (43]48][128}. 


Neutrosophic sets extend the concept of fuzzy sets by incorporating the notion of indeterminacy, enabling 
representation of states that are neither entirely true nor entirely false. This framework has been extensively 
explored in various fields [257259]. Furthermore, related concepts include Bipolar Neutrosophic Sets [3} 


302], Complex Neutrosophic Sets [11/12], Single-Valued Neutrosophic Sets [44 309], 
Interval-Valued Neutrosophic Sets [329| 345], and Neutrosophic Offsets : 


Plithogenic sets further enhance these frameworks by accommodating a greater degree of complexity and 
multi-dimensional uncertainty. They provide a flexible and robust approach for modeling intricate scenarios, 


making them a versatile tool for uncertainty management : 


The relevant definitions, theorems, and related concepts are presented below. 
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Definition 2.3 (Fuzzy set). [334! A fuzzy set T inanon-empty universe Y isa mapping tT : Y > [0,1]. 
A fuzzy relation on Y is a fuzzy subset 6 in Y x Y. If t is a fuzzy set in Y and 6 is a fuzzy relation on Y, then 6 
is called a fuzzy relation on T if 


6(y,z) < min{r(y), T(z)} forall y,z Ee Y. 


Example 2.4 (Fuzzy set). Consider a non-empty universe Y = {Cold, Moderate, Hot}, which represents 
temperature levels. A fuzzy set tT maps each element in Y to a degree of membership in the interval [0, 1]. For 
example: 

t(Cold) = 0.8, t(Moderate) = 0.5, 7(Hot) = 0.2. 


This means the degree of ’coldness” is 0.8, *moderateness” is 0.5, and “hotness” is 0.2 for the given context 
(e.g., a day with a temperature of 15°C). This approach accommodates the vagueness of linguistic terms like 
*cold” or hot.” 


A fuzzy relation 6 on Y could represent the perceived similarity between temperature levels: 
6(Cold, Moderate) = 0.6, 6(Cold, Hot) =0.2, 6(Moderate, Hot) = 0.7. 


The fuzzy relation satisfies: 
6(y,z) < min{t(y),T(z)} forall y,zeY. 


Definition 2.5. [257] Let X be a given set. A Neutrosophic Set A on X is characterized by three membership 
functions: 
Ta: X— [0,1], I4:X—- [0,1], Fa: X- [0,1], 


where for each x € X, the values T,4(x), [4(x), and F4(x) represent the degree of truth, indeterminacy, and 
falsity, respectively. These values satisfy the following condition: 


0 < Ta(x) +1,4(x) + Fa(x) < 3. 


Example 2.6. Let X = {Product A, Product B, Product C}, representing products in an online store. A 
Neutrosophic Set A assigns to each product a degree of truth T4(x), indeterminacy /,4(x), and falsity F(x). 
For example: 

T,4(Product A) = 0.7, J,4(Product A) =0.2, F,4(Product A) = 0.1. 


Here, T4(Product A) = 0.7 indicates 70% positive reviews, [4(Product A) = 0.2 reflects 20% uncertain or 
mixed feedback, and F'4(Product A) = 0.1 signifies 10% negative reviews. These values satisfy: 


0 < Ta(x) + T4(x) + Fa(x) <3 forallx eX. 


Proposition 2.7. (cf. ) A Neutrosophic Set generalizes a Fuzzy Set. 


Proof. This follows directly from the definition. oO 


Definition 2.8. [261|/262] Let S be a universal set, and P C S. A Plithogenic Set PS is defined as: 
PS = (P,v, Pv, pdf, pCF) 
where: 


* vis an attribute. 
¢ Pv is the range of possible values for the attribute v. 
° pdf : Px Pv — [0,1]* is the Degree of Appurtenance Function (DAF). 


° pCF : Pv x Pv = [0,1]! is the Degree of Contradiction Function (DCF). 


These functions satisfy the following axioms for all a,b € Pv: 
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1. Reflexivity of Contradiction Function: 
pCF(a,a) =0 


2. Symmetry of Contradiction Function: 
pCF(a, b) = pCF(b,a) 


Example 2.9. (cf. (83|/96]) The following examples of Plithogenic sets are provided. 


When s = t = 1, PS is called a Plithogenic Fuzzy Set. 


When s = 2,t = 1, PS is called a Plithogenic Intuitionistic Fuzzy Set. 


When s = 3,t = 1, PS is called a Plithogenic Neutrosophic Set. 


When s = 4,7 = 1, PS is called a Plithogenic quadripartitioned Neutrosophic Set (cf. | 138) 249)). 


When s = 5,t = 1, PS is called a Plithogenic pentapartitioned Neutrosophic Set (cf. ). 


When s = 6,¢ = 1, PS is called a Plithogenic hexapartitioned Neutrosophic Set (cf. |211)). 


When s = 7,¢ = 1, PS is called a Plithogenic heptapartitioned Neutrosophic Set (cf. ). 


When s = 8,t = 1, PS is called a Plithogenic octapartitioned Neutrosophic Set. 


When s = 9,t = 1, PS is called a Plithogenic nonapartitioned Neutrosophic Set. 


Libraries and programming frameworks for Fuzzy Sets and Neutrosophic Sets are discussed in various studies. 


For Fuzzy Sets, references such as 352] provide valuable insights. For 
Neutrosophic Sets, relevant research can be found in (36) , among others. While these references are 


merely examples, they can be consulted as needed. 


2.3 Hyperstructure and Superhyperstructure 


This subsection provides an explanation of Hyperstructure and Superhyperstructure. A Hyperstructure refers 
to a mathematical concept characterized by the structure of a power set. The term Superhyperstructure denotes 
the structure defined by the n-th power set (278][279}. These concepts enable the representation of various 
hierarchical structures. The definition of the n-th power set is given below. 


Definition 2.10 (Base Set). A base set is a foundational set S from which more complex structures, such as 
powersets or hyperstructures, are derived. Formally, a base set is defined as: 


S = {x | x is an element of the universe of discourse}. 


All elements in derived structures, such as P(S) or P;,(S), originate from the elements of the base set S. 


Definition 2.11 (Powerset). The powerset of a set S, denoted P(S), is the set of all subsets of S, 
including the empty set and S itself. Formally, 


P(S)={A| ACS}. 


Definition 2.12 (n-th powerset). (cf. 278) The n-th powerset of H, denoted P,(H), is defined 
recursively as: 
P\(H) = P(A), Pnii(H) = P(Pn(H))  forn 2 1. 


Similarly, the n-th non-empty powerset of H, denoted P*(H), is defined as: 
Pi(H) = P*(H), Phy (H) = P*(P,(A)). 


Proposition 2.13. An n-th powerset generalizes a power set. 


Proof. This is evident. oO 
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If we were to mathematically define Hyperstructure and Superhyperstructure, the definitions would be as 
follows. 


Definition 2.14 (Hyperstructure). A Hyperstructure is a mathematical structure that incorporates elements 
from the powerset of a base set. Formally, a hyperstructure H is defined as: 


H = (P(S),°), 
where Sis a base set, P(S) is its powerset, and o is an operation defined on subsets of S. 


Proposition 2.15. A Hyperstructure possesses the structure of a Power set. 


Proof. This follows directly from the definition. Oo 


Definition 2.16 (n-Superhyperstructure). (cf. [255| ) An n-Superhyperstructure generalizes a hyperstruc- 
ture by iteratively applying the powerset operation n-times. It is formally defined as: 


SHn = (Pn(S),°), 
where S is the base set, P,,(S) is the n-th powerset of S, and o is a general operation defined on ?,,(S). 


Proposition 2.17. A n-Superhyperstructure possesses the structure of a n-th powerset. 


Proof. This follows directly from the definition. oO 


Proposition 2.18. An n-Superhyperstructure generalizes a Hyperstructure. 


Proof. By definition, a Hyperstructure H = (P(S), 0) is based on the powerset P(S) of a base set S, with an 
operation o defined on P(S). 


An n-Superhyperstructure SH, = (P,(S), ©) extends this concept by applying the powerset operation n-times, 
where f,(S) = P(Pn_1(S)), and Pi (S) = P(S). 


For n = 1, we have P)(S) = P(S), and hence SH; = (P(S),°), which is equivalent to a Hyperstructure. 
For n > 1, the n-th powerset introduces additional levels of hierarchical structure beyond the base powerset, 
thereby generalizing the original Hyperstructure. 


Thus, an n-Superhyperstructure reduces to a Hyperstructure for n = 1, and for n > 1, it represents a broader 
generalization. oO 


3 Theoretical Considerations of Uncertain Language 


In this section, we explore concepts related to languages that incorporate uncertainty, such as Fuzzy Languages, 
and discuss their theoretical underpinnings. 


3.1 Uncertain Natural Language Processing (NLP) 


We introduce and mathematically define several frameworks under the umbrella of Uncertain Natural Language 
Processing (NLP), including: 


¢ Natural Fuzzy Language Processing 
A system that handles linguistic uncertainty using fuzzy languages, assigning degrees of membership to 
words or phrases. 


¢ Natural Neutrosophic Language Processing 
A framework incorporating truth, indeterminacy, and falsity degrees for nuanced processing of ambiguous 
linguistic data. 
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¢ Natural Plithogenic Language Processing 
A method combining plithogenic languages to manage linguistic data with multiple attributes and higher- 
order uncertainty. 


These frameworks aim to extend the theoretical foundation of NLP to accommodate uncertainty and vagueness 
inherent in natural language. It is important to note that this discussion focuses on theoretical generalizations. 
Practical feasibility and robustness of these methods for real-world applications require further computational 
experiments and validation. 


3.1.1 Classic Natural Language Processing (NLP) 


Natural Language refers to human languages(cf. [202) ) used for communication, encompassing 
spoken, written, or signed forms, which evolve naturally over time. Natural Language Processing (NLP) involves 
enabling computers to understand, interpret, and generate human language for purposes of communication and 


analysis [25||50]. NLP has been extensively studied in various contexts and applications 


The definitions and examples are provided below. Readers interested in learning more about Natural Language 


Processing are encouraged to consult the relevant survey introductions as needed 318}. 
Definition 3.1 (Formal Language). A formal language L£ is defined as a set of strings 


(or sequences) formed from a finite alphabet X, subject to specific syntactic rules. Formally: 
Loe, 


where =” is the set of all finite strings over the alphabet Z. The strings in £ are called well-formed formulas 
(WFFs). 


A formal language L£ is typically accompanied by: 


¢ A set of symbols (or alphabet) X, which may include logical connectives (e.g., A, V, 4), quantifiers (e.g., 
V, 5), variables, and parentheses. 


* A set of formation rules that determine which strings in &* are well-formed. 


Example 3.2 (Formal Language). Consider the formal language L£ over the alphabet & = {a, b}, defined as: 
£ = {w € X* | w contains an equal number of a’s and b’s}. 


This language includes all strings formed from a and b such that the number of occurrences of a in the string 
equals the number of occurrences of b. Some examples of well-formed strings (words) in L£ are: 


é,ab, ba, aabb, abab, bbaa,... 


where € represents the empty string. 


Formation Rules: 


¢ The empty string € is in L£. 
° Ifw eé JL, then awb € £and bwa é L£. 


¢ No other strings are in L. 


The language L is an example of a formal language that can be described by a context-free grammar. It ensures 
that all strings adhere to the rule of equal numbers of a’s and b’s, representing a well-defined syntactic structure 
over the alphabet =. 
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Definition 3.3 (Word). (cf. [121|/232]) Let = be a finite set of symbols, referred to as an alphabet. A word 
over & is defined as a finite sequence of symbols from X. Formally, a word w is an element of X*, where: 


ih a Oa 


and &” denotes the set of all sequences of length n formed from ~, including the empty sequence ¢ when n = 0. 


For a word w € =”, the length of w, denoted |w], is the number of symbols in w. If w = «, then |w| = 0. For 
example: 


° If = = {a, b}, then w = aba € &* is a word of length |w| = 3. 
* The empty word ¢ € X* is the unique word with |w| = 0. 


Definition 3.4 (Natural Language). (cf. [25\{50|[185]) A natural language is a system of communication 
composed of words, phrases, and rules, developed naturally among humans for expressing thoughts, emotions, 
and information. Unlike formal languages, natural languages are characterized by ambiguity, irregularity, 
and context-dependence, and are primarily governed by implicit grammar rather than strict syntactic rules. 
Examples include English, Japanese, and Arabic. 


Definition 3.5 (Probability Model). (cf. [104 237) A probability model is a tuple (Q, F, P), where: 


e Q is the sample space, 
¢ F isa o-algebra of subsets of Q, 
¢ P: Ff — [0,1] is a probability measure satisfying: 
P(Q)=1 and P (U 4] = 3 P(A;), 
i=l i=l 
for any countable collection of disjoint events {A;}, ¢ F. 


Definition 3.6 (Natural Language Processing (NLP) ). (cf. ) Let = be a finite alphabet representing 
the vocabulary of a natural language, and let &* denote the set of all finite sequences (words) over ©. A 
language £ is a subset £C X*. 


An NLP system is a tuple: 
N=(2,L,P,M,T), 


where: 


1. &: A finite alphabet of symbols. 
2. £¢ X*: The language, defined by some grammar G. 
3. P : L— [0,1]: A probability model assigning probabilities to each w € L: 
P(w) = P(w | 4), 
where 6 represents model parameters. 


4. M: £— O: A mapping function that transforms each w € JL into a structured output o € O (e.g., a 
parse tree, a translation). 


5. J :L£x L£—R: A similarity measure between pairs of words or sentences. 


Libraries and programming frameworks for natural language processing have been explored in various studies, 


such as [[22}(171|[193]/2221/307}|310|[325|/326]. Please refer to these works as needed. 
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3.1.2 Natural Fuzzy Language Processing 


We explore Natural Fuzzy Language Processing, which combines the principles of Natural Language Processing 
and Fuzzy Language . Definitions, theorems, and related concepts are provided below. 


Definition 3.7 (Fuzzy Language). Let X be a finite alphabet, and let &* and X“ denote the sets 
of all finite and infinite words over &, respectively. A fuzzy language is defined as follows: 


1. Fuzzy Set: A fuzzy set A on a set X is characterized by a membership function f4 : X — [0,1], where 
fa(x) represents the degree of membership of x € X in the set A. 


2. Fuzzy Language over Finite Words: A fuzzy language over &* is defined as a mapping r : &* — [0, 1], 
where r(w) denotes the degree of membership of the word w € &* in the language. 


3. Fuzzy Language over Infinite Words: Similarly, a fuzzy language over X@ is amappingr : X° — [0,1], 
where r(w) represents the degree of membership of the infinite word w € x”. 


4. Support of a Fuzzy Language: The support of a fuzzy language r is the set of words with non-zero 
membership: 
supp(r) = {w € &* | r(w) > O}. 


This framework models uncertainty and partial belonging by assigning a degree of membership to each word 
in the language. 


Example 3.8 (Fuzzy Language Example 1: Room temperature comfort). Consider a linguistic context de- 
scribing room temperature comfort. In everyday conversation, words like “warm,” “cool,” or “pleasant” do 
not strictly classify temperature as entirely comfortable or uncomfortable. Instead, they express a degree of 
comfort. For instance, let & = {”cold’”, cool’, *warm”, ”hot”’} be a set of words used to describe temperature. 
A fuzzy language r : & — [0, 1] might assign: 


r(’cool”) = 0.3, r(’warm’) = 0.8, 


indicating that “cool” has a low degree of membership to the ideal comfort zone (perhaps slightly chilly) 
while “warm” strongly belongs to the comfort category. The exact membership degrees depend on context or 
personal preference, reflecting how people naturally express nuances rather than absolute truths. 
Another everyday example might involve affordability. Words like “cheap,” “affordable,” or “expensive” do not 
neatly classify items into binary categories. Suppose X = {”cheap”, ’affordable”, ’costly”}. A fuzzy language 
could assign: 

r(’affordable”) = 0.6, 


implying that “affordable” partially belongs to a “reasonably priced” category without asserting a strict bound- 
ary. 


Example 3.9 (Fuzzy Language Example 2: Climate Comfort). Let & = {”humid”,’’dry”} represent words 
describing weather conditions. Define a fuzzy language r : & — [0, 1] that measures how well these words fit 
the notion of a “comfortable climate”: 


r("humid”) =0.5, (“dry”) = 0.4. 


In this scenario, “humid” is somewhat comfortable (though not ideal), while “dry” is slightly less comfortable, 
reflecting subjective human perceptions rather than a binary classification. 
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Example 3.10 (Fuzzy Language Example 3: Food Quality). Consider = = {”ripe”,”’stale”} referring to food 
freshness. Define a fuzzy language r : X& — [0, 1] representing how well each word matches “good to eat”: 


r("ripe”) = 0.9, _r(’stale’”) = 0.2. 


“Ripe” strongly belongs to the “edible and appealing” category, while “stale” barely meets that criterion, 
illustrating a gradient of acceptability rather than a strict boundary. 


Theorem 3.11. Every formal language £ ¢ X* can be represented as a fuzzy language. 
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Proof. Let LC X* be a formal language. By definition, every string w € &* either belongs to £ (w € L) or 
does not (w ¢ £). 


To represent £ as a fuzzy language, we define a fuzzy membership function r : &* — [0, 1] as follows: 


1 ifwe ZL, 
r(w) = 
{} ifw ¢ L. 


In this case: 


* r(w) assigns a membership degree of | to strings in L£, indicating full membership. 


* r(w) assigns a membership degree of 0 to strings not in £, indicating no membership. 


Since a fuzzy language allows membership values in the interval [0, 1], this construction is valid. The fuzzy 
language r(w) corresponds exactly to the formal language L. 


Moreover, the support of the fuzzy language, defined as: 
supp(r) = {w € 2° | r(w) # O}, 
is equivalent to £, because r(w) = | for all w € Land r(w) =0 for all w ¢ L. 
Thus, the fuzzy language r(w) faithfully represents the formal language L. oO 


Corollary 3.12. Fuzzy languages are a generalization of formal languages, as they can accommodate partial 
membership values (0 < r(w) < 1) in addition to the binary membership of formal languages. 


Proof. This is evident. g 


Definition 3.13 (Natural Fuzzy Language). A Natural Fuzzy Language is a formal framework for representing 
and processing natural language with inherent uncertainty using fuzzy sets. Formally, let X be a finite alphabet 
representing the vocabulary. A Natural Fuzzy Language £, is defined as: 


Lr = (2%, Mr, Pr, Sr), 


where: 


e &: A finite alphabet representing the set of words. 


* Mr : X&* — [0,1]: A fuzzy membership function assigning to each word w € &* a degree of 
membership Mr(w). This value captures how strongly the word w belongs to the language, modeling 
linguistic vagueness (e.g., the word “warm” might have a membership degree Mr (’’ warm’) = 0.8 ina 
language describing comfortable temperatures). 


Pr: &X*x=X* > [0,1]: A fuzzy relation measuring semantic proximity or contextual similarity between 


two words u,v € &*. For example, P-(’ warm”, cozy”) = 0.7 may indicate that “warm” and “cozy” 
are semantically related with a moderately high degree. 


* Sr: A set of syntactic or semantic rules represented as fuzzy constraints, guiding the construction and 
interpretation of sentences. For instance, a fuzzy syntactic rule might state that certain phrases are 
“somewhat acceptable” with a degree of 0.5, reflecting partial grammaticality or contextual fit. 


Example 3.14 (Natural Fuzzy Language). Consider a vocabulary X = {”cold’,”’cool”, ’warm”, ”hot”} de- 
scribing temperature-related terms. A Natural Fuzzy Language Lp could assign: 


Mer(’cool”) = 0.3,  Mr(’warm’) = 0.8, 


indicating that “cool” is only somewhat representative of comfortable temperatures, while “warm”’ strongly fits 
the notion of comfort. Additionally, 
Pr(’warm’, hot’) = 0.6, 


suggesting that “warm” and “hot” are moderately similar in meaning. Fuzzy syntactic rules might allow for 
partially acceptable sentence formations, reflecting the inherent gradation in natural language structures. 
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Example 3.15 (Natural Fuzzy Language in a Japanese Linguistic Context). Japanese is known as a language 
with a high degree of ambiguity in meaning (cf. [190 ). Consider a Natural Fuzzy Language £, derived 
from Japanese vocabulary describing nuances in weather conditions. Let: 
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d = {’samui (coldy’, ’suzushii (cool)”, ’atatakai (warm)”, ’atsui (hot)’”}. 


In everyday Japanese, these words convey nuanced perceptions of temperature, with interpretations often 
dependent on personal feelings and context. Define a fuzzy membership function Mr : &* — [0, 1]: 


Mer(’suzushii”) = 0.6, M@(’atatakai’’) = 0.8. 


Here, “suzushii (cool)” might represent a moderately pleasant coolness (0.6), neither too cold nor too warm. 
“Atatakai (warm)” indicates a higher degree of comfort (0.8), suggesting a more clearly positive and comfortable 
temperature. In contrast, “samui (cold)” might have a lower membership degree (e.g., 0.3) if we consider the 
fuzzy language to represent “comfortable living conditions.” 


A fuzzy relation Pr : &* x X* — [0, 1] could capture semantic proximity: 
Py (atatakai”, ’atsui”) = 0.5. 


Although “atsui (hot)” implies a higher temperature, it shares some semantic ground with “atatakai (warm)” 
as both indicate warmth, albeit at different comfort levels. 


Fuzzy syntactic rules could assign partial acceptability to certain phrases depending on context. For instance, 
describing a day as “sukoshi atatakai (slightly warm)” might have a membership of 0.7 in a fuzzy grammar 
representing “pleasant weather descriptions.” 


Definition 3.16 (Natural Fuzzy Language Processing (NFLP)). Let = be a finite alphabet, and let £ C &* be 
a language defined by some grammar G. A fuzzy language r : &* — [0,1] assigns to each word w € X* a 
degree of membership r(w) € [0, 1]. 


A Natural Fuzzy Language Processing (NFLP) system is a tuple: 
NP = (XLT PE M*,T*), 


where: 


ae: 


. &: A finite alphabet of symbols. 
L* ¢>*: A language over which a fuzzy membership function is defined. 
pF : £¥ — [0,1]: A fuzzy membership model assigning to each w € LY a value P* (w) € [0, 1]. 


MF : £* — O: A mapping function that transforms each w € L¥ into a structured output o € O. 


WP Be ON 


.T* : LF x LF SR: A similarity measure for comparing pairs of words under fuzzy membership 
considerations. 


Theorem 3.17. Natural Fuzzy Language Processing (NFLP) generalizes Natural Language Processing (NLP). 


Proof. Let N = (2, £,P, M,7) be an NLP system as defined above. In an NLP system, £ C &* is a formal 
language, and P(w) assigns probabilities to words w € L. 


For NFLP, let V* = (=, £°,P", M*",T*"), where LY C E* and P* (w) assigns a fuzzy membership degree 
to words w € LY. 


To show generalization: 


* If P*(w) € {0,1}, NFLP reduces to a deterministic NLP system where P(w) = 1 for w € £ and 
Pf (w) = 0 otherwise. 
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* If P*(w) takes values in [0,1], NFLP allows partial membership for w, capturing uncertainty or 
vagueness, which NLP cannot. 


Since NLP is a special case of NFLP when P* (w) € {0, 1}, NFLP generalizes NLP. oO 


Theorem 3.18. Natural Fuzzy Language Processing (NFLP) possesses the structure of a fuzzy language. 


Proof. By definition, NFLP operates over £* C &* with a fuzzy membership function P’ : £L* — [0,1]. 
This aligns with the definition of a fuzzy language, where r : &* — [0,1] assigns membership degrees to 
words. 


In NFLP: 


¢ >* is the set of all finite sequences over the alphabet ©. 


¢ PF is equivalent to the membership function r in a fuzzy language, as it maps each word w € =* to 
[0, 1]. 


* The support of P*, defined as supp(P*”) = {w € &* | P*(w) # 0}, corresponds to the set of words 
with non-zero membership. 


Thus, NFLP inherits the structure of a fuzzy language. oO 


3.1.3 Natural Neutrosophic Language Processing 


Natural Neutrosophic Language Processing is a concept that combines the principles of Neutrosophic Language 
and Natural Language Processing. Definitions and related theorems are provided below. 


Definition 3.19 (Neutrosophic Language). Let = be a finite alphabet. A Neutrosophic Language over X* is a 
function: 
NEY 1017; 


where for each word w € &*, N(w) = (T(w), [(w), F(w)) with T(w), [0wv), F(w) € [0, 1] and 


0 <T(w)+I(w) + Fw) <3. 


Here: 


* T(w) represents the truth-membership degree of w. 
¢ I(w) represents the indeterminacy-membership degree of w. 


¢ F(w) represents the falsity-membership degree of w. 


A Neutrosophic Language generalizes the notion of membership beyond the single membership function of a 
fuzzy language by explicitly incorporating degrees of truth, indeterminacy, and falsity. 


Example 3.20 (Neutrosophic Language Example 1: the word “balanced”’). In a neutrosophic language N : 
x* — [0, 1]°, each word is assigned three values (T(w), I(w), F(w)) representing truth, indeterminacy, and 
falsity. Consider using words to describe political opinions on a new policy. Let the word “balanced” describe 
the policy’s approach. Different individuals may view this policy variably: 


N("balanced”’) = (T(’balanced’”), J(’’balanced”’), F'(’’balanced”)) = (0.5, 0.4, 0.1). 


This could mean: 
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* T(’balanced”) = 0.5 : A moderate portion of people find this description appropriate. 


I(’balanced”) = 0.4 : There is notable uncertainty or disagreement about whether “balanced” is the 
right term. 


F(’balanced”) = 0.1 : A small fraction strongly disagrees that the policy is balanced. 


Similarly, consider a weather description like “fair.” Some days are clearly sunny or rainy, but “fair” might 
carry uncertainty: 
N("fair”) = (0.7, 0.2, 0.1), 


implying the weather is mostly agreeable (T = 0.7), somewhat uncertain or ill-defined (J = 0.2), and only 
rarely considered an incorrect descriptor (F = 0.1). 


These examples illustrate how fuzzy and neutrosophic languages model the gradations and uncertainties present 
in everyday natural language usage. 


Example 3.21 (Neutrosophic Language Example 2: Product Descriptions). Consider 
X* = {’reliable”, ’controversial’’} 
describing products. Define a Neutrosophic Language N : =* — [0, 1]?: 
N("reliable’’) = (0.6,0.3,0.1), | N(’controversial”) = (0.3, 0.4, 0.3). 


“Reliable” has a moderate truth value, some uncertainty, and a low falsity, reflecting mostly positive but not 
unanimous opinions. “Controversial” has lower truth, higher uncertainty, and increased falsity, representing 
mixed and polarized views. 
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Example 3.22 (Neutrosophic Language Example 3: Information Accuracy). Let £* = {”accurate”, ’misleading’’} 
represent terms describing information reliability. Define N : X* — [0, 1]°: 


N(‘accurate’”) = (0.8,0.1,0.1), N(’misleading’”) = (0.2, 0.5, 0.3). 


“Accurate” predominantly conveys correctness with minimal uncertainty or falsity. “Misleading” shows con- 
siderable uncertainty (0.5) and a non-negligible falsity score (0.3), indicating that not everyone views this word 
as fitting the truth, and there is notable disagreement about its appropriateness. 


Theorem 3.23 (Neutrosophic Language generalizes Fuzzy Language). Every fuzzy language is a special case 
of a neutrosophic language. 


Proof. A Fuzzy Language F' : &* — [0, 1] assigns to each word w a single membership value F(w) € [0, 1]. 


Consider a Neutrosophic Language N : &* — [0,1]? with N(w) = (T(w),1(w), F(w)). If we restrict 
ourselves to the case where: 
I(w)=0 and F(w) =0, 


then T(w) alone determines the membership, and we have: 
N(w) = (T(w), 0,0). 


If we set T(w) = F(w) from the fuzzy language, the neutrosophic language reduces exactly to the given fuzzy 
language. Hence, fuzzy languages are included as a special case of neutrosophic languages. Oo 


Definition 3.24 (Natural Neutrosophic Language). A Natural Neutrosophic Language incorporates the notion 
of indeterminacy into the modeling of natural language, extending beyond the single membership function of 
a fuzzy language. Let = be a finite alphabet. A Natural Neutrosophic Language Ly is defined as: 


Lyn =(%,Mny, Pn, Sn), 


where: 
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e &: A finite alphabet representing the set of words. 


* My : =* > [0,1]*: A neutrosophic membership function assigning to each word w € * a triplet 
(T(w), [(w), F(w)), where T(w) is the truth-membership degree, /(w) the indeterminacy-membership 
degree, and F(w) the falsity-membership degree. These values satisfy: 


0 <T(w)+I(w) + F(w) <3. 


This triple encodes more nuanced linguistic uncertainty. For example, a word might be considered partly 
true, partly indeterminate, and partly false in a given linguistic context. 


* Py : X* x X* — [0,1]?: A neutrosophic relation that assigns to each pair (u, v) a triplet representing 
truth, indeterminacy, and falsity of their semantic similarity or contextual relation. 


¢ Sy: A set of syntactic or semantic rules represented as neutrosophic constraints. These rules can express 
degrees of truth, uncertainty, and contradiction in sentence formation and interpretation. 
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Example 3.25 (Natural Neutrosophic Language). Consider a vocabulary & = {”balanced”, fair”, °complex”}. 
In a Natural Neutrosophic Language £1, we might have: 


My ("balanced”) = (T(’’balanced”), /(”balanced”), F(’’balanced’’)) = (0.7, 0.2, 0.1), 


indicating that “balanced” is considered 70% true, 20% indeterminate, and 10% false within a certain context 
(e.g., describing a policy that is mostly fair but not universally agreed upon). 


A neutrosophic relation could be defined as: 
P ny (’balanced”, *complex’’) = (0.5, 0.3, 0.2), 


suggesting that “balanced” and “complex” have a moderate truth-related similarity (0.5), a noticeable inde- 
terminacy (0.3), and a small element of falsity (0.2) in their relationship. Neutrosophic syntactic rules might 
allow certain sentences to be formed that express ambiguous or partially contradictory meanings, reflecting the 
nuanced and often uncertain nature of human language. 


Example 3.26 (Natural Neutrosophic Language in a Japanese Linguistic Context). Consider a Natural Neu- 
trosophic Language £y with a vocabulary 


x = {"teinei (polite)” (291), *bimyou (subtle or questionable)” (78|/107), *tekitou (appropriate, sometimes careless)” (300}} 
. These words represent various subjective qualities in communication or behavior. 
Define a neutrosophic membership function My : =* — [0, 1]°. For instance: 
My ("bimyou”) = (T(’bimyou’”), /(’bimyou”), F(’bimyou’”’)) = (0.4, 0.4, 0.2). 
The word “bimyou (subtle or questionable)” in Japanese often conveys subtlety, uncertainty, or something that 
is “not clearly good or bad.” Here: 


* T(’bimyou”) = 0.4: There is some sense of truth or correctness in calling something “bimyou.” 


¢ I(’bimyou”) = 0.4: A high indeterminacy reflects the ambiguity and difficulty in categorizing “bimyou” 
definitively. 


¢ F(’bimyou”) = 0.2: There is a small falsity component, recognizing that some may find “bimyou” to be 
clearly one way or another. 


In contrast, consider “teinei (polite).”” We might have: 
My (‘teinei’) = (0.7, 0.1, 0.2), 


indicating a general consensus that “teinei” is positively true (0.7), with low uncertainty (0.1) and a small 
degree of falsity (0.2), accounting for contexts where someone might consider an action “not truly polite.” 
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A neutrosophic relation Py : £* x X* — [0, 1]* could represent how words relate: 
Py ("teinei”, ’tekitou”) = (0.3, 0.5, 0.2), 


suggesting that “teinei (polite)” and “tekitou (appropriate but sometimes careless)” share some conceptual 
ground (0.3 truth), a large area of uncertainty (0.5 indeterminacy), and a small falsity component (0.2). 


Neutrosophic syntactic or semantic rules could allow sentences to reflect partial truth, uncertainty, and contra- 
diction. For example, describing someone’s behavior as “‘teinei da ga bimyou (polite but questionable)” might 
yield a neutrosophic membership indicating partial agreement, substantial uncertainty, and some degree of fal- 
sity regarding the nature of the politeness. This highlights how the Japanese linguistic context can emphasize 
nuanced, context-dependent meanings effectively captured by neutrosophic language modeling. 


Definition 3.27 (Natural Neutrosophic Language Processing (NNLP)). A Natural Neutrosophic Language 
Processing (NNLP) system is a tuple: 


NES PN MO PN), 
where: 
1. &: A finite alphabet. 
. LN ¢>*: A language with neutrosophic membership. 


. PN : LN — [0,1]?: A neutrosophic membership function giving (T(w), I(w), F(w)) for each w. 


Row oN 


MN : £N — O: A mapping function from words to structured outputs. 
5. TN : LN x LN SR: A similarity measure under neutrosophic membership. 


Theorem 3.28. Every Natural Fuzzy Language Processing system is a special case of a Natural Neutrosophic 
Language Processing system. 


Proof. A fuzzy membership assigns P* (w) € [0, 1]. Aneutrosophic membership assigns (T(w), [(w), F(w)) € 
[0, 1]°. 
By setting 7(w) = 0 and F(w) = 0, we have: 

Pw) = (T(w),0,0). 


If we identify T(w) = P* (w), the neutrosophic model reduces to the fuzzy model. Thus, NNLP generalizes 
NFLP. Oo 


Theorem 3.29. Natural Neutrosophic Language Processing (NNLP) inherently possesses the structure of a 
Neutrosophic Language. 


Proof. By definition, am NNLP system N% = (=, £°,P%, M%,T%) includes: 


¢ A finite alphabet 2. 
¢ A language £™ C S* with neutrosophic membership. 


* A membership function PY : £N — [0,1]>, assigning to each word w € LN a triplet PN (w) = 
(T(w), [(w), F(w)), where: 
0 <T(w)+1(w)+F(w) < 3. 
This aligns exactly with the definition of a Neutrosophic Language, where T(w), /(w), and F(w) 
represent the degrees of truth, indeterminacy, and falsity, respectively. 


Moreover, the functions M% and 7’ provide additional structure to NNLP, supporting tasks such as mapping 
words to structured outputs and computing similarity under neutrosophic membership. While these components 
extend NNLP’s applicability, they do not alter the foundational neutrosophic membership structure. 


Thus, £Y equipped with Py satisfies all the conditions of a Neutrosophic Language: 
N(w) = (T(w), I(w), F(w)) for allw ¢ LY. 


Therefore, an NNLP system N% possesses the structure of a Neutrosophic Language. oO 
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3.1.4 Natural Plithogenic Language Processing 


Natural Plithogenic Language Processing is a concept that combines the principles of Plithogenic Language and 
Natural Language Processing. Relevant definitions and theorems are presented below. As briefly mentioned 
in the introduction, the Plithogenic concept is particularly advantageous due to its flexibility in defining the 
number of parameters related to uncertainty. This flexibility makes it a promising framework for various 
applications, and the authors believe it will inspire extensive research in the future. 


Definition 3.30 (Plithogenic Language). Consider a Plithogenic Set PS = (P,v, Pv, pdf, pCF) as defined 
in [261 , where: 


¢ Pisa subset of a universal set S. 

* vis an attribute. 

¢ Py is the range of possible values for attribute v. 

° pdf : Px Pv — [0,1]* is the Degree of Appurtenance Function (DAF). 


° pCF : Pvx Py = [0, 1]’ is the Degree of Contradiction Function (DCF), satisfying pCF (a, a) = 0 and 
pCF(a, b) = pCF(b, a) for all a,b € Py. 


A Plithogenic Language over X* (with parameters s, t) is a function: 


PL: >* > [0,1]°, 


such that the membership vector assigned to each word w € &* is determined by the plithogenic structure 
(via pdf and influenced by pCF). The values of s and t define the dimensionality of the membership and 
contradiction degrees. 


Example 3.31 (Examples of Plithogenic Languages). (cf. [83||96]) 


The following examples illustrate Plithogenic languages, categorized based on the parameters s and ¢ of the 
associated Plithogenic set: 


When s = ¢ = 1, the language corresponds to a Plithogenic Fuzzy Language. 


When s = 2,t = 1, the language corresponds to a Plithogenic Intuitionistic Fuzzy Language. 


When s = 3,t = 1, the language corresponds to a Plithogenic Neutrosophic Language. 


When s = 4, ¢ = 1, the language corresponds to a Plithogenic Quadripartitioned Neutrosophic Language 
(cf. (138 ). 

When s = 5,t = 1, the language corresponds to a Plithogenic Pentapartitioned Neutrosophic Language 
(cf , 

When s = 6,t = 1, the language corresponds to a Plithogenic Hexapartitioned Neutrosophic Language 
(cf. (211). 

When s = 7,tf = 1, the language corresponds to a Plithogenic Heptapartitioned Neutrosophic Language 


(cf. (B4]198)). 


When s = 8,¢ = 1, the language corresponds to a Plithogenic Octapartitioned Neutrosophic Language. 


When s = 9,t = 1, the language corresponds to a Plithogenic Nonapartitioned Neutrosophic Language. 


Theorem 3.32 (Plithogenic Language generalizes Neutrosophic and Fuzzy Languages). Consider a Plithogenic 
Language PL : X* — [0, 1]* with a contradiction function pCF : Pv x Pv — [0,1]*. 


261 


I. For s = 3 and t = 1, a plithogenic language can represent a neutrosophic language, as the triple 
(T(w), [(w), F(w)) of neutrosophic membership degrees fits into the plithogenic framework by inter- 
preting the three-dimensional membership (and a single-dimension contradiction) appropriately. 


2. For s = | and t = 1, a plithogenic language reduces to a fuzzy language scenario. In this case, we have 
essentially one membership dimension and a single contradiction dimension that can be fixed, resulting 
in a Structure identical to a fuzzy language. 


Proof. When s = 3,t = 1, choose the plithogenic structure so that the three-dimensional membership vector 
[0, 1]? corresponds to (T(w), 1(w), F(w)) of a neutrosophic language. The single contradiction dimension 
t = | can represent additional uncertainty, but can also be fixed if needed. Thus, neutrosophic languages are 
embedded within the plithogenic framework. 


When s = 1, t = 1, the plithogenic language reduces to a single membership dimension and one contradiction 
dimension. By setting the contradiction dimension appropriately and ignoring it or treating it as a constant, 
we get a single membership value per word, which corresponds exactly to the definition of a fuzzy language. 
Thus, fuzzy languages are obtained as a special case of plithogenic languages. 


Hence, plithogenic languages generalize both neutrosophic languages (when s = 3, t = 1) and fuzzy languages 
(when s = 1,t = 1). oO 


Definition 3.33 (Natural Plithogenic Language). A Natural Plithogenic Language integrates the principles 
of plithogenic sets into the modeling of natural language, capturing complex, multi-attribute uncertainty and 
contradictions within linguistic expressions. Formally, let & be a finite alphabet representing the vocabulary. 
A Natural Plithogenic Language Lp, is defined as: 


L£py =(X,Mpr,P px, Spi, pdf, pCF), 


where: 


x: A finite alphabet representing the set of words. 


° pdf : PxPv — [0, 1]*: The Degree of Appurtenance Function (DAF) from a Plithogenic Set, assigning 
multi-dimensional membership degrees to elements (words) with respect to given attributes. 


° pCF : Pv x Pv = [0,1]': The Degree of Contradiction Function (DCF), quantifying contradictions 
between possible attribute values. This allows the model to handle conflicting attributes inherent in 
language interpretation. 


¢ Mp, : X* — [0,1]*: A plithogenic membership function assigning an s-dimensional membership 
vector to each word w € &*. Each dimension represents a particular attribute of uncertainty, such as 
truth, indeterminacy, falsity, or more complex measures. 


° Pp, : X* x x* > [0,1]*: A plithogenic relation measuring semantic proximity or contextual similarity 
between words. This relation can incorporate contradictions among attributes, reflecting the nuanced 
relationships found in natural language. 


* Spy: A set of syntactic or semantic rules formulated as plithogenic constraints. These rules manage how 
words combine to form phrases and sentences, capturing complex patterns of agreement, contradiction, 
and multi-faceted meaning. 


By integrating plithogenic concepts, a Natural Plithogenic Language generalizes and extends frameworks such 
as fuzzy or neutrosophic languages. It represents a comprehensive model that can handle multiple attributes 
and their contradictions, providing a richer and more flexible representation of the inherent complexity and 
ambiguity in natural human language. 
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Example 3.34. Consider a vocabulary & = {” equitable”, ambiguous”, ’temporal’”’}. Suppose we are interested 
in multiple attributes such as truthfulness, cultural specificity, temporal stability, and potential contradiction 
among these attributes. The plithogenic membership function Mp, might assign to the word “ambiguous” a 
vector: 

Mp_(’ambiguous’”) = (0.5, 0.4, 0.1), 


where these three components could represent degrees of truth, uncertainty, and another attribute capturing 
cultural dependency, respectively. The pdf and pCF functions would be defined to handle how attribute values 
map onto membership degrees and contradictions. For instance, if two words share similar cultural attributes 


but differ strongly in temporal stability, the plithogenic relation Pp; (equitable”,”’temporal”) might yield a 


vector indicating partial similarity in some attributes and high contradiction in others. 


Thus, a Natural Plithogenic Language allows for a nuanced, multi-dimensional modeling of words and their 
interactions, capturing the layered and often contradictory qualities of natural language usage. 


Definition 3.35 (Natural Plithogenic Language Processing (NPLP)). A Natural Plithogenic Language Pro- 
cessing (NPLP) system is a tuple: 


NPE = (2,275 PP) Mer, 


where: 


1. &: A finite alphabet. 

2. £LP- c >d*: A language with plithogenic membership. 

3. PPE; £PE _, [0,1]: A plithogenic membership function. 

4. MPL: £PL _, O: A mapping function from words to structured outputs. 

5. TPE: LPL x £PE _, R: A similarity measure under plithogenic membership. 


Theorem 3.36 (NPLP generalizes NNLP and NFLP under specific parameters). The following properties hold 
for Natural Plithogenic Language Processing. 


1. Fors =3andt = 1, a Natural Plithogenic Language Processing system reduces to a Natural Neutrosophic 
Language Processing system. 


2. For s = 1 and t = 1, a Natural Plithogenic Language Processing system reduces to a Natural Fuzzy 
Language Processing system. 


Proof. NPLP to NNLP (s=3, t=1): Choose s = 3, giving athree-dimensional membership vector (T(w), /(w), F(w)). 
By suitably defining the plithogenic structure (e.g., selecting pdf and pCF functions), we obtain a triple analo- 
gous to neutrosophic membership. With s = 3, t = 1, the NPLP framework mirrors NNLP exactly. 


NPLP to NFLP (s=1, t=1): For s = 1, we have a single membership dimension, akin to a fuzzy membership. 
The additional t = 1 contradiction dimension can be fixed or simplified, leaving a single scalar membership. 


Thus, the NPLP model collapses to an NFLP model. 


Hence, depending on the parameter choices (s, t), NPLP generalizes both NNLP and NFLP. oO 


3.2 Large Uncertain Language Model 
A Large Language Model (LLM) is an AI system trained on extensive text datasets to understand, generate, and 


process human language 314]. This subsection discusses the concept of the Large Uncertain 
Language Model. 
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3.2.1 Classic Large Language Model 


The definition of a Classic Large Language Model is provided below 314]. Readers seeking 
more detailed information are encouraged to refer to introductory notes or surveys as needed [136] 348}. 


Definition 3.37 (Classic Large Language Model). (cf. 314]) Let = be a finite alphabet 


representing the vocabulary. Let &* denote the set of all finite sequences (strings) over &. A Large Language 
Model (LLM) is a probabilistic model designed to predict the likelihood of sequences in &* and perform 
linguistic tasks. Mathematically, an LLM is defined as: 


Mio = (2,P7,7,G,0), 


where: 


1. Vocabulary: is the set of tokens (words, characters, or subwords). 


2. Probability Distribution: P : X* — [0,1] is the probability distribution over sequences, defined such 
that for any w € &*, 


|w| 


P(w) = | [Po | W1,W2,--+,Wr-1)s 


t=1 


where w;, is the t-th token of w, and P(w; | w1, w2,...,Wz-1) is the conditional probability of w; given 
its preceding tokens. 


3. Training Process: J represents the training procedure, optimizing the parameters 6 of the model to 
minimize the negative log-likelihood: 


1 
£(0) = -5 ) los Pow), 


i=l 
where {wO}N c &* is the training dataset. 


4. Model Architecture: G defines the architecture (e.g., Transformer networks), which maps the input tokens 
to embeddings and computes the conditional probabilities. 


5. Output Space: O C€ X* is the output space of generated sequences, which can include completions, 
translations, or answers to queries. 


Libraries and open source tools for Classic Large Language Models have been studied in works such as 


(27 342]. While not exhaustive, these references 


may be useful as needed. 


3.2.2 Large Fuzzy Language Model 


A Large Fuzzy Language Model is a definition that integrates the concept of fuzzy language into LLMs. The 
definitions of the Large Fuzzy Language Model are provided below. It is anticipated that practical research on 
these models will advance in the future. 


Definition 3.38 (Large Fuzzy Language Model (LFLM)). Let © be a finite alphabet, and &* the set of all finite 
words over &. Consider a fuzzy language r : &* — [0,1], as defined previously. A Large Fuzzy Language 
Model (LFLM) is defined as a tuple: 


Miro = (2,P*,T*,G",0*), 


where: 
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1. &: A finite alphabet. 


2. PF : ¥* — [0,1] isa fuzzy membership function assigning to each word w € X* a degree of membership 
PF (w) € [0,1]. 


3. J*: A training procedure that adjusts parameters 6 to fit observed (word, membership) pairs, aiming to 
improve consistency with a given fuzzy linguistic environment. 


4. G*: The model architecture (e.g., a neural network) capable of encoding and decoding fuzzy membership 
contexts. 


5. OF ¢ d*: The output space of generated sequences, where each candidate output w is associated with a 
fuzzy membership degree P* (w). 


Unlike a standard LLM that uses probabilities, an LFLM uses a fuzzy membership function to represent 
how well a word fits certain linguistic criteria, without requiring a normalization constraint as in probability 
distributions. 


Theorem 3.39. The Large Fuzzy Language Model (LFLM) generalizes the Classic Large Language Model 
(LLM). 


Proof. A Classic Large Language Model Mim = (2,7, 7, G, O) assigns a probability distribution P : &* > 
[0, 1] to sequences. This probability distribution satisfies: 


>) Pow) =1, 
wed* 
indicating normalization across all possible sequences. 
In contrast, an LFLM Mypim = (2, P*,7*",G*,O*) assigns a fuzzy membership function pF: y* > [0,1] 


to sequences. The fuzzy membership function P” (w) represents the degree to which the sequence w belongs 
to a specific linguistic context, without requiring normalization: 


S) PF(w) <1. 


wer* 


For any normalized probability distribution P(w), we can define an equivalent fuzzy membership function 
P(w) =P(w), where P* satisfies the fuzzy membership property. Thus, every LLM can be seen as a special 
case of an LFLM, where the fuzzy membership degrees are constrained by normalization. Hence, LFLM 
generalizes LLM. oO 


Theorem 3.40. The Large Fuzzy Language Model (LFLM) possesses the structure of a Fuzzy Language. 


Proof. By definition, a fuzzy language is a function r : &* — [0,1], where r(w) represents the degree of 
membership of a word w in the language. An LFLM defines a fuzzy membership function P* : £* — [0, 1], 
where P* (w) denotes how well the word w fits certain linguistic criteria. This directly aligns with the definition 
of a fuzzy language. 


Additionally, the support of the fuzzy membership function P”’ is: 
supp(P") = {w € =* | P* (w) > O}, 


which corresponds to the well-formed sequences in the fuzzy linguistic context. Therefore, M pim inherently 
satisfies the properties of a fuzzy language. oO 
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3.2.3. Large Neutrosophic Language Model 


The Large Neutrosophic Language Model is a concept that integrates the principles of Large Language Models 
and Neutrosophic Language. Definitions and relevant theorems are provided below. 


Definition 3.41 (Large Neutrosophic Language Model (LNLM)). Let & be a finite alphabet, and consider a 
Neutrosophic Language N : X* — [0, 1]3, where for each w € =*, 


N(w) = (T(w), [(w), F(w)), 0 < T(w) +1 (w) + F(w) S 3. 


A Large Neutrosophic Language Model (LNLM) is defined as: 
Mian =(2P "FG", 0"), 


where: 


— 


. &: A finite alphabet. 


2. PN : =* — [0, 1]? is the neutrosophic membership function that assigns to each w atriple (T(w), I(w), F(w)). 


iS) 


. TN: A training procedure to fit parameters 6 to observed data with neutrosophic membership annotations. 
4. GN: The model architecture that can handle the tripartite membership representation. 
5. ON: The output space of generated sequences, each associated with a neutrosophic membership triple. 


Theorem 3.42 (LNLM generalizes LFLM). Every Large Fuzzy Language Model is a special case of a Large 
Neutrosophic Language Model. 


Proof. A Large Fuzzy Language Model uses P* : &* — [0,1]. Consider an LNLM with P™ : &* => [0, 1]?. 
If we restrict the neutrosophic membership to: 


I(w) =0, F(w) =0, 
then: 


PN (w) = (T(w),0,0). 


Set T(w) = P* (w) from the fuzzy model. Under this restriction, the LNLM reduces exactly to the LFLM. 
Hence, the LNLM framework generalizes the LFLM. oO 


3.2.4 Large Plithogenic Language Model 


The Large Plithogenic Language Model is a concept that combines the principles of Large Language Models 
and Plithogenic Language. Relevant theorems and definitions are provided below. 


Definition 3.43 (Large Plithogenic Language Model (LPLM)). Consider a Plithogenic Language PL : X&* —> 
[0, 1]* defined with parameters s, ft, as per the plithogenic set structure. A Large Plithogenic Language Model 
(LPLM) is defined as: 

Miri =, Po TG Or), 


where: 


1. &: A finite alphabet. 


2. PPE : ¥* — [0,1]* assigns to each w € L* an s-dimensional membership vector derived from a 
plithogenic structure, potentially influenced by a contradiction function pCF : Pv x Pv = [0, 1]. 


3. JP: A training procedure to learn parameters 6 for the plithogenic framework. 
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4. GP: The model architecture accommodating multi-dimensional membership and contradiction infor- 
mation. 


5. OP: The output space of generated sequences, each associated with a multi-dimensional membership 
vector. 


Theorem 3.44 (LPLM generalizes LNLM and LFLM under specific parameters). J/. Fors =3 andt = 1, 
a Large Plithogenic Language Model reduces to a Large Neutrosophic Language Model. 


2. For s = 1 and t = 1, a Large Plithogenic Language Model reduces to a Large Fuzzy Language Model. 


Proof. LPLM to LNLM (s=3, t=1): In the plithogenic setting, each word w is assigned a membership vector 
in [0, 1]*. For s = 3, let (T(w), J(w), F(w)) represent these three membership dimensions. By appropriately 
defining the plithogenic framework (e.g., choosing pdf and pCF functions to mimic neutrosophic conditions), we 
obtain the same triple structure as a neutrosophic language model. The extra contradiction function dimension 
t = | can be fixed or integrated to match neutrosophic constraints. Thus, for s = 3,¢ = 1, the LPLM coincides 
with the LNLM. 


LPLM to LFLM (s=1, t=1): If we set s = 1, the plithogenic model assigns a single membership value per word, 
just like a fuzzy language. The additional t = 1 contradiction dimension can be fixed or nullified, leaving a 
single membership value per word. Hence, the LPLM matches the LFLM structure when s = 1,t = 1. 


Thus, depending on parameter choices for s and t, the LPLM framework can specialize to LNLM or LFLM, 
demonstrating that LPLM generalizes both LNLM and LFLM. oO 


4 Theoretical Considerations of n-Superhyperlanguage 


In this section, we explore the theoretical considerations of n-superhyperlanguage. It is important to note that 
this discussion focuses on theoretical generalizations. Practical feasibility and robustness of these methods for 
real-world applications require further computational experiments and validation. 


4.1 n-Superhyperword and n-Superhyperlanguage 


In this subsection, we define the notions of a hyperlanguage and an n-superhyperlanguage. Intuitively, a 
hyperlanguage generalizes the concept of a language by allowing its elements to be sets of words 
rather than individual words. We then extend this idea hierarchically to n-superhyperlanguages, which are 
based on iterated power sets of the set of words(cf. (89}/99)). 


Definition 4.1 (Hyperword and Hyperlanguage). Let = be a finite alphabet, and let =* 
denote the set of all finite words over =. 


1. A hyperword over X is a nonempty subset of X*. In other words, a hyperword is an element of the power set 
P(x*). 


2. A hyperlanguage over = is a set of hyperwords over Z. Thus, a hyperlanguage H is a subset of P(*). 
Formally: 
HCP(X*). 


A hyperlanguage can therefore be viewed as a set of sets of words over . 


Example 4.2 (Hyperword and Hyperlanguage). Consider a large collection of written documents describing 
various topics—e.g., cooking recipes. Let & be an alphabet representing characters, and &* represent all 
possible words that can appear in these recipes (e.g., “salt,” “tomato,” “roast,” “bake’). 


A hyperword is a nonempty subset of &*. For instance, consider the following subsets of words: 


2999 


A, = {”’tomato”,”’onion”, ’garlic”}, AH = {”roast”, ’grill”, *bake”}. 
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Each H; is ahyperword representing a set of related culinary terms. For example, H; might represent ingredients 
commonly used together, and H» might represent cooking methods. 


A hyperlanguage is a set of hyperwords. Suppose we consider: 
H = {H,, Ho, H3,...} 
where each H; € &* is a set of words grouped by some semantic or thematic criterion. For instance: 
H3 = {"dessert”, ’pastry”, ”’sorbet’’}. 


In this scenario, H could be seen as a collection of ingredient sets, method sets, and category sets, each 
representing a cluster of related words (e.g., ingredients in H;, cooking techniques in H2, and dessert types in 
H3). Thus, a hyperlanguage H is essentially a set of sets of words. 


Theorem 4.3. A hyperword generalizes the concept of a word, and a hyperlanguage generalizes the concept 
of a language. 
Proof. Let X be a finite alphabet, and let &* denote the set of all finite words over . 


A word w € &* is a single finite sequence of symbols from =. In contrast, a hyperword W C &* is a nonempty 
subset of &*, allowing for collections of words instead of individual sequences. 


For example: 


¢ If & = {a, b}, a word w could be w = aba € X*. 
¢ A hyperword W could be W = {aba, abb}, representing a set of words rather than a single sequence. 
Clearly, every word w € &* can be viewed as a hyperword by identifying it with the singleton set {w}. Thus, 


the set of words X&* is embedded in the power set P(X*), and hyperwords generalize words by allowing subsets 
of &* as elements. 


A language L C &* is a subset of words from &*. A hyperlanguage H C P(x*) is a subset of hyperwords, i.e., 
a set of sets of words. 


For example: 


¢ If & = {a, b}, a language L could be L = {aba, abb}. 
¢ A hyperlanguage H could be H = {{aba}, {abb, baa}}, where each element of H is a hyperword, i.e., 


a subset of &*. 


Every language L C &* can be viewed as a hyperlanguage by identifying it with the set of singleton hyperwords 
{{w} | w € L}. Therefore, hyperlanguages generalize languages by allowing sets of hyperwords as elements. 
Oo 


Definition 4.4 (n-Superhyperword and n-Superhyperlanguage). We now generalize this construction to 
multiple levels. Define the iterated power sets as follows: 


P(r) := 2D, P(r") = P(PK(T"’)), for all k > 0. 


1. An n-superhyperword over & is an element of P”(X*). In particular: 
Pp!(x*) = P(d*) consists of hyperwords, 
Pp? (x*) = P(P(=*)) consists of sets of hyperwords, and so forth. 


2. An n-superhyperlanguage over & is a subset of P”(X*). Formally: 
LOP"(x*). 


Thus, an n-superhyperlanguage is a set of (n— 1)-superhyperwords, generalizing the concept of a hyperlanguage 
to n-th level power sets of words. 
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Example 4.5 (n-Superhyperlanguage Example). Now consider we want to organize these categories into 
higher-level groupings. For instance, an n-superhyperlanguage involves iterating the powerset construction 
multiple times. 


e At the first level (n = 1), we have hyperwords (sets of words). 
e At the second level (n = 2), we have sets of hyperwords, i.e., a hyperlanguage. 


¢ At the third level (n = 3), we consider sets of hyperlanguages, and so forth. 


Let: 
Hy = {A), Ho, 3}, Hy = {Hy4, Hs,...} 


where each #/; is a hyperlanguage. Now, an n-superhyperlanguage with n = 2 (often called a superhyperlan- 
guage) could be something like: 
Ly ={Hy, Fo} S P(E"). 


In a real-life context, think of this as a hierarchical classification scheme: 


¢ Words represent individual items, such as ingredients, methods, or categories. 
¢ Hyperwords represent thematic clusters of these items (e.g., groupings by similar meaning or usage). 


e A hyperlanguage is a collection of such clusters, potentially representing the entire categorization of a 
domain at one level (e.g., all ingredient sets or all technique sets). 


e An n-superhyperlanguage constructs even higher strata of organization, enabling the management of 
multiple domains and meta-level categories of these clusters. 


This hierarchical approach, though conceptual, can reflect real-life complexities where we not only have sets 
of items but also need to organize sets of these sets at multiple meta-levels. 


Theorem 4.6. For any integer n > 1, an n-superhyperword generalizes the notion of a hyperword, and an 
n-superhyperlanguage generalizes the notion of a hyperlanguage. 


Proof. Recall that a hyperword is defined as an element of P(*), and a hyperlanguage is defined as a subset 
of P(*). By construction: 
PE )=P(2); 


so a hyperword is a 1-superhyperword, and a hyperlanguage is a 1-superhyperlanguage. 


For n > 1, an n-superhyperword is an element of: 
PO yap PE (=). 


When n = 1, we have P!(X*) = P(E"), which are exactly the hyperwords. Thus, any n-superhyperword for 
n > 1 belongs to a higher-level power set and can be seen as a collection of (m — 1)-superhyperwords. Since 
each (n — 1)-superhyperword can be traced down to lower levels of iteration until ultimately reaching P(x") 
(the hyperwords), the n-superhyperword concept strictly extends that of a hyperword to more complex, iterated 
structures. 


Similarly, a hyperlanguage is a subset of P(X*). By definition, an n-superhyperlanguage is a subset of P”(X*): 
LoP"(x*). 


For n = 1, we obtain exactly the definition of a hyperlanguage. For n > 1, an n-superhyperlanguage is 
a collection of (m — 1)-superhyperwords, each of which is one level more complex than a hyperword. This 
iterative construction therefore generalizes ahyperlanguage to higher levels, where instead of sets of hyperwords, 
we consider sets of sets of (n — 1)-superhyperwords, and so forth. 


In conclusion, the n-superhyperword and n-superhyperlanguage structures arise naturally by iterating the power 
set operation multiple times. Since hyperwords and hyperlanguages correspond to the n = | case, increasing n 
yields increasingly higher-order generalizations of these concepts. oO 
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Theorem 4.7. Every hyperword and hyperlanguage can be represented by an appropriate hyperstructure. 
More precisely: 


I. Let X be a finite alphabet, and let X* be the set of all finite words over X. A hyperword is an element of 
Pf (x*), and a hyperlanguage is a subset of P (X*). Both hyperwords and hyperlanguages can be modeled 
using hyperstructures of suitable form. 


2. Similarly, for anyn > 1, every n-superhyperword (an element of P” (X*)) and every n-superhyperlanguage 
(a subset of P" (X*)) can be represented by an n-superhyperstructure. 
Proof. Consider the base set S = &*. A hyperstructure is defined as: 
H = (P(S),0) = (P(2"),9), 
where 0 is an operation defined on subsets of &*. 


By definition, a hyperword is an element of P(x*). Thus, each hyperword W C &* is simply an element of the 
ground set P(&*) of the hyperstructure H. In other words, hyperwords correspond directly to the elements of 
f (S) in the hyperstructure. 


A hyperlanguage H is a subset of P(%*). Observe that H C P(X*) means H € P(P(d"*)), ie., H is an 
element of the second power set of =*. If we set S’ = P(X"), then: 


P(S')=P(P(x")) and He P(S’). 
Thus, by considering a hyperstructure whose base set is S’ = P(X*): 
H’ = (P(S’),0) = (P(P(Z")), 9), 


we find that any hyperlanguage H is an element of the ground set of H’. Hence, hyperlanguages can be 
represented within a hyperstructure constructed at the second power set level. 


In summary, hyperwords correspond to elements of a hyperstructure defined on &*, and hyperlanguages 
correspond to elements of a hyperstructure defined on P(X*). 


The notion of n-superhyperwords and n-superhyperlanguages generalizes this construction to higher levels of 
iterated power sets. For n > 1, we define: 


P(x") = *, PF! (y*) = P(PK(z")) for all k > 0. 
An n-superhyperword is an element of P”(X*), and an n-superhyperlanguage is a subset of P”(X*). 


Consider the n-superhyperstructure: 


SH = (Pn(S), 9); 
where S = X* and P,,(2*) = P"(X"*). 
By construction, P”(X*) serves as the ground set of the n-superhyperstructure. Thus: 
SHn = (P"(Z"*), 0). 
Since an n-superhyperword is an element of P”(X*), it directly corresponds to an element of the ground 
set of SH,. Likewise, an n-superhyperlanguage is a subset of P”(X*), hence an element of P(P”(>"*)). 


By replacing the base set S with #”(<X*) and constructing a hyperstructure at the next level, we ensure that 
n-superhyperlanguages can also be represented by a suitable (m + 1)-level construction if needed. 


Therefore, n-superhyperwords and n-superhyperlanguages naturally align with the concept of n-superhyperstructures, 
generalizing the relationship established for hyperwords and hyperlanguages. oO 
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4.2 Natural HyperLanguage Processing and n-superhyperlanguage Processing 


We now define Natural Hyperlanguage Processing, which extends NLP to operate on hyperlanguages rather 
than languages. 


Definition 4.8 (Natural Hyperlanguage Processing (NHP)). Let = be a finite alphabet, and let H# C P(X*) be 
a hyperlanguage (a set of sets of words). 


A Natural Hyperlanguage Processing system is a tuple: 
NEL ~ (3, H, PHL, MHL HL) 


where: 


1. &: A finite alphabet. 
2. H C P(x*): A hyperlanguage. 
3. PHL »H — [0,1]: A probability model assigning probabilities to hyperwords H € H. 


4. M#" : H — O: A mapping function transforming each hyperword H € H into a structured output 
o€O. 


5. TEL :HXxH — R: A similarity measure defined between pairs of hyperwords. 


Theorem 4.9. Natural Hyperlanguage Processing (NHP) generalizes Natural Language Processing (NLP). 


Proof. Consider an NHP system N#" = (2,H, P47", M"#",T#“) where H C P(d*). 


If we restrict H so that every hyperword is a singleton set, i.e., for every H € H, H = {w} for some w € X*, 
then there is a bijection between hyperwords in Hf and words in a language £ C &*. 


Under this restriction: 
Hl, withH={whow. 


In this case, N” reduces to: 
(o£, P re Meee, 


which is structurally identical to the NLP definition (2, £,P, M,7). 


Thus, NLP is a special case of NHP, proving that NHP generalizes NLP. oO 


We further generalize to n-superhyperlanguages. 


Definition 4.10 (Natural n-Superhyperlanguage Processing (NnSHP)). Let & be a finite alphabet, and let 
H\” ¢ P"(d*) be an n-superhyperlanguage. 


A Natural n-Superhyperlanguage Processing system is a tuple: 
N® = (r,H™ PM MM FM), 


where: 


1. &: A finite alphabet. 
2. H'™ ¢ P"(y*): An n-superhyperlanguage. 
3. P\™ :H™ — [0,1]: A probability model assigning probabilities to n-superhyperwords. 


4. M“ :H™ —s O: A mapping function from n-superhyperwords to structured outputs. 
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5.7” :H™ xH™ — R: A similarity measure on n-superhyperwords. 


Theorem 4.11. Natural n-Superhyperlanguage Processing (NnSHP) generalizes both NLP and NHP. 


Proof. By definition, an n-superhyperlanguage H”) C P"(dX*), 

For n = 1, we have H“!) C P(=*), which is a hyperlanguage. Thus, an NISHP system: 
NO = (2, HY pO MY gM) 

coincides with an NHP system: 


NEE = (2H Pee Me Tr). 


Hence, NHP is a special case of NnSHP at n = 1. 


From Theorem /4.9| we know NHP generalizes NLP. Since NnSHP generalizes NHP, it also generalizes NLP. 
Concretely, by setting n = 1 and then restricting hyperwords to singletons, we recover the NLP scenario. 


Thus, NnSHP includes both NHP and NLP as special cases, proving that NnSHP generalizes both NLP and 
NHP. Oo 


Question 4.12. Is it possible to define a Natural Plithogenic n-Superhyperlanguage Processing? What potential 
applications could it have? 


Question 4.13. What are the properties of Fuzzy n-Superhyperlanguage, Neutrosophic n-Superhyperlanguage, 
Fuzzy Hyperlanguage, Neutrosophic Hyperlanguage, and Plithogenic Hyperlanguage? Additionally, what are 
their potential applications and operations? 


4.3 Large Hyperlanguage Model and Large SuperhyperLanguage Model 


We define the Large HyperLanguage Model and the Large SuperHyperLanguage Model as theoretical gen- 
eralizations of the Large Language Model. These models are generalizations achieved by incorporating the 
concepts of HyperLanguage and SuperHyperLanguage. Future studies are expected to explore computational 
experiments, practical implementation methods, and diverse applications of these models. 


Definition 4.14 (Large Hyperlanguage Model (LHLM)). Let = be a finite alphabet, and let H# C P(X") bea 
hyperlanguage. A Large Hyperlanguage Model (LHLM) is a probabilistic model that assigns probabilities to 
hyperwords (elements of #{) and supports processing tasks analogous to those of an LLM, but at the hyperword 
level. Formally, an LHLM is defined as: 


Mur = (AP 7 Go), 


where: 


1. &: A finite alphabet of tokens. 
2. H € P(x*): A hyperlanguage, i.e., a set of hyperwords. 


3. PZL : H — [0,1]: A probability distribution over hyperwords H € H. For any hyperword H = 
{w1,W2,...,Wx}, we define: 
PNA) = Po(H), 


where Pg is parameterized by 6 and may factorize over the words in H or utilize more complex 
dependencies. 


4. J"; The training procedure, adjusting parameters 6 to fit observed collections of hyperwords drawn 
from H. 


5. G"*: The model architecture (e.g., a hyperword-level Transformer) that processes sets of words simul- 
taneously or in a structured manner. 
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6. O”": The output space, consisting of hyperwords or structured objects derived from hyperwords. 


Theorem 4.15. A Large Hyperlanguage Model (LHLM) generalizes a Large Language Model (LLM). 


Proof. A Large Language Model (LLM) Mim = (2,?,7,G, O) assigns probabilities to words (elements of 
x*). 


Consider an LHLM My ym = (2H, 22", 77", G2", O07") where H C P(=*). 


If we restrict every hyperword H € H to be a singleton set, i.e., H = {w} for some w € >”, then there is a 
one-to-one correspondence between hyperwords and individual words. Under this restriction: 


Hl, wihH={whow. 


Thus, P7£ reduces to P, J" reduces to T, G7 reduces to G, and O” © reduces to O, recovering the exact 
structure of an LLM. 


Hence, LLMs are a special case of LHLMs, proving that LHLM generalizes LLM. oO 


Definition 4.16 (Large n-Superhyperlanguage Model (LnSHM)). Let = be a finite alphabet, and let H“ ¢ 
p" (x*) be an n-superhyperlanguage. A Large n-Superhyperlanguage Model (LnSHM) is defined analogously, 
but operates over n-superhyperwords. Formally: 


mM” = (r,H™, Pm gm gir) oO”), 


where: 


1. &: A finite alphabet. 

2. H\” © P"(y*): An n-superhyperlanguage. 

3. P\™ :H™ — [0,1]: A probability distribution over n-superhyperwords. 

7): The training process to learn parameters @ from data structured as n-superhyperwords. 


. G\™: The model architecture capable of processing n-superhyperwords. 
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Theorem 4.17. A Large n-Superhyperlanguage Model (LnSHM) generalizes both LHLM and LLM. 


Proof. An LnSHM operates over an n-superhyperlanguage H\”) C P"(d*), 


1. From LnSHM to LHLM: For n = 1, an n-superhyperlanguage reduces to a hyperlanguage. Thus, setting 
n=l: 


HY c p(s"), 
the LnSHM becomes an LHLM. Hence, LHLMs are a special case of LnSHMs. 


2. From LHLM to LLM: From Theorem|4. 15} we know that LHLM generalizes LLM. Since LnSHM generalizes 
LHLM,, it follows by transitivity that LnSHM also generalizes LLM. 


Therefore, LnSHM includes both LHLM and LLM as special cases. oO 
Question 4.18. Is it possible to perform model extensions using hypergeometric probability | 172| ? 


Question 4.19. Is it possible to define a Large Plithogenic n-Superhyperlanguage Model? What potential 
applications could it have? 
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O'”): The output space, potentially consisting of even higher-order structures derived from n-superhyperwords. 


5 Future Direction: Hyperprobability and n-SuperHyperprobability 


This section outlines the future directions of this research. Studies on probability spaces 
are closely related to the findings presented in this work. Here, we define the concepts of Hyperprobability [42/ 
and n-SuperHyperprobability. Future research is expected to investigate their potential applications to the 
diverse language models and probabilistic frameworks discussed in this paper. 


Notation 5.1. Let Q be a finite sample space, and let P (Q) denote the powerset of Q, i.e., the set of all subsets 
of Q. 


Definition 5.2 (Hyperprobability Space). (cf. [38442]) A hyperprobability space is a triple (Q,P(Q), Px), 
where: 


e Q is the sample space. 
¢ P(Q) is the set of events (subsets of Q). 
¢ Py : P(Q) > [0, 1] is a hyperprobability measure satisfying the following properties: 
1. PH(@) = 0 and Pr(Q) =1, 
2. For any disjoint A, B € P(Q): 
P(A U B) = P(A) + Py(B). 
To generalize hyperprobability to higher orders, we recursively define the powerset operation and construct 
higher-level probability spaces. 


Definition 5.3 (n-SuperHyperprobability Space). 1. Define the n-th powerset recursively: 


P(Q) :=2, PQ) = P(P*(Q)) forall k > 0. 


2. An n-superhyperprobability space is a triple (Q, P"(Q), Ps), where: 


e Q is the sample space. 

¢ £"(Q) is the set of n-th level events. 

© Psy : P"(Q) — [0, 1] is the n-superhyperprobability measure satisfying: 
(a) PsH(9) = 0 and Psy (P"(Q)) = 1, 
(b) For any disjoint A, B € P”(Q): 


PsyH(AU B) = Psy(A) + PsH(B). 


Remark 5.4. The definitions of Hyperprobability and n-SuperHyperprobability extend classical probability 
theory by leveraging powerset structures. To ensure their mathematical validity: 


* Consistency with Classical Probability: For n = 0, Psy reduces to a classical probability measure on Q, 
satisfying Ps7(0) = 0, PsH(Q) = 1, and additivity. 


¢ Iterative Construction: The recursive definition of P” (Q) ensures that each level adheres to the axioms 
of probability, extending the additivity property to higher-order sets. 


¢ Higher-Order Events: The inclusion of n-th powerset structures allows the modeling of layered uncer- 
tainties, providing a mathematically rigorous framework for higher-order probabilistic reasoning. 
Thus, the definitions are consistent with the axioms of probability and are mathematically robust. 
Example 5.5 (Probability Example 1: Hyperprobability for Weather Events). Let Q = {Sunny, Rainy, Cloudy} 


represent possible weather states. 


¢ The powerset P(Q) consists of all subsets of Q, e.g., {0, {Sunny}, {Rainy}, {Sunny, Rainy}, ... }. 
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¢ A hyperprobability measure P} might assign: 


Py({Sunny}) =0.5, Py({Rainy}) =0.3, Py({Sunny, Rainy}) = 0.2. 


¢ The additivity property ensures P7(0) = 0 and Py(Q) = 1. 


Example 5.6 (Probability Example 2: n-SuperHyperprobability for Risk Assessment). Consider a financial 
system where Q = {Low Risk, Moderate Risk, High Risk}. 


e At n = 1, hyperprobabilities might assign likelihoods to events such as: 


Px ({Low Risk, Moderate Risk}) = 0.6, P({High Risk}) = 0.4. 
* At n = 2, the second powerset P?(Q) includes sets of hyperprobabilities, such as: 


P?(Q) = {{{Low Risk}, {Moderate Risk}}, ... }. 


e Ann = 2 superhyperprobability measure Psy might evaluate: 


Psu ({{{Low Risk}, {Moderate Risk}}}) = 0.7. 


Example 5.7 (Probability Example 3: Quantum State Representation). In quantum mechanics, let Q = 
{w1, W2, W3} represent quantum states. 


e At n = 1, hyperprobabilities might describe probabilities of quantum state superpositions: 
Pu({W1,¥2}) = 0.8, Pa({W3}) = 0.2. 


e At n = 2, Psy can model probabilities over sets of such probabilities, capturing nested uncertainties in 
quantum measurements. 


Question 5.8. What definitions would emerge if this concept were applied to language models, natural language 
processing, neural networks, and AI? Additionally, would any improvements be observed? 
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Chapter 5 
Natural n-Superhyper Plithogenic Language 


Takaaki Fujita ' * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


This paper focuses on the integration of three foundational concepts: natural language, plithogenic language, 
and the framework of superhyperstructures. Natural language, a system of communication that has evolved 
naturally among humans, is characterized by grammar, vocabulary, and context, enabling the expression 
of ideas, emotions, and information. In recent years, natural language has gained substantial attention in 
fields such as machine learning and artificial intelligence, with applications in areas like Natural Language 
Processing (NLP). Plithogenic Sets, on the other hand, have emerged as a versatile and robust framework 
capable of integrating multiple dimensions of uncertainty and contradiction. Similarly, hyperstructures and 
superhyperstructures provide hierarchical frameworks for representing complex, multi-level structures. 


By synthesizing these concepts, this paper introduces and examines a novel construct: the Natural n-Superhyper 
Plithogenic Language, which unites the strengths of these frameworks to address advanced linguistic and 
structural modeling challenges. 


Keywords: Natural Language, Plithogenic set, Plithogenic language, Superhyperstructures 
MSC 2010 classifications: 03E72: Fuzzy set theory and logic, 68T50: Natural language processing 


1 Short Introduction 


1.1 Language and Natural Language 


In mathematics, a language refers to a formal system of symbols and rules designed to facilitate precise 
communication, problem-solving, and logical reasoning within mathematical frameworks [70]. On the other 
hand, a natural language is a system of communication that has evolved naturally among humans, characterized 
by grammar, vocabulary, and context, enabling the expression of ideas, emotions, and information (6[91]/92] 


(98/135). 


In recent years, natural language has garnered significant attention in fields such as machine learning and 


artificial intelligence. Notable applications include Natural Language Processing (NLP) [9| 
and Large Language Models (LLMs) 115} 


which are widely recognized for their transformative impact. Additionally, research on extensions of language, 
such as Hyperlanguage, has also been actively explored (30). 


1.2 Plithogenic Sets 


Set theory, a fundamental area of mathematics, provides a structured approach for studying collections of 
objects, known as ”sets” (2267131132). Over time, the classical notion of sets has been expanded to address 
the complexities and uncertainties inherent in real-world phenomena. Key advancements in this field include 
the development of frameworks such as Fuzzy Sets [21| , Vague Sets [3}15}16/63]146], Soft 
Sets , Hypersoft Sets 118} . Rough Sets [83}/89], Hyperfuzzy Sets [43||57||68)/127], 
and Neutrosophic Sets | 14|/26]/80} 112} 133 


Among these extensions, Plithogenic Sets have emerged as a robust and versatile framework that integrates 
multiple dimensions of uncertainty and contradiction. Plithogenic Sets are known for their ability to generalize 
concepts such as fuzzy sets and Neutrosophic sets. These sets have gained significant recognition for their 
effectiveness in modeling and analyzing complex systems {1/58]99|105|1 16]117]123]126/[128]. Furthermore, 
as a generalization of Plithogenic Sets, the concepts of HyperPlithogenic Sets and SuperhyperPlithogenic Sets 
have been introduced (34|/43]/46). Additionally, frameworks such as Extended Plithogenic Sets have also been 


studied [128]. 
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1.3. Hyperstructures and Superhyperstructures 
In this paper, we introduce languages based on Hyperstructures and Superhyperstructures. 


Hyperstructures and Superhyperstructures are frameworks designed to represent hierarchical structures. A 
Hyperstructure generalizes the concept of a powerset, extending its application to a wide range of mathematical 
frameworks (48)[121)[122). A Superhyperstructure further extends this concept by incorporating n-th power- 
sets, enabling hierarchical and iterative abstraction. These superhyperstructures build upon the principles of 
hyperstructures, providing a foundation for deeper abstraction and greater complexity (121][122). 


1.4 Our Contribution in This Paper 


This section outlines our contributions in this paper. Specifically, we explore the integration of three key 
concepts: natural language, plithogenic language, and the framework of superhyperstructures. The result of 
this integration is the formulation and analysis of a novel construct, the Natural n-Superhyper Plithogenic 
Language. 


1.5 Structure of the Paper 


The structure of this paper is outlined as follows. 


1.1 Language and Natural Language 
wh Sh ow ts A eee GSA abe boa oe heed oS 


Preliminaries and Definitions 
2.1 Plithogenic Set 


2.2 Hyperstructure and Superhyperstructure 
2.3 Natural Language 


Natural Plithogenic Language 
3.1 Natural Hyperlanguage and Natural n-Superhyperlanguage 


3.2 Natural n-SuperHyper (s, t)-Plithogenic Language]... ............2.-.-.--00004 
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2 Preliminaries and Definitions 


This section outlines the key concepts and definitions required for understanding the content of this paper. For a 
deeper exploration of foundational topics in set theory and related disciplines, readers may refer to [61/67/72]. 


2.1 Plithogenic Set 


A Plithogenic Set is a mathematical framework that incorporates multi-valued degrees of appurtenance and 
contradictions, making it suitable for complex decision-making processes. Various studies have been conducted 
on Plithogenic Sets [[1/2/35)46)47)94/ 102 130]. Related concepts, such as the Plithogenic Graph, 
are also well-known [28} 107/110]. The definition is presented below. 


Definition 2.1. [116)|117] Let S be a universal set, and P C S. A Plithogenic Set PS is defined as: 


PS = (P,v, Pv, pdf, pCF) 


where: 


¢ vis an attribute. 
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¢ Pv is the range of possible values for the attribute v. 
° pdf : Px Pv — [0,1] is the Degree of Appurtenance Function (DAF).|'| 


° pCF : Pv x Pv => [0,1]! is the Degree of Contradiction Function (DCF). 
These functions satisfy the following axioms for all a, b € Pv: 


1. Reflexivity of Contradiction Function: 
pCF(a,a) =0 


2. Symmetry of Contradiction Function: 
pCF(a, b) = pCF(b,a) 


Example 2.2. (cf. (36||54)) The following examples of Plithogenic sets are provided)?| 


¢ When s = 1, PS is called a Plithogenic Fuzzy Set. 

¢ When s = 2, PS is called a Plithogenic Intuitionistic Fuzzy Set. 

¢ When s = 3, PS is called a Plithogenic Neutrosophic Set. 

¢ When s = 4, PS is called a Plithogenic quadripartitioned Neutrosophic Set (cf. (66}/95|[103}). 
¢ When s = 5, PS is called a Plithogenic pentapartitioned Neutrosophic Set (cf. (10}/20)/75}). 

¢ When s = 6, PS is called a Plithogenic hexapartitioned Neutrosophic Set (cf. (82}). 

¢ When s = 7, PS is called a Plithogenic heptapartitioned Neutrosophic Set (cf. (13|/79}). 

¢ When s = 8, PS is called a Plithogenic octapartitioned Neutrosophic Set. 


¢ When s = 9, PS is called a Plithogenic nonapartitioned Neutrosophic Set. 


2.2 Hyperstructure and Superhyperstructure 


A Hyperstructure is built upon the concept of a powerset, providing a framework to model relationships 
among elements within a set. Extending this idea, a Superhyperstructure leverages the n-th powerset to 
represent systems with multi-layered hierarchical relationships, enabling deeper abstractions and complexity 
(33)/45|/120}1122). Below, we formally define the n-th powerset as a foundation for these structures. 


Definition 2.3 (Base Set). A base set S is the foundational set from which complex structures such as powersets 
and hyperstructures are derived. It is formally defined as: 


S = {x | x is an element within a specified domain}. 


All elements in constructs like P(S) or P;,(S) originate from the elements of S. 


Definition 2.4 (Powerset). The powerset of a set S, denoted P(S), is the collection of all possible 
subsets of S, including both the empty set and S itself. Formally, it is expressed as: 


P(S)={A|AC S$}. 


'Please note that the definition of the Degree of Appurtenance Function may vary across different papers. Some papers define the 
concept using the power set, while others simplify the definition by avoiding the use of the power set [128]. The author has consistently 
defined the Classical Plithogenic Set without utilizing the power set. 

?If the chosen set type (e.g., Fuzzy or basic Neutrosophic sets) does not explicitly incorporate contradiction as a distinct concept, 
setting t = 0 typically offers a more straightforward approach. On the other hand, when the objective is to model or retain the notion of 
conflict, as seen in certain Neutrosophic extensions or frameworks addressing uncertainty, t = 1 becomes more appropriate for capturing 
such complexities. While the author has predominantly explored cases with t = | in their research, adopting t = 0 may serve as a practical 
simplification when required. Studies such as highlight the application of t = 1; however, 
it is important to note that classical uncertain sets, such as Fuzzy sets and Neutrosophic sets, remain generalizable regardless of the value 
of ft. 
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Definition 2.5 (n-th Powerset). (cf. ) 


The n-th powerset of a set H, denoted P,,(#), is defined iteratively, starting with the standard powerset. The 
recursive construction is given by: 


P\(H) = P(H),  Pnsi(H) = P(Pn(A)),  forn 2 1. 
Similarly, the n-th non-empty powerset, denoted P* (H), is defined recursively as: 
P\(H) = P"(H), Phy, (H) = P*(P,()). 


Here, P*(H) represents the powerset of H with the empty set removed. 


To establish a comprehensive framework for understanding Hyperstructures and Superhyperstructures, we 
present the following formal definitions and foundational concepts. 


Definition 2.6 (Classical Structure). (cf. 111/121]) A Classical Structure is a mathematical framework defined 
on a non-empty set H, characterized by one or more Classical Operations that adhere to specific Classical 
Axioms. Formally: 


A Classical Operation is a function of the form: 
#) HH’ > H, 


where m > | denotes a positive integer, and H™ represents the m-fold Cartesian product of H. Examples 
include algebraic operations such as addition and multiplication in structures like groups, rings, and fields. 


Definition 2.7 (Hyperstructure). (cf. 121)) A Hyperstructure extends the concept of a Classical 
Structure by operating on the powerset of a base set. It is formally defined as: 


H = (P(S),°), 
where S is the base set, (S$) denotes its powerset, and o is an operation defined for subsets within P(S). 


Definition 2.8 (n-Superhyperstructure). (cf. [111 ) An n-Superhyperstructure generalizes the Hyperstruc- 
ture by employing the n-th powerset of a base set. Formally, it is defined as: 


SHn = (Pn(S),9); 
where S is the base set, P,,(S) represents the n-th powerset of S, and o is an operation acting on elements of 


Pr(S). 


2.3 Natural Language 


The concept of Natural Language and its related definitions are presented below. As noted in the introduction, 
these topics have been extensively studied in numerous research papers. 


Definition 2.9 (Formal Language). A formal language L is defined as a set of strings (or 
sequences) formed from a finite alphabet X, subject to specific syntactic rules. Formally: 


£ Cx", 


where &* is the set of all finite strings over the alphabet &. The strings in £ are called well-formed formulas 
(WFFs). 


A formal language L£ is typically accompanied by: 
¢ A set of symbols (or alphabet) X, which may include logical connectives (e.g., A, V, 4), quantifiers (e.g., 


V, 5), variables, and parentheses. 


* A set of formation rules that determine which strings in &* are well-formed. 
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Definition 2.10 (Word). (cf. [60||97]) Let © be a finite set of symbols, referred to as an alphabet. A word over 
x is defined as a finite sequence of symbols from X. Formally, a word w is an element of &*, where: 


Bes ee 
n=0 
and &” denotes the set of all sequences of length n formed from ~, including the empty sequence ¢ when n = 0. 


For a word w € &*, the length of w, denoted |w|, is the number of symbols in w. If w = «, then |w| = 0. For 
example: 


¢ If 2 = {a, b}, then w = aba € X* is a word of length |w| = 3. 
* The empty word ¢ € X* is the unique word with |w| = 0. 


Definition 2.11 (Natural Language). (cf. (9|[17|[76]) A natural language is a system of communication com- 
posed of words, phrases, and rules, developed naturally among humans for expressing thoughts, emotions, 
and information. Unlike formal languages, natural languages are characterized by ambiguity, irregularity, 
and context-dependence, and are primarily governed by implicit grammar rather than strict syntactic rules. 
Examples include English, Japanese, and Arabic. 


3 Natural Plithogenic Language 


A Natural Plithogenic Language is a definition that incorporates the concept of plithogenic sets into Natural 
Language. The definitions and related concepts are presented below (41). 


Definition 3.1 (Plithogenic Language). Let X be a finite (or countable) alphabet, with &* denoting the 
set of all finite words over X. A Plithogenic Language over &*, parameterized by (s, f), is given by a function 


PL:>* = [0,1]° 


plus a corresponding Plithogenic Set structure (P, v, Pv, pdf, pCF) that underlies how the membership values 
in PL are derived or influenced. Specifically: 


¢ For each word w € &*, PL(w) € [0,1]* is an s-dimensional vector indicating how w fits into the 
multi-attribute membership criteria established by pdf. 


* Contradictions between different attribute values can modify or constrain PL(w) if w is associated with 
multiple (potentially conflicting) attributes, measured by pC F’. For instance, if two attribute values a 
and b are contradictory, the membership vector for w might be reduced or reweighted accordingly. 


Hence, the pair (PL, (pdf, pCF)) encodes a multi-dimensional membership scheme for words, along with a 
mechanism to handle contradictory attributes. 


Definition 3.2 (Natural Plithogenic Language). Let = represent the vocabulary of a natural language (or 
a chosen subset thereof), and let X* be the set of all finite strings over &. A Natural Plithogenic Language, 
denoted 


Lpr = (2, Mex, Pex, Spx, pdf, pCF), 


is defined as follows: 


1. &: A finite (or countably finite) alphabet representing the words or tokens of a natural language. 


2. Mp : &* = [0, 1]* is aplithogenic membership function assigning each string w € &* an s-dimensional 
membership vector, reflecting various linguistic attributes (e.g. truth, uncertainty, emotional tone). 


3. Pp, : &* x X* — [0,1]* is a plithogenic relation measuring semantic or contextual compatibility 
between pairs of strings. For example, words with contradictory attributes might yield lower (or zero) 
compatibility. 
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4. Spr is a set of plithogenic constraints or rules, potentially capturing syntactic/semantic grammar, 
constraints on word combinations, or domain-specific usage patterns. 


5. pdf and pCF come from the associated Plithogenic Set: 
PS =(P, v, Pv, pdf, pCF), 


where each expression in &* can be linked to certain values in Pv. The membership vectors in Mp, are 
then derived or influenced by pdf, while contradictory attribute values are handled by pCF. 


In short, £pz encodes how natural language strings (words, phrases, or sentences) each receive an s-dimensional 
membership profile, while also indicating how they relate to each other and potentially clash when contradictions 
arise. 


Example 3.3 (Various Natural Plithogenic Language Dimensionalities). (cf. (36|/54]) We can classify Natural 
Plithogenic Languages by the dimension s of their membership vectors, each dimension capturing a different 
aspect of linguistic or semantic interpretation: 


* s = 1: Plithogenic Fuzzy Language. Each word w € &* has a single membership degree, e.g. how 
“applicable” or “valid” w is under a certain attribute. Contradictions may still be captured by pCF if 
t > 0, though typically t = 0 in simpler fuzzy models. 


¢ s =2: Plithogenic Intuitionistic Fuzzy Language. Words have two membership values, often interpretable 
as truth-degree and falsity-degree. This aligns with intuitionistic fuzzy logic, allowing partial truth and 
partial falsity for each term. 


¢ s =3: Plithogenic Neutrosophic Language. Three membership dimensions, e.g. (truth, indeterminacy, 
falsity). This is aligned with neutrosophic set theory, capturing uncertain or contradictory language 
usage. 


¢ s =4: Plithogenic Quadripartitioned Neutrosophic Language. Adds another dimension for specialized 
semantics or emotional valences. This allows, for instance, the assignment of truth, falsity, and two 
distinct uncertainties or emotional factors. 


¢ s = 5: Plithogenic Pentapartitioned Neutrosophic Language. Provides five membership dimensions, 
capturing multiple potential forms of indeterminacy or specialized contexts (e.g. cultural, emotional, 
syntactic, etc.). 


¢ s =6: Plithogenic Hexapartitioned Neutrosophic Language. Words can exhibit six distinct membership 
components, possibly enumerating different contradictory or uncertain categories. 


¢ s = 7: Plithogenic Heptapartitioned Neutrosophic Language. Seven-dimensional membership vectors 
might, for example, separate out different types of truth or multiple emotional layers. 


¢ s =8: Plithogenic Octapartitioned Neutrosophic Language. Eight membership dimensions, suitable for 
complex modeling of contradictory or multi-faceted attributes in natural language. 


¢ s = 9: Plithogenic Nonapartitioned Neutrosophic Language. Nine-dimensional membership space, 
used for even more granular breakdown of meaning or emotional context, continuing the same logic of 
partitioned neutrosophic categories. 


In all these cases, the dimension f determines how many ways contradictions among attribute values are 
measured. For instance, if ¢ = 1, there is a single contradiction dimension that might represent a general 
conflict measure (0 = no conflict, 1 = maximal conflict). If t > 1, different “types” of contradictions (semantic 
vs. pragmatic, or emotional vs. factual) may be tracked simultaneously. 


We now state some general properties of Natural Plithogenic Languages, focusing on how membership functions 
and contradiction measures interact in a linguistic context. 
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Theorem 3.4 (Existence and Cardinality). Let &* be (countably or uncountably) infinite. For any fixed s > 1 
and t > 0, there exist uncountably many distinct Natural Plithogenic Languages £ pr. 


Proof. Each £p, requires specifying: 
1. A plithogenic membership function Mp, : &* — [0, 1]*. Even if &* is countably infinite, assigning an 
s-dimensional vector in [0, 1]* to each element gives uncountably many possibilities, as |[0, 1]°| = 2°. 


2. A relation Pp, (also from &* x &* to [0, 1]*) further multiplies the range of definitions. 


3. A set of constraints Sp, plus the DAF (pdf) and DCF (pCF) that can be combined in myriad ways. 


Hence, the family of possible £p,;, is of uncountable cardinality. oO 


Theorem 3.5 (Extension to Continuous or Weighted Alphabets). Even if X is large or has continuous com- 
ponents (e.g., real-valued features), one can still define a Natural Plithogenic Language provided one can 
interpret X* or an equivalent set of expressions in a well-defined manner. The definitions of pdf and pCF 
must then be adapted to accommodate continuous attributes or larger sets Pv. 


Proof. The logic follows from general measure-theoretic or topological arguments: as long as we can define 
membership functions ©* — [0, 1]* and contradiction functions Pv x Pv — [0, 1]’, the plithogenic framework 
remains valid. Whether & is discrete or continuous does not break the definitions, though practical modeling 
must account for infinite-dimensional integration or representation. oO 


3.1 Natural Hyperlanguage and Natural n-Superhyperlanguage 


Natural Hyperlanguage and Natural n-Superhyperlanguage are concepts that extend Natural Language by 
incorporating the ideas of Hyperstructure and n-Superhyperstructure. The definitions and related concepts are 
outlined below (41). 


Definition 3.6 (Hyperword and Hyperlanguage). Let = be a finite alphabet, and let X* 
denote the set of all finite words over X. 


1. A hyperword over X is a nonempty subset of &*. In other words, a hyperword is an element of the power set 
P(x*). 


2. A hyperlanguage over = is a set of hyperwords over 4. Thus, a hyperlanguage H is a subset of P(=*). 
Formally: 

HCP(X*). 
A hyperlanguage can therefore be viewed as a set of sets of words over . 


Definition 3.7 (n-Superhyperword and n-Superhyperlanguage). We now generalize this construction to 
multiple levels. Define the iterated power sets as follows: 


P(r) := 2D, P(r") = P(PK(T’)), for all k > 0. 


1. An n-superhyperword over = is an element of P”(=*). In particular: 
Pp! (x*) = P(X") consists of hyperwords, 
P?(x*) = P(P(=*)) consists of sets of hyperwords, and so forth. 


2. An n-superhyperlanguage over = is a subset of P" (X*). Formally: 
LoP"(d*). 


Thus, an -superhyperlanguage is a set of (n—1)-superhyperwords, generalizing the concept of a hyperlanguage 
to n-th level power sets of words. 
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Definition 3.8 (Natural n-SuperHyperLanguage). Let W be the set of well-formed expressions in a chosen 
natural language. We define iterated power sets: 


PW) :=W, PHIW) = P(PK(W)), 


for k > 0. 


1. A natural n-superhyperword is any element of P”(W). Concretely, 
P!(W) =P(W) (hyperwords), 
PW) =P(P(W)), PW) =P(P(PCW))), 
2. A Natural n-SuperHyperLanguage, denoted £,, is defined as 
Ln © P™(W). 


Hence, £, is a collection of (n — 1)-superhyperwords, but each level is taken over the set W of 
natural-language expressions rather than a purely formal alphabet. 


Example 3.9 (A Simple Natural Hyperlanguage). Let us assume we have a miniature natural language W 
consisting of the following “words or utterances”: 


W = {“cat”, “dog”, “run”, “walk’}. 
We form a Natural Hyperlanguage H C #(W) by choosing, for instance: 
H = {{ “cat”, “dog”}, {“cat”}, {“run’, “walk”}}. 
Here, each hyperword is a nonempty subset of W. For example, { “cat”, “dog”} C W is a valid hyperword. 


An n-superhyperlanguage for n = 2 could be formed by taking certain subsets of P(W). For example, a 
Natural 2-SuperHyperLanguage £L C P*(W) might include 


Lo = { {{*cat"}, {“dog"}}, {{“cat", “dog"}}. 


Each element of £2 is now a set of hyperwords. For instance, { {“cat’’}, {“dog”’}} is one element, containing two 
distinct hyperwords. This example, though small, shows how layered set structures can appear when moving 
to n-superhyperlanguages in a natural language context. 


Below, we present several fundamental results regarding Natural Hyperlanguages and Natural n-SuperHyperLanguages. 
While these statements mirror classical set-theoretical properties, they emphasize the interplay between the set 
of natural-language expressions W and the iterative power-set construction. 


Theorem 3.10 (Cardinality of Natural Hyperwords). Suppose W is an infinite countable set of natural- 
language expressions. Then the set of all natural hyperwords P (W) is uncountable (of cardinality 2*°). 


Proof. Since W is infinite countable, it is well-known that P(‘W) has the cardinality of the continuum 2%°. 
Formally, one constructs a bijection from N (the natural numbers) onto ‘W, and then invokes Cantor’s theorem 
to show that no bijection can exist between W and P(W), hence |[P(W)| = 2°. Oo 


Theorem 3.11 (Uncountability of Natural n-SuperHyperLanguages). Let W be an infinite countable set of 
natural expressions. For any n > 1, 


280 
ln" (W)| = 2?" (n times exponentiation), 
which is strictly larger than 2®° for n > 1. In particular, any nontrivial Natural n-SuperHyperLanguage 
Ln © P"(W) 


is infinite for n > 1, and it is uncountable for n > 1. 
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Proof. We apply induction on n. 


* Forn=1, Theorem|3.10|shows IP(W)| = 2%, 
* Assume |P”(W)| = « for some infinite cardinal x > 2%, Then 
P™\W) = P(P"™(W)) 


has cardinality 2". Since x > 29, we have 2“ > x. Hence the chain of exponentiations strictly increases 
the cardinality at each step, giving 
|p" (W)| = 2". 


This proves the claim by induction on n. 


Therefore, any subset L, C P”"(W) for n > | must be infinite (and indeed uncountable). o 


Theorem 3.12 (Closure under Union and Intersection). Let Ff; and Hz be two Natural Hyperlanguages (both 
subsets of P(W)), where W is the set of natural-language expressions. 


1. The union Hy U Hp is again a Natural Hyperlanguage. 


2. The intersection Hy A Hp is again a Natural Hyperlanguage (unless it is empty, in which case it is a 
valid hyperlanguage if we allow the empty set of hyperwords). 


Similar closure holds for Natural n-SuperHyperLanguages at each iterative level n. 


Proof. 1. Since A, C P(W) and Az C P(W), their union is also a subset of P((W). Each element of 
HH U Hp is a nonempty subset of ‘W, so the union remains a Natural Hyperlanguage. 


2. Similarly, the intersection Ff, MN A> is comprised of exactly those hyperwords (nonempty subsets of W) 
common to both #{; and H2. Thus it is also included in P(W). If nonempty, we again obtain a valid 
Natural Hyperlanguage. If it is empty, we may choose whether to allow the empty family of hyperwords 
as a degenerate Natural Hyperlanguage or not, depending on our convention. 


By analogous reasoning, if we consider Natural n-SuperHyperLanguages £1, £2n C P”(W), their union 
or intersection stays within P”(W.). Consequently, the same closure properties hold at each iterated level. O 


3.2. Natural n-SuperHyper (s, t)-Plithogenic Language 


This subsection introduces the notion of a Natural n-SuperHyper (s, t)-Plithogenic Language, which merges 
the framework of n-superhyperlanguages (iterated power-set constructions applied to a set of natural-language 
expressions) with the concepts of plithogeny (multi-dimensional degrees of membership and contradiction). 


Definition 3.13 (Natural n-SuperHyper (s, t)-Plithogenic Language). Let: 


* W be the set of well-formed expressions in a chosen natural language. 
¢ n > 0 be an integer indicating the level of iterated power sets. 


* s,t > 0 be integers specifying the dimensions for membership and contradiction, respectively. 


A Natural n-SuperHyper (s, t)-Plithogenic Language is defined as a structure: 
(Ln, PLn, pdf, pCF), 


where: 
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. Ln € P"(W) is a Natural n-SuperHyperLanguage over W . 


. PL, : P"™(W) — [0,1]° is the plithogenic membership function at level n. For each element 7 € 


P"(W), PLy(y) is an s-dimensional vector. This vector encapsulates multi-attribute membership 
degrees, potentially derived from or moderated by the DAF (pdf) and the DCF (pC F). 


. pdf : PxPv — [0, 1]* is the plithogenic Degree of Appurtenance Function describing how each 7 or sub- 


element obtains membership vectors. In a linguistic context, we may interpret p as a (super)hyperword 
or a piece of text, and Pv as possible attribute values (such as semantic categories or pragmatic features). 


. pCF : Pv x Pv — [0,1]’ is the plithogenic Degree of Contradiction Function that quantifies the 


contradiction among attribute values. When multiple elements in 7 exhibit conflicting attributes, pC F 
influences how the membership vectors are combined or adjusted. 


Example 3.14 (A Simple Natural 1-SuperHyper (s, ¢)-Plithogenic Language). Setup: 


Let W = {“cat”, “dog”, “banana’}, a tiny subset of a natural language. 
Then P(W) is the set of all nonempty subsets (hyperwords) of W. 
Suppose £; C P(W) contains: 


Ly = {{“cat"}, {“dog”}, {“banana’}, {“cat”, “dog"}}. 


Plithogenic Structure: 


Let Pv be possible semantic categories: {feline, canine, fruit}. 
Define a DAF pdf ({w}, value) that assigns membership vectors in [0, 1]? (so s = 2). 


— For instance, pdf ({“cat”}, feline) = (1,0), meaning high membership in the first dimension and 
zero in the second dimension. 


— pdf ({“banana’}, fruit) = (0.9, 0.1). 


— And so on. 
Define a contradiction function pCF : Pv x Pv = [0,1] with t = 1. For example, 
pCF (feline, canine) =0.5, pCF (feline, fruit) =0.8, pCF (feline, feline) = 0, 
etc. These numbers measure how contradictory the categories are. 


The membership function PL; (7) must then aggregate the membership vectors from the individual words 
in 7, factoring in the contradictions among their possible categories. For example, if 7 = {“‘cat”, “dog’”}, 
we must examine how a cat (feline) and a dog (canine) potentially conflict. 


Outcome: One possible approach is to define: 


PL, ({‘“cat”, “dog”}) = (0.6, 0.4), 


reflecting that the combination has moderate membership on the first dimension and 0.4 on the second 
dimension, after factoring in a contradiction of 0.5 between “feline” and “canine.” Meanwhile: 


PL({“cat’}) = (0.9,0.1), PL ({“banana’}) = (0.7, 0.3), 


etc. Hence, (£1, PL, pdf, pCF) is a valid Natural 1-SuperHyper (2, 1)-Plithogenic Language. 


Example 3.15 (Natural 2-SuperHyper (s, t)-Plithogenic Language). Setup: 


Let W = {“good dog”, “bad cat”, “sad banana’}. 
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* Then P?(W) includes elements that are sets of hyperwords over W. For instance, 


n= {{“good dog”}, {“bad cat”}|, 2 = {{*good dog”, “sad banana}. 
Plithogenic Extension: 


* Let L. C P?(W) be a set of such second-level elements (each element is a set of hyperwords). 


Suppose s = 3 for a triple membership dimension: (truth-likeness, uncertainty, negativity) just as an 
example. Let tf = 2 to measure two different aspects of contradiction (like semantic clash and emotional 
valence clash). 


The membership function PL; : P?(W) — [0, 1]* might be defined by aggregating the membership 
vectors of each hyperword in an 7. Contradiction arises if a single 7 merges hyperwords that are 
semantically or emotionally incompatible. 
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For example, if 7 = {{‘‘good dog”, “sad banana”’}} lumps a “dog’-related expression (often an animal 
context) and a “banana’-related expression (a fruit), the contradiction function might yield a moderate 
or high contradiction if these attribute values (like canine vs. fruit, and good vs. sad) conflict. 


Illustration: 


PL2({{“good dog”}, {“bad cat”}}) = (0.4, 0.5, 0.3), 


indicating moderate membership on truth-likeness (0.4), some uncertainty (0.5), and mild negativity (0.3). The 
negative dimension might reflect that “bad cat’ introduces negativity, while the contradiction measure could 
reduce the final membership in the truth dimension. 


Thus, (£2, PL2, pdf, pCF) exemplifies a Natural 2-SuperHyper (3, 2)-Plithogenic Language where sets of 
hyperwords are assigned multi-faceted membership vectors influenced by multi-dimensional contradictions. 


The following theorem holds. 


Theorem 3.16 (Existence of Uncountably Many Natural n-SuperHyper (s, t)-Plithogenic Languages). Let W 
be an infinite countably based set of natural language expressions. For any fixed n > | and (s,t), there are 
uncountably many ways to form a Natural n-SuperHyper (s, t)-Plithogenic Language. 


Proof. Step 1: Uncountability of P"(W). It is known that W being (countably) infinite implies |P” (W)| is 
an uncountable cardinal (indeed, for n > 1, it can exceed 2%), 


Step 2: Defining Ln. A Natural n-SuperHyperLanguage £, C P”(W) can be chosen in uncountably many 
ways (any subset of an uncountable set is itself part of a family of cardinality 2!?"(W1), 


Step 3: Plithogenic Membership Function. For each chosen £,, we must assign a function PL, : P"(W) > 
[0,1]*. Even if we only allow each element to be mapped to a subset of rational vectors in [0, 1]*, the 
combinatorial possibilities are still uncountable. More generally, using the entire real interval [0, 1]* leads to 


an even higher cardinality. 


Step 4: Contradiction Function and DAF. We can attach any (s, t)-plithogenic structure (pdf, pC F) to guide 
these membership assignments. The range of potential definitions is also huge (since [0, 1]’ is uncountable). 


Together, these steps show that the space of all possible (Ly, PLn, pdf, pCF) is uncountably large. oO 
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Theorem 3.17 (Closure under Union and Intersection of the Underlying Languages). Let 
(£0, PLAY pdf, pCF) and (£2), PL’, pdf, pCF) 


be two Natural n-SuperHyper (s,t)-Plithogenic Languages defined over the same W and using the same 
plithogenic structure (pdf, pCF). Then: 


Lneky UL! and La Ln) ty 
remain subsets of P”(W). If nonempty, they are also valid Natural n-SuperHyperLanguages. 


If one desires to extend a single plithogenic membership function PLY or PL‘) to these union or intersec- 


tion languages, one may combine the membership vectors of PLY and PL®) in a manner consistent with 


(pdf, pCF). 


Proof. It follows immediately from the fact that both LD and ae are subsets of P”(W), so their union or 
intersection remains in P"(W). To define a membership function for LY, for example, one might set: 


PL? (n) = max{PL\! (n), PLY?) (n)} (componentwise max in [0, 1]*), 


where max is interpreted in each of the s coordinates. A similar approach using min is possible for £. 
Consistency with the contradiction function pC F requires that the same attribute valuations and contradiction 
measures are used or suitably merged. Oo 


Theorem 3.18 (Reduction to Simpler Cases). = 1. When s = 1 and t = 0, a Natural n-SuperHyper (s, t)- 
Plithogenic Language simplifies to a fuzzy version of a Natural n-SuperHyperLanguage, i.e. each element 
n is assigned a single membership degree in [0, 1], with no contradiction measure. 


2. When n = 0, we lose the hyperlanguage layering, and the structure becomes a standard plithogenic 
language over the set W itself (i.e., single words/expressions, not sets of them). 


Proof. Both items follow by direct specialization of Definition 


(1) If s = 1 and ¢ = O, then for each 7 € P"(W), PLy»(m) € [0,1] is a one-dimensional membership. No 
contradiction function is used, so it effectively reverts to a fuzzy membership style. 


(2) Ifn = 0, then Ly C W. We are no longer dealing with sets of words but individual expressions. The rest 


of the plithogenic framework (DAF, DCF) still applies, but it is used to assign membership degrees to single 
utterances or tokens, rather than to subsets or nested sets. oO 
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Chapter 6 
Antihyperstructure, NeutroHyperstructure, and Superhyperstructure 


Takaaki Fujita ' * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


Mathematical structures can generally be extended to Hyperstructures and SuperHyperstructures using the 
power set and n-th powerset. A Neutrosophic Triplet generalizes classical structures, representing objects with 
degrees of truth (7), indeterminacy (J), and falsehood (F). Using this Neutrosophic Triplet, it is possible 
to define classical structures, neutrostructures, and antistructures. This paper defines neutrohyperstructures, 
antihyperstructures, neutro n-superhyperstructures, and anti n-superhyperstructures. 


Keywords: Hyperstructure, Superhyperstructure, Antistructure, Antihyperstructure, Neutrostructure 


1 Introduction 
1.1 Uncertain Sets and Triplets 


A variety of concepts have been developed to address uncertainty, including Fuzzy Sets [68 , Vague 


Sets [2}/9\|27], Intuitionistic Fuzzy Sets (41/8), Neutrosophic Sets (43146) |61| (64), and Plithogenic Sets 
47\/49\/62). Among these, the Neutrosophic Set stands out as an extension of the Fuzzy Set by 
incorporating the notion of indeterminacy” or “neither true nor false.” This concept has been the subject of 
extensive research and numerous academic papers. 


One closely related concept is the Neutrosophic Triplet (3}[33][38}|59|{60)/75} [76]. A Neutrosophic Triplet 


generalizes classical structures by representing objects with degrees of truth (7), indeterminacy (J), and 
falsehood (F). By utilizing this Neutrosophic Triplet, it becomes possible to define classical structures, 


neutrostructures [52}/53||58], and antistructures [35]/55}. 


1.2 Hyperstructures and Superhyperstructures 


Mathematical structures can be systematically extended into Hyperstructures and SuperHyperstructures through 
the use of the power set and n-th powerset. The n-th powerset represents an iterative extension of the powerset 
concept, where each iteration generates the powerset of the previous powerset [17 [42/57]. 


Several concepts incorporating SuperHyperstructures are already established in the literature, such as super- 
hypergraphs , superhyperalgebras [1}{42\[54|[63], superhyperneutrosophic sets 
[21][22}, and superhypersoft sets [|10) 56]. These concepts demonstrate the versatility and 


hierarchical depth enabled by n-th powersets in mathematical modeling. 


1.3. Our Contribution 
This paper introduces and rigorously defines neutrohyperstructures, antihyperstructures, neutro n-superhyperstructures, 


and anti n-superhyperstructures, contributing to the ongoing development of mathematical frameworks for un- 
certainty and hierarchical complexity. 


2 Preliminaries and Definitions 


This section provides an overview of the fundamental concepts and definitions essential for the discussions in 
this paper. 


311 


2.1 Neutrosophic Triplet 


A NeutroStructure generalizes classical structures by incorporating degrees of truth (7), indeterminacy (J), and 
falsehood (F). It is defined as follows [52]. 


Definition 2.1 (Neutrosophic Triplet). A Neutrosophic Triplet represents a conceptual generalization of 
classical structures, incorporating degrees of truth (7), indeterminacy (J), and falsehood (F). Formally, for a 
given statement or mathematical object A in a space S: 


(A, NeutroA, AntiA) = (A(1,0,0), A(T, 1, F), A(0,0, 1), 


where: 


¢ A(1,0,0) (Classical Component): A is 100% true (T = 1), 0% indeterminate (J = 0), and 0% false 
(F =0). 


¢ A(T,I,F) (Neutro Component): A is T% true, /% indeterminate, and F% false, such that (7,1, F) ¢ 
{(1,0, 0), (0,0, 1)}. 


¢ A(0,0, 1) (Anti Component): A is 100% false (F' = 1), 0% true (T = 0), and 0% indeterminate (J = 0). 
Examples: 


1. Theorem Triplet: (Theorem, NeutroTheorem, AntiTheorem): 


¢ A classical theorem holds universally true (T = 1, / = 0, F = 0). 
¢ A NeutroTheorem is partially true, indeterminate, or false (J, /, F # 1,0,0). 
e An AntiTheorem is universally false (T = 0,7 =0, F = 1). 


2. Definition Triplet: (Definition, NeutroDefinition, AntiDefinition): 


¢ A classical definition is universally true. 
¢ A NeutroDefinition applies with partial uncertainty. 


¢ An AntiDefinition is universally invalid or false. 


Remark: Neutrosophic Triplets can be applied to any domain of knowledge, including properties, functions, 
axioms, and relations, allowing nuanced representation of uncertainty and opposition. 


2.2 Classical Structure, Hyperstructure, and n-superhyperstructure 


Relevant definitions and simple examples are provided below. 


Definition 2.2 (Set). A set is acollection of distinct, well-defined objects, referred to as elements. For any 
object x, it can be determined whether x is an element of a given set. If x belongs to a set A, this is denoted as 
x € A. Sets are often represented using curly braces. For example, the set A = {1,2,3} contains the elements 
1, 2, and 3. 


Definition 2.3 (Base Set). A base set S is the foundational set from which complex structures such as powersets 
and hyperstructures are derived. It is formally defined as: 


S = {x | x is an element within a specified domain}. 


All elements in constructs like P(S) or P,(S) originate from the elements of S. 


Definition 2.4 (Powerset). The powerset of a set S, denoted P(S), is the collection of all possible 
subsets of S, including both the empty set and S itself. Formally, it is expressed as: 


P(S)={A| ACS}. 
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Definition 2.5 (n-th Powerset). (cf. [11|{17|/20|/42\[57)) 


The n-th powerset of a set H, denoted P,(#), is defined iteratively, starting with the standard powerset. The 
recursive construction is given by: 


P\(H) = P(A), Pnsi(H) = P(Pn(A)), forn > 1. 
Similarly, the n-th non-empty powerset, denoted P*(H), is defined recursively as: 
P\(H) = P*(H), Pi, (H) = P*(P, (4). 
Here, P*(#) represents the powerset of H with the empty set removed. 


Example 2.6 (Powerset and n-th Powerset). 1. Powerset Example: For the set S = {a, b}, the powerset P(S) 
is: 


P(S) = {0, {a}, {b}, {a, b}}. 


2. n-th Powerset Example: Let H = {x, y}. For n = 2, the n-th powerset is constructed as follows: 


P\ (A) = P(H) S {0, {x}. {y}, fe 9H, 
P2(H) = P(Pi(A)) = {0, {0}, fx}, (Oyhh (i, yh, (0, Oh... Pi( A}. 


3. n-th Non-Empty Powerset Example: For the set H = {p}, considering only non-empty subsets: 


P}(H) = P*(#) = {{p}}. 
P3(H) = P*(P\(H)) = {{{p}}}- 


To establish a formal foundation for the concepts of Hyperstructures and Superhyperstructures, we present the 
following definitions and propositions. 


Definition 2.7 (Classical Structure). (cf. [42||57]) A Classical Structure is a mathematical framework defined 
on a non-empty set H, equipped with one or more Classical Operations that satisfy specified Classical Axioms. 
Specifically: 


A Classical Operation is a function of the form: 
#): H” — H, 


where m > | is a positive integer, and H™ denotes the m-fold Cartesian product of H. Common examples 
include addition and multiplication in algebraic structures such as groups, rings, and fields. 


Definition 2.8 (Hyperoperation). (cf. [36||65}/67]) A hyperoperation is a generalization of a binary operation 
where the result of combining two elements is a set, not a single element. Formally, for a set S, a hyperoperation 
o is defined as: 

o:SxS—>P(S), 


where P(S) is the powerset of S. 


Definition 2.9 (Hyperstructure). (cf. [17|[42|[57]) A Hyperstructure extends the notion of a Classical Structure 
by operating on the powerset of a base set. Formally, it is defined as: 


H = (P(S),0°), 
where S is the base set, P(S) is the powerset of S, and o is an operation defined on subsets of P(S). 


Hyperstructures allow for generalized operations that can apply to collections of elements rather than single 
elements. 
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Definition 2.10 (SuperHyperOperations). (cf. (57) Let H be a non-empty set, and let #(H) denote the 
powerset of H. The n-th powerset P” (H) is defined recursively as follows: 


P(A) =H, P**'(H) =P(P*(H)), fork >0. 


A SuperHyperOperation of order (m,n) is an m-ary operation: 
0"). H™ 5 P"(H), 


where P!"(H) represents the n-th powerset of H, either excluding or including the empty set, depending on the 
type of operation: 


* Ifthe codomain is P." (H) excluding the empty set, it is called a classical-type (m, n)-SuperHyperOperation. 


* Ifthe codomain is P” (H) including the empty set, it is called a Neutrosophic (m, n)-SuperHyperOperation. 


These SuperHyperOperations are higher-order generalizations of hyperoperations, capturing multi-level com- 
plexity through the construction of n-th powersets. 


Definition 2.11 (n-Superhyperstructure). (cf. [42||57]) An n-Superhyperstructure further generalizes a Hyper- 
structure by incorporating the n-th powerset of a base set. It is formally described as: 


SHn = (Pn(S),9), 


where S is the base set, ;,(S) is the n-th powerset of S, and o represents an operation defined on elements 
of P,(S). This iterative framework allows for increasingly hierarchical and complex representations of 
relationships within the base set. 


Example 2.12 (Classical Structure, Hyperoperation, and Hyperstructure). 1. Classical Structure Example: 
Let H = {1,2,3} and define an operation #) : H x H > Has: 


a+b ifa+beH, 
undefined otherwise. 


#o(a, b) = 


For example, #9(1, 2) = 3, but #9(2, 3) is undefined since 5 ¢ H. 


2. Hyperoperation Example: For S = {a,b}, define a Hyperoperation o as: 
aob={{a}, {b}, {a, b}}. 
Examples include: 
aca={{a}}, aob={{a}, (d}, {a, b}}. 
3. Hyperstructure Example: For S = {x, y}, let P(S) = {0, {x}, {y}, {x, y}}. Define: 
AcoB={AUB,AN B}. 
For example: 
{x}of{y}={{x,y},O}, {x} o tx, y} = {{x, y}, fh}. 
4. SuperHyperOperation Example: Let H = {1,2} and P(A) = {0, {1}, {2}, {1,2}}. Define: 
0?) (a,b) = P({a, b}). 
For 0'?-7) (1,2), the result is: 
P({1,2}) = {0, {1}, {2}, (1, 2}}- 
5. n-Superhyperstructure Example: Let S = {x} and construct SH: 


Pi (S) = P(S) = {0, {x}}, 
Po(S) = P(P(S)) = {O, {0}, {{x}}, (0, fx} }}- 
The structure is SH = (P2(S),°), where Ao B= AUB. 
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2.3. NeutroStructure 


A NeutroStructure generalizes classical structures by incorporating degrees of truth (7), indeterminacy (J), and 
falsehood (F). It is defined as follows. 


Definition 2.13 (NeutroStructure). A NeutroStructure generalizes a classical structure by incorporating 
degrees of truth (7), indeterminacy (/), and falsehood (F’). It is defined as follows: 


1. Classical Structure: A classical structure is composed of: 


¢ A non-empty space S, 


¢ A set of relations R on S, each characterized as Relation (1,0, 0), meaning the relation holds 
true (J = 1) for all elements of S, 


¢ A set of attributes A on S, each characterized as Attribute (1,0,0), meaning the attribute 
holds true (T = 1) for all elements of S. 


2. NeutroStructure: A NeutroStructure extends a classical structure by including at least one NeutroRelation 
or NeutroAttribute, defined as: 


¢ A NeutroRelation is a relation R € R characterized by: 
R(x) =Relation(T, I, F), VWreS, 


where T, /, F € [0,1] and (T,/, F) ¢ {(1, 0,0), (0, 0, 1)}. This implies the relation is partially true 
(T), partially indeterminate (/), and partially false (F). 


¢ A NeutroAttribute is an attribute A € A characterized by: 
A(x) =Attribute(T, I, F), VxeS, 


where 7,/,F € [0,1] and (T,/,F) ¢ {(1,0,0), (0,0,1)}. This means the attribute holds with 
some degree of truth, indeterminacy, and falsehood. 


3. Conditions for NeutroStructure: 


* R contains at least one Relation(T, I, F) such that (7,/, F) ¢ {(1,0,0), (0,0, 1)}. 
¢ A contains at least one Attribute (T, I, F) such that (7,/,F) ¢ {(1,0,0), (0,0, 1)}. 


* R and A may include classical relations and attributes but must not include AntiRelations 
(Relation (0,0,1))or AntiAttributes (Attribute (0,0,1)). 


Examples of NeutroStructures: 


¢ NeutroRelation: A social network where connections between individuals (x, y € S) have degrees of 
strength (T), uncertainty (/), and negativity (F). 


¢ NeutroAttribute: Attributes of a product (x € S) such as quality, where some evaluations are partially 
true, partially indeterminate, and partially false. 


Example 2.14 (NeutroRelation Example: Social Network Connections). Consider a social network where 
S represents a set of individuals, S = {A,B,C,D}. The relation R € R indicates a connection between 
two individuals and is defined with degrees of truth (T), indeterminacy (J), and falsehood (F) for each pair 
(x,y)E SxS. 


For instance: 
R(x,y) =Relation(T, I, F), V(x,y)e€SxS, 


where: 


¢ R(A, B) =Relation(0.8, 0.1, 0.1): Connection between A and B is 80% true, 10% indeter- 
minate, and 10% false. 
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¢ R(B,C) = Relation(0.5, 0.3, 0.2): Connection between B and C is moderately true, with 
higher indeterminacy and lower falsehood. 


« R(C,D) =Relation(0.2, 0.4, 0.4): Connection between C and D is mostly indeterminate or 
false. 


This example illustrates that in a NeutroStructure, relations can simultaneously exhibit partial truth, indetermi- 
nacy, and falsehood. In fact, the Neutrosophic Set, which is closely related to the Neutrosophic Structure, has 
been extensively studied in the context of various social networks(cf. 32)39)). 


Example 2.15 (NeutroAttribute Example: Product Evaluation). Consider a product evaluation system where 
Sis the set of products, § = {Product 1, Product 2, Product 3}. The attribute A € A represents the quality of a 
product and is expressed with degrees of truth (7), indeterminacy (/), and falsehood (F). 


For instance: 
A(x) =Attribute(T, I, F), VWeS, 


where: 


¢ A(Product 1) = Attribute(0.9, 0.05, 0.05): Product 1 has high quality (90% true), with 
very low indeterminacy and falsehood. 


¢ A(Product 2) = Attribute(0.6, 0.3, 0.1): Product 2 has moderately good quality, with some 
uncertainty and slight falsehood. 


¢ A(Product 3) = Attribute(0.3, 0.4, 0.3): Product 3’s quality is indeterminate, with equal 
parts of falsehood and partial truth. 


This example illustrates how NeutroAttributes can be used to model real-world scenarios where certainty about 
attributes is not absolute. 


2.4 AntiStructure 


An AntiStructure replaces classical structure components with AntiRelations and AntiAttributes, ensuring 
complete falsity (F = 1). 


Definition 2.16 (AntiStructure). Let S be a non-empty space (or set) and let U/ be its universal space. An 
AntiStructure is a generalization of classical structures, defined as follows: 


1. Classical Structure: A classical structure consists of: 


¢ A non-empty space S, 


¢ A set of relations R on S, each characterized as Relation (1,0, 0), meaning the relation holds 
true (J = 1) for all elements of S, 


¢ A set of attributes A on S, each characterized as Attribute (1,0,0), meaning the attribute 
holds true (T = 1) for all elements of S. 


2. AntiStructure: An AntiStructure extends a classical structure by including at least one AntiRelation or 
AntiAttribute and excluding classical relations and attributes: 


¢ An AntiRelation is a relation R € R that is false (F = 1) for all elements of S. Formally: 
R(x) =Relation(0,0,1), WreS. 
¢ An AntiAttribute is an attribute A € A that is false (F = 1) for all elements of S. Formally: 


A(x) =Attribute(0,0,1), VxeS. 
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Conditions for AntiStructure: 


¢ R contains at least one Relation(0,0,1). 
¢ A contains at least one Attribute(0,0,1). 
¢ Rand A do not contain classical relations (Relation (1,0, 0) )orclassical attributes (Attribute (1,0,0)). 


Example 2.17 (AntiStructure Example). Let S = Z~ be the set of negative integers, and let U/ = C, the set of 
complex numbers. 


Define the operation: 


V:S OU. 


¢ For any x € S, yx ¢ S but yx EU \S. 


¢ This operation is an AntiRelation, as it is false (F = 1) for all elements of S, i.e.,: 


R(x) =Relation(0,0,1), VWreS. 


* Consequently, the structure (S,R) forms an AntiStructure. 


3 Results of This Paper 


This section outlines the main results presented in this paper. 


3.1 Neutro n-SuperHyperstructure 


We examine NeutroHyperstructure and NeutroSuperHyperstructure, which are extensions of NeutroStructure. 
The definitions are provided below. 


Definition 3.1 (NeutroHyperstructure). A NeutroHyperstructure generalizes a classical Hyperstructure by 
integrating degrees of truth (T), indeterminacy (/), and falsehood (F). It is defined as: 


Hwy = (P(S),*,T, 1, F), 


where: 


1. S is anon-empty base set. 


2. P(S) is the powerset of S, i.e., 
P(S)={A|AC S}. 


3. x: P(S) x P(S) — P(S) is a NeutroHyperoperation, defined such that: 
*(A, B) = Relation(T,,,, /,B, Fa,B), 
where A, B C S and: 


(Tap, 1,8, Fa,e) € (0,17, (Ta,p. 14,8, Fa,p) ¢ {(1, 0,0), (0,0, 1}. 


4. T4.2,14,28, Fa,p tepresent the degrees of truth, indeterminacy, and falsehood, respectively, for the 
operation x applied to subsets A, B. 


Example 3.2 (NeutroHyperstructure Example). Let S = {x, y} be anon-empty set. The NeutroHyperstructure 
Hn = (P(S), x, 7,1, F) is defined as follows: 


1. Powerset: The powerset of S is: 


P(S) = {0, {x}, {y}, {x y}}- 
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2. NeutroHyperoperation x: For A, B € P(S), define: 
Ax B={AUB,AN B}, 
with the associated Neutrosophic Triplet: 
(T4,2, Lap, Fa.) = (0.7, 0.2, 0.1). 


3. Examples of Computation: 


(a) For A = {x}, B= {y}: 
AxB={AUB,AN B} = {{x, y}, 0}, 


with (Ta.B, TAB, FB) = (0.7, 0.2, 0.1). 
(b) For A = {x}, B = {x, y}: 


Ax B={AUB,AN B} = {{x, y}, {x}}, 
with (T4,2, Lap, Fa.p) = (0.7, 0.2, 0.1). 


Definition 3.3 (Neutro n-SuperHyperstructure). A Neutro n-SuperHyperstructure extends the concept of a 
NeutroHyperstructure by incorporating higher-order powersets. It is formally defined as: 


See >= (Pyr(S),«™,T™ 1%, FM), 


where: 


1. S is anon-empty base set. 


2. P,(S) is the n-th powerset of S, defined recursively as: 


Pi(S)=P(S), Pr+i(S) =P(Pe(S)), kz 1. 
3. «(”) Pu(S) X Pn(S) > Py(S) is a Neutro n-SuperHyperoperation, such that: 
4”) (A, B) = Relation(Ty"), ee Ey): 


where A, B € P,,(S) and: 


(PPLE lls) 6 WOM, PRE) 24 (10/0), 0,01): 


4. een res ae represent the truth, indeterminacy, and falsehood degrees for higher-order operations 


xf), 


Theorem 3.4. A NeutroHyperstructure generalizes a NeutroStructure. 


Proof. Let N = (S,R, A) be a NeutroStructure with relations R and attributes A characterized by: 
R(x) = Relation(7,,1l,, Fx), A(x) = Attribute(, lk, Fy), VxeS. 
In a NeutroHyperstructure Hy = (P(S), *,T, 1, F): 
¢ The base set S is extended to P(S). 
* Relations R are replaced by the hyperoperation *, which encodes pairwise relationships in P(S), 
maintaining the degrees T, /, F. 


¢ Attributes A are implicitly represented by operations involving subsets of S. 


Since Hy preserves the same structure for T, /, F, it generalizes N. oO 
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Theorem 3.5. A Neutro n-SuperHyperstructure generalizes a NeutroHyperstructure. 


Proof. Let Hn = (P(S), *,T, 1, F) be a NeutroHyperstructure. In a Neutro n-SuperHyperstructure SH a = 
(Pn(S), «7%, 1%, FM); 


* The base set P(S) is extended to P,,(S), capturing higher-order interactions. 
* The hyperoperation * is generalized to x”), supporting complex relationships in P,,(S). 


* Degrees 7, /, F are extended to T\), J), F), preserving consistency across all levels. 
Thus, SH A encompasses all features of 7{y, demonstrating generalization. oO 


3.2 Anti n-SuperHyperstructure 


We examine AntiHyperstructure and AntiSuperHyperstructure, which are extensions of AntiStructure. The 
definitions are provided below. 


Definition 3.6 (AntiHyperstructure). Let Af = (S,x*) be a hyperstructure on a base set S, where x is a 
hyperoperation. An AntiHyperstructure is obtained by requiring that the hyperoperation x is false (F = 1) for 
all ordered pairs in S x S, in the Neutrosophic sense. Formally, let 


x: SxS — P(S), 


and define the following AntiHyperOperation: 


¢ AntiHyperOperation: For every (x,y) € Sx S, 
z(x,y) = @ or x*(x,y) € U\S, 


i.e., the result of combining any two elements either yields the empty set (indicating a fully “false” or 
“outer” result within the universe) or a subset lying completely outside the base set S. Neutrosophically, 
this corresponds to: 

Operation(0,0, 1), 


indicating a degree of truth T = 0, indeterminacy J = 0, and falsity F = 1 for all pairs. 


Hence, an AntiHyperstructure is a hyperstructure (S, *) where x is an AntiHyperOperation satisfying: 


Vix,y)Ee SxS, (x,y) NS = @. 


Interpretation. 


* Inaclassical hyperstructure, the combination *(x, y) must lie in P(S) with non-empty intersection in S. 


¢ In an AntiHyperstructure, every combination is false with respect to S. This can be seen as a structure 
where no valid “internal” operation is defined on S; all results lie entirely outside S or are empty, 
reflecting total falsity (F = 1). 


Example 3.7 (AntiHyperstructure Example). Let S = {x, y} be a base set and U = {x, y, z, w} be the universe 
containing S. Define the AntiHyperstructure H{4 = (S,*), where: 


1. Base Set: S = {x,y}. 


2. Universe: U = {x, y,z,w}. 
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3. AntiHyperoperation: 
x: SxS—>P(U), 


is defined as: 


©, if the result is entirely invalid within S, 
x(x, y) = 


{z,w}, if the result lies entirely outside S. 
Examples of Computation: 


oxXKX: 
X*xX =, 


indicating complete ’’falsity.” 


exky: 
xx y ={z,w}, 


indicating that the result lies entirely outside S. 


Property: For all (x,y) € S x S: 
x(x, y)NS=@, 


ensuring that the operation results are either outside S or the empty set, reflecting total falsity (F = 1). 


Definition 3.8 (Anti n-SuperHyperstructure). Let SH, = (Pn(S), *”) be an n-SuperHyperstructure, where 
«”) is an (m,n)-SuperHyperOperation. An Anti n-SuperHyperstructure is an n-SuperHyperstructure in which 
the superhyperoperation *”) is entirely false in the Neutrosophic sense (F = 1) for all inputs in (Pn(S))”. 
Concretely, 


¢ For any (Aj, A2,...,Am) € (Pn(S))””, the superhyperoperation satisfies: 
#°(Aq,...,Am) © Un \ Pa(S) or *” (Aj,...,Am) = @, 
where U,, is some universal set containing P,,(S). 


+ Equivalently, the result of *) never lies in P,,(S), reflecting a 100% false outcome for every possible 
combination of subsets. 


Hence, an Anti n-SuperHyperstructure is the (P,,(S), «(™)) where *‘”) is an AntiSuperHyperOperation: 
Operation(0,0,1) <=> _ entirely false for all inputs. 


Theorem 3.9. (i) Every AntiHyperstructure is a special case of an Anti 1-SuperHyperstructure. (ii) Every 
Anti n-SuperHyperstructure (n > 1) generalizes an AntiHyperstructure. 


Proof. (i) Reduction to Anti 1-SuperHyperstructure: An AntiHyperstructure (S, x) is a hyperstructure in which 
the hyperoperation x returns a fully false result (F = 1) for every pair (x,y) € S x S. By Definition ??, a 
1-SuperHyperstructure is simply (P(S), «())) with P| (S) = P(S). Let us embed the hyperoperation x into a 
superhyperoperation x!) by: 

x) : P(S) x P(S) — P(S), 


where for singletons {x}, {y} ¢ S, we set 
x ((z}, }) = x,y). 


Because is entirely false (i.e., always outside $), the resulting *‘!) is also entirely false for all inputs in 
P(S). Thus, (Pi(S), #1) is an Anti 1-SuperHyperstructure, and the original AntiHyperstructure is recovered 
by restricting to singleton subsets of S. 
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(ii) Extension to Anti n-SuperHyperstructure: Consider an AntiHyperstructure (S, x). For any integer n > 1, 
define 
a”) : (Pa(S))” —> Pa(S) 


so that for all (A;, A2,..., Am) € (PbS), the result lies entirely outside P,,(S) or is empty. Explicitly, 
#9 (Aq,...,Am) © Un\Pn(S) or = @, 


where 1, is a universal set containing P,,(S). Then *”) is an AntiSuperHyperOperation, giving us an Anti 
n-SuperHyperstructure. Restricting n back to 1 recovers an AntiHyperstructure. Conversely, setting n > 1 
yields a strictly more general structure because we consider higher-order subsets but maintain 100% falsity. 
This shows the generalization property. 


Hence, by combining these arguments, we conclude that: 


¢ An AntiHyperstructure is an Anti 1-SuperHyperstructure, 


¢ Every Anti n-SuperHyperstructure with n > 1 generalizes AntiHyperstructures by operating on higher- 
level powersets but preserving total falsity. 


3.3 Neutrosophic SuperHyperTriplet 


Building upon the previous discussion, we extend the concept of the Neutrosophic Triplet to define the 
Neutrosophic HyperTriplet and Neutrosophic SuperHyperTriplet as follows. These definitions serve as a 
foundation for further exploration and refinement as needed in future studies. 


Definition 3.10 (Neutrosophic HyperTriplet). A Neutrosophic HyperTriplet generalizes the concept of a clas- 
sical hyperstructure by integrating the degrees of truth (T), indeterminacy (/), and falsehood (F’). Formally, it 
is defined as: 


(H, NeutroH, AntiH) = (H(1,0,0), H(T, 1, F), H(0,0,1)), 


where: 


¢ H(1,0, 0) is the classical hyperstructure, with T = 1, J = 0, F = 0, meaning the structure is fully true. 
¢ H(T, 1, F) is the Neutrohyperstructure, where: 
(T,1,F)€ [0,1]? and (T,1,F) ¢ {(1,0,0), (0,0, 1}. 
This indicates partial truth, indeterminacy, and falsehood in the structure. 
¢ H(0,0, 1) is the anti-hyperstructure, where T = 0, J = 0, F = 1, meaning the structure is entirely false. 


Definition 3.11 (Neutrosophic SuperHyperTriplet). A Neutrosophic SuperHyperTriplet extends the concept 
of a Neutrosophic HyperTriplet by incorporating higher-order powersets, enabling more complex hierarchical 
structures. Formally, it is defined as: 


(SH ,NeutroSH™, AntiSH™) = (SH™ (1,0,0),SH™ (7T™, 1, F™), SH™ (0,0, 1)), 


where: 


° SH” (1, 0,0) is the n-superhyperstructure in the classical sense, with T = 1,1 =0, F =0. 
© SH (7,1, F\™) is the neutro n-superhyperstructure, where: 


(T™ 1 F™) € [0,1]? and (7,1, F™) € {(1,0,0), (0, 0, 1)}. 


© SH™ (0, 0, 1) is the anti-n-superhyperstructure, where T = 0, J = 0, F = 1. 
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Example 3.12 (Neutrosophic HyperTriplet Example). Let S = {a, b} be a base set, and define a hyperoperation 
x: SxS — P(S). The Neutrosophic HyperTriplet is given by: 


(H, NeutroH, AntiH). 


¢ Classical Component: 
H (1,0, 0) = (S, x), 


where x(a, b) = {a, b}. 


¢ Neutrosophic Component: 
NeutroH = (S,*(T,/,F)), 


where x(a, b) = {a, b} and (T, /, F) = (0.8, 0.1, 0.1), indicating partial truth and uncertainty. 


¢ Anti Component: 
AntiH = (S,*(0,0,1)), 


where x(a, b) = @, indicating total falsity. 


Example 3.13 (Neutrosophic SuperHyperTriplet Example). Let S = {x,y}, and consider the second-order 
powerset P(S). Define a higher-order operation *°?) : P(S) x P2(S) — P2(S). The Neutrosophic 
SuperHyperTriplet is: 

(SH) NeutroSH, AntiSH”?), 


* Classical Component: 
SH (1,0,0) = (P2(S),.*), 


where *7)(A, B) = AUB. 
¢ Neutrosophic Component: 
NeutroSH ?) = (P2(S), «2 (T , 1%, F)), 
where x°?)(A, B) = AU Band (T®), 1), F)) = (0.7, 0.2, 0.1). 


¢ Anti Component: 
AntiSH) = (P2(S), * (0,0, 1), 


where 7) (A, B) = @. 
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Chapter 7 
Superhypercode and Superhyperfloorplan 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


This paper explores extensions of Binary Code, Gray Code, and Floorplan using the frameworks of hyperstruc- 
tures and superhyperstructures. Binary codes are subsets of fixed-length binary strings used for data encoding, 
while Gray codes are sequences where consecutive strings differ by one bit. Floorplans are geometric arrange- 
ments of modules within defined boundaries, adhering to constraints like area and aspect ratios. Hyperstructures 
extend power set concepts into advanced mathematical models, and superhyperstructures further generalize 
these models through n-th power sets, enabling iterative and hierarchical abstractions. 


Keywords: Binary Code, Gray Code, Floorplan, Hyperstructure, Superhyperstructure 


1 Short Introduction of this Paper 


1.1 Binary Code and Gray Code 


A binary code is a subset of binary strings of fixed length, commonly used to encode information in binary 


form [19|[26][34|/52|/86]/104]. Gray codes, by contrast, are sequences of binary strings where each consecutive 
pair differs in exactly one bit [71|{92]|93|[145]. Related concepts include balanced Gray codes {15]{143}, 
Long run Gray codes (94). Monotonic Gray code [95], Single-track Gray code (331/35|[97|/144), Beckett-Gray 
code (28|/29|/96], and n-ary Gray codes 129], which have extended the applications and versatility 
of Gray codes. Both binary and Gray codes have been widely utilized across various domains, particularly in 


computer science and engineering. 


1.2 Floorplan 


A floorplan is the geometric arrangement of modules within a defined boundary, ensuring compliance with 
constraints such as area, aspect ratio, and non-overlap [/16) . Floorplans are widely 
applied in fields such as VLSI design , architectural planning [32|/68|/131], and printed 
circuit board (PCB) design [11|[130}. 


1.3 Hyperstructures and Superhyperstructures 


A Hyperstructure extends the concept of a power set, creating advanced mathematical models [121}|122]. 
Superhyperstructures further generalize this idea by incorporating n-th power sets, enabling iterative and 


hierarchical abstractions [121) . 


For example, in graph theory, a Hypergraph is a hyperstructure where edges, termed hyperedges, can connect 
more than two vertices . A Superhypergraph, in contrast, extends this framework by introducing 
additional concepts like superedges and supervertices, providing a more flexible and abstract structure for 


advanced studies (38}40|40|4T)-44]47}50|57|58|88| 08H 10]112|1 14) 19] 21). 


While superhypergraphs primarily focus on graph theory, superhyperstructures encompass a broader range 
of concepts, including superhyperalgebras [62||63|{105]{111|[124], superhyperrings [120], superhyperrough 
sets [44]. superhyperdecision-making (42). superhypergraph neural networks (41). superhypergroups (66). 
superhyperfunctions (113}[119), superhyperweighted sets (44). superhypertopologies [117| 118)[124], super- 
hyperfuzzy sets [44], superhyperneutrosophic sets [44], superhyperplithogenic sets [37 , superhyper- 
languages , PDCA superhypercycles (38), and superhypergames (42). These extensions represent 
cutting-edge developments in mathematical theory and their applications across various disciplines. 
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1.4 Our Contribution in This Paper 


This subsection highlights the contributions presented in this paper. Specifically, we explore extensions of 
Binary Code, Gray Code, and Floorplan by leveraging the concepts of hyperstructures and superhyperstruc- 
tures. These extensions include the development of Binary SuperhyperCode, Gray SuperhyperCode, and 
SuperhyperFloorplan. 


2 Preliminaries and Definitions 


This section provides an introduction to the foundational concepts and definitions required for the discussions 
in this paper. 


2.1 Hyperstructure and Superhyperstructure 


This subsection introduces the concepts of Hyperstructure and Superhyperstructure, which provide advanced 
mathematical frameworks for modeling hierarchical relationships. A Hyperstructure is built on the foundation 
of the powerset, offering a structured way to represent relationships among elements of a set. Expanding on 
this foundation, a Superhyperstructure utilizes n-th powersets, enabling the abstraction and representation of 
multi-layered hierarchical systems [36|[121|[122]. The formal definitions of these fundamental components are 
provided below. 


Definition 2.1 (Set). A set is acollection of distinct, well-defined objects, referred to as elements. For any 
object x, it can be determined whether x is an element of a given set. If x belongs to a set A, this is denoted as 
x € A. Sets are often represented using curly braces. For example, the set A = {1,2,3} contains the elements 
1, 2, and 3. 


Definition 2.2 (Base Set). A base set is a primary set S from which more complex structures, such as powersets 
and hyperstructures, are derived. It is formally expressed as: 


S = {x | x is an element in the defined domain}. 


The elements of advanced structures, such as P(S) or P;,(S), are drawn from this base set S. 


Definition 2.3 (Powerset). The powerset of a set S, denoted as P(S), is the set containing all subsets 
of S, including both the empty set and S itself. Formally, it is defined as: 


P(S) ={A| ACS}. 
Definition 2.4 (n-th Powerset). (cf. ) 


The n-th powerset of a set H, denoted by P,,(H), is constructed iteratively. Starting from the basic powerset, it 
is defined as: 
P\(H) = P(H),  Pnii(H) = P(Pr(A)),  forn 2 1. 


Similarly, the n-th non-empty powerset, denoted by P*(#), is defined iteratively as: 
Pi(H) = P*(H), Phy (H) = P*(P,(A)). 


Here, P*(H) represents the powerset of H excluding the empty set. 


To establish a formal foundation for the concepts of Hyperstructures and Superhyperstructures, we present the 
following definitions and propositions. 


Definition 2.5 (Classical Structure). (cf. |105/121]}) A Classical Structure is a mathematical framework defined 
on a non-empty set H, equipped with one or more Classical Operations that satisfy specified Classical Axioms. 
Specifically: 


A Classical Operation is a function of the form: 
#):H™” — H, 


where m > | is a positive integer, and H” denotes the m-fold Cartesian product of H. Common examples 
include addition and multiplication in algebraic structures such as groups, rings, and fields. 
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Definition 2.6 (Hyperstructure). (cf. [41| ) A Hyperstructure extends the notion of a Classical Structure 
by operating on the powerset of a base set. Formally, it is defined as: 


H = (P(S),°), 


where S is the base set, P(S) is the powerset of S, and o is an operation defined on subsets of P(S). 
Hyperstructures allow for generalized operations that can apply to collections of elements rather than single 
elements. 


Definition 2.7 (n-Superhyperstructure). (cf. |105| ) An n-Superhyperstructure further generalizes a Hy- 
perstructure by incorporating the n-th powerset of a base set. It is formally described as: 


SH n = (Pn(S), °), 


where S is the base set, P,,(S) is the n-th powerset of S, and o represents an operation defined on elements 
of ?,,(S). This iterative framework allows for increasingly hierarchical and complex representations of 
relationships within the base set. 


3  Superhypercode 


This section extends the well-known binary code and Gray code using the frameworks of hyperstructures and 
superhyperstructures. 


3.1 Binary Code and Gray Code 


The definitions of binary code and Gray code are presented below. 


Definition 3.1 (Binary Code). [19|/26//34|[52\|86]104] Let n be a positive integer. A binary code of length nis 
any subset 
C ¢ {0,1}". 


Each element of C is called a codeword (or binary word of length n). 
Definition 3.2 (Gray Code). A Gray code of length n is a sequence (or listing) 
(66; Bixa+ig Bon=i1) 


of all 2” distinct codewords in {0, 1} such that any two consecutive codewords g; and g;,, (indices modulo 
2” if one wants a cycle) differ in exactly one bit-position. 


Equivalently, we can think of a Gray code as a Hamiltonian path or cycle on the n-dimensional cube. 


3.2 Binary Hypercode and Binary Superhypercode 


We now extend the classical notion of a binary code (Definition B.1) into a hyperstructure and a superhyper- 
structure. 


Definition 3.3 (Binary Hypercode). Let S = {0,1}” be the set of all binary words of length n. Consider the 
powerset P(S). We define a hyperoperation 


o : P(S) x P(S) — P(P(S)) 


by: 
AoB={XCS|AUBC X}. 


Then the binary hypercode is the hyperstructure 
BH = (P(S), 2). 


Theorem 3.4 (Binary Hypercode Generalizes Binary Code). Any binary code C C {0,1}" can be embedded 
as a special case in the binary hypercode (P(S),°). 
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Proof. Take C C S. In the hyperstructure BH = (P(S), ©), consider 
CoC =a {Xos:CUr cx) ei xe esicc xh 


Since C € C, obviously C € (CoC). Thus the classical code C reappears inside the hyperstructure as an 
element of the image C 0 C. 


In fact, for any classical code C, the pair (C, C) in the hypercode exactly reproduces the family of all supersets 
containing C. Among these supersets is C itself, matching the usual viewpoint that C is a valid code in 
{0, 1}”. Oo 


Definition 3.5 (Binary n-Superhypercode). Let S = {0, 1}”. Fora positive integer k, let P,(.S) denote the k-th 
powerset of S. We define a hyperoperation 


o : Px(S) X+++xX Pe(S) —> P(Px(S)) 
eS 


by, for A = (A1,..., Am) with each A; € P;(S), 


qi 


Aj 0-1 0 Am = {X€Px(S) | LJAi S X}. 
i=] 


Then the binary k-superhypercode is 
BSH, = (Px(S), ©). 


Theorem 3.6 (Binary n-Superhypercode Generalizes Binary Hypercode). [fk = 1, then BSH, reduces to the 
binary hypercode BH. Hence any binary hypercode is a special case of a binary k-superhypercode for k > 1. 
Proof. When k = 1, we have #1(S) = P(S). By Definition the hyperoperation is exactly that of 
Definition[3.3] Consequently, 

BSH, = (Pi(S),°) = (P(S), 0) = BH. 
For k > 1, since P,(S) 2 P(S) in a natural hierarchical sense, the structure BSH, strictly contains BH as a 


“Jevel-1” substructure. Thus BH is embedded in BSH. oO 


3.3. Gray Hypercode and Gray Superhypercode 


We now extend the classical notion of a gray code into a hyperstructure and a superhyperstructure. 


Definition 3.7 (Gray Hypercode). Let G,, be the set of all Gray code sequences of length n. We form the 
powerset P(G,,). Define a hyperoperation 


Oo: P (Gn) x P (Gn) —- P(P(Gn)) 


by: 
Ao B= {XCG,: AUB C X}. 


Then the gray hypercode is the hyperstructure 
GH = (P(Gz), °). 
Theorem 3.8 (Gray Hypercode Generalizes Gray Code). Any classical Gray code g € Gy (i.e., one particular 
sequence) is recovered as a special element of GH. 
Proof. For a particular Gray code g € G,, we have g € P(G,,) by virtue of seeing { g} C G,,. Now consider 


{g} o {g} = {XCG,:{g}U{g} CX} = {X CGy: {g} CX}. 


Hence {g} € ({g} o {g}). In other words, by plugging in the pair ({g}, {g}) to 0, we recover {g} itself, thus 
embedding the classical Gray code g (as a single sequence) into the hyperstructure. oO 
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Definition 3.9 (Gray n-Superhypercode). Let G,, be the set of all Gray code sequences of length n. For a 
positive integer k, let Px (G,) be the k-th powerset of G,,. We define a hyperoperation 


0: Pe(Gn) X+++X Pe(Gn) — P(P(Gn)) 
ee 
m times 
by: 


Aj 0 +++ 0 Am = {X €Pi(Gn) : | J4i c Xx}. 
i=l 


The resulting gray k-superhypercode is 
GSH, = (Pk(Gn), ©). 


Theorem 3.10 (Gray n-Superhypercode Generalizes Gray Hypercode). For k = 1, the gray k-superhypercode 
GSH is exactly the gray hypercode GH. Hence GH is a special case of GSH, for each k > 1. 


Proof. When k = 1, P}(Gy,) =P (Gp). By Definition 3.9] the hyperoperation o on P(G,,) is precisely that 
of DefinitionB.7] Therefore 
GSH, = (Pi(Gn), 0) = (P(Gn), 0) a GH. 


For k > 1, the set Px (G,,) strictly extends P (G,,), so the larger superhypercode contains the smaller hypercode 
as a natural substructure. Oo 


3.4 Hypercode and Superhypercode 


Considering the previous discussions, we proceed to define Hypercode and Superhypercode. 


Definition 3.11 (Hypercode). Let S be a non-empty base set, and let P(.S) be its powerset. Define a hyperop- 
eration 
o : P(S) x P(S) — P(P(S)) 


by 
AcoB={xcs|AuBce xl. 


Then the hypercode over S is the hyperstructure 
HC = (P(S), °). 
Theorem 3.12 (Hypercode Generalizes Code). Any code C € S appears as a special case inside the hypercode 
FC =(P(S8),0). 
Proof. Consider C C S. Look at 
Col a4x es CUC Cr) = (Ves ycex}, 
Since C € C, we have C € (Co C). Hence the code C reappears as an element of the family { X | C ¢ X}. 


Thus the classical notion of a code is embedded as the trivial self-extension C o C within the hypercode 
structure. Oo 


Remark 3.13 (Binary Hypercode is a Hypercode). If S = {0, 1}”, then the hyperstructure (P(S), 0) is called 
the binary hypercode of length n. It obviously satisfies all the axioms of a hypercode, as we just require S # @. 
Hence the binary hypercode is indeed a valid instance of Definition 
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Definition 3.14 (n-Superhypercode). Let S be a non-empty base set, and #;,(S) the n-th powerset. Define a 
hyperoperation 
os Pals) Mee FS) 9 PP a(S) 
eS 


m times 


by, for Aj,..., Am € Pn(S), 
AiG a 6 Ag {x € Py(S) | (Jai ¢ x. 
i=] 


Then the n-superhypercode is the hyperstructure 
SHC, = (PulS), 2). 


Theorem 3.15 (n-Superhypercode Generalizes Hypercode). When n = 1, the n-superhypercode SHC, re- 
duces exactly to the hypercode HC. Consequently, for any n > 1, the hypercode HC is embedded as a special 
(level-1) case of SHC yn. 


Proof. By construction, P;(S) = P(S). Thus 

SHC, = Pi), >) = /S)c) = AC. 
For n > 1, each element of ?,,(S) is a set of elements from P,_1(S), so HC (which uses only P(S)) naturally 
embeds as a subset at the first level. Therefore, HC C SHC. oO 


Remark 3.16 (Binary n-Superhypercode is an n-Superhypercode). Again, if S = {0, 1}”, then SHC, ({0, 1}”) 
is called the binary m-superhypercode (length n in the codewords, and m-levels in the powerset). Its structure 
is precisely of the form 


(Pm({0, 1}”), ©), 
which satisfies all the definitions. Hence the binary n-superhypercode is indeed an instance of Definition 


4 Hyperfloorplan 


This section extends the concept of a floorplan using hyperstructures and superhyperstructures. 


4.1 Floorplan 


The definition of a general floorplan is provided below. 


Definition 4.1 (Floorplan). [16]{73]/74|/89|/98) A floorplan is a geometric arrangement of a 


given set of rectangular modules within a bounding rectangle, satisfying specific constraints related to module 
dimensions, aspect ratios, and interconnections. It is formally defined as follows: 


I. Modules: The floorplan consists of m rectangular modules {M,, M2,..., Mm}, where each module M; is 
characterized by: 


e Area: A; > 0, the total area of the module. 


¢ Aspect ratio bounds: 1; and u;, the lower and upper bounds for the height-to-width ratio Ae such that: 


h; 
wih; = Aj, l.<— <u; 
Wi 


¢ A module is rigid if 1; = u;, and flexible otherwise. 


¢ A module may have a fixed orientation (dimensions wij, h; are fixed) or a free orientation (dimensions 
can be interchanged). 
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2. Bounding Rectangle: The modules are arranged within a bounding rectangle R with dimensions W (width) 
and H (height), such that: 


<q, where p,q >0 


3. Partitioning: The rectangle R is partitioned into m non-overlapping rectangular regions {r1,r2,...,7m}; 
each corresponding to a module M;. Each region 7; satisfies: 


Xi° yi = Aj, bs <u 
t 


where x; and y; are the width and height of r;, respectively. 


4. Objective Function: The quality of a floorplan is measured using the following objective function: 


Score = A-(W-H) +S) Sexy - dy 


i=1 j=l 


where: 


¢ W -H: Total area of the bounding rectangle R. 
* cj;: Connection cost between modules M; and M; (ci; = 0). 
¢ d;;: Manhattan distance between the centers of r; and r;. 


¢ A> 0: User-defined weight balancing the importance of area and wirelength. 


5. Slicing Floorplans: A slicing floorplan is a recursive partitioning of R using horizontal and vertical cuts, 
represented as: 


¢ Slicing Tree: A binary tree where internal nodes represent cuts and leaves represent modules. 


¢ Polish Expression: A postfix expression encoding the slicing structure. 


For slicing floorplans, the bounding rectangle R is recursively divided into smaller regions {r1,r2,...,m} 
using slicing operators + (horizontal cut) and x (vertical cut). 


6. Feasibility: A floorplan is feasible if all regions r; satisfy: 
a yA, bs su 


and no two regions overlap. 


4.2 Hyperfloorplan and Superhyperfloorplan 


Let us now build a hyperfloorplan starting from the set of modules S. We first consider the powerset P(S). 
Elements of P(S) are all possible subsets of modules. Our overarching goal is to capture geometric feasibility 
in a hyperoperation. 


Definition 4.2 (Hyperfloorplan). Let S = {M,,..., Mim} be the set of modules, and let (S) be its powerset. 
Define a hyperoperation 
0 : P(S)xP(S) — P(P(S)) 


by the rule 
AoBs= | xcS | AUB C X, and there exists a feasible floorplan for all modules in xt. 
Then the hyperfloorplan associated with S is the hyperstructure 


HF = (P(S), 0). 
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Theorem 4.3 (Hyperfloorplan Generalizes Floorplan). Every classical floorplan (in the sense of a feasible 
rectangular partition for modules S inside a bounding rectangle) arises as a special case of the hyperfloorplan 
HF. In other words, the structure (P(S),°) contains the classical notion of a floorplan as a particular 
instance. 


Proof. (Constructive Embedding) Consider a classical floorplan for the entire set of modules S. By definition, 
there is a bounding rectangle R, partitioned into disjoint rectangular regions {r1,72,...,/m}, each region 
satisfying the area and aspect ratio constraints for the corresponding module M;. 


In the hyperfloorplan (P(S), 0): 


1. Take A = S and B = S. By construction, 


AoB = SoS = {XCS|SCX, and X admits a feasible floorplan}. 


2. Clearly, X C S and S C X together imply X = S. Thus 


SoS = {5S} if and only if S admits a feasible floorplan. 


3. Since we do have a feasible floorplan for S, the set { S} is precisely the image of o. 


Hence the usual (classical) floorplan for S is captured inside the hyperfloorplan framework as the unique 
element in So S. 


Moreover, if we consider a smaller subset A C S and want a floorplan only for A, we get Ao A = { A} under 
exactly the same feasibility argument restricted to modules A. This shows that the hyperfloorplan formalism 
simultaneously encodes all sub-floorplans, thereby strictly containing the classical approach as one among 
many substructures. Oo 


Definition 4.4 (n-Superhyperfloorplan). Let S be our set of modules, and let P,,(S) denote the n-th powerset 
of S. Define a hyperoperation 


on P,(S) Xe x P,,(S) — P(Pn(S)) 
a 


m times 


that extends the feasibility-based rule in Definition|4.2|to the n-th powerset. Concretely, for A = (A 1, A2,..., Am) 
with each A; € P,,(S), set 


A,0A20-+:0Am, = {x € P,,(S) | Ss A; © X, and all “modules” in X collectively admit a feasible higher-order floorplan}, 
i=l 


where elements of X are themselves subsets-of-subsets-of-- - -of-modules (up to the n-th level). Then the 
n-superhyperfloorplan associated with S is the n-superhyperstructure 


SHFn = (Pn(S), °). 


Theorem 4.5 (n-Superhyperfloorplan Generalizes Hyperfloorplan). For each integern > 1, the n-superhyperfloorplan 
SHF n = (Pn(S), 0) reduces to the hyperfloorplan HF = (P(S), °) whenever n = 1. Consequently, every 
hyperfloorplan is a special case of an n-superhyperfloorplan. 


Proof. (Direct Inspection) When n = 1, we have P;(S) = P(S). By Definition [4.4] the hyperoperation o on 
Pf (S) is exactly that of Definition{4.2| Hence 


SHF = (Pi(5),0) = (P(S), 0) = HF. 
For any n > 1, P;,(S) 2 P(S) in a natural hierarchical sense, and the extended feasibility constraints at level 


n reduce to the level-1 feasibility constraints if one restricts to elements at the first powerset level. Therefore, 
HF (the hyperfloorplan) embeds directly into SHF,,, showing that the latter is strictly more general. Oo 
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5 Future Tasks: Extensions of Various Codes 


Future research tasks include exploring whether codes such as Hamming Code 69], Cyclic Code 
(31) , Reed-Muller Code [51| , Turbo Code [13102], BCH Code [2]22]65], and Ternary 


Code [1|] can be extended into hypercodes and superhypercodes. Additionally, investigating their mathematical 
properties and potential applications will be a significant focus. 


As for extensions of floorplans, concepts such as non-slicing floorplans [12 60], thermal-aware floorplans 
(24][27|(61|[91], 3D floorplans 125], and dynamic floorplans [72] are well-known. A key future task 


will be to investigate whether these concepts can be extended using the frameworks of hyperfloorplans and 
superhyperfloorplans. 


Another important area for future study is to explore the possibility of defining these concepts using frameworks 


such as fuzzy sets [135; , intuitionistic fuzzy sets [3410], neutrosophic sets [106 , Treesoft set 
, and rough sets [77484]. This line of research may reveal novel mathematical structures and 


enhance the applicability of these extended codes. 
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Abstract 


Neutrosophic Sets are conceptual frameworks designed to address uncertainty. A Neutrosophic TwoFold Alge- 
bra is a hybrid algebraic structure defined over a neutrosophic set, combining classical algebraic operations with 
neutrosophic components. Concepts such as Hyperalgebra and Superhyperalgebra extend classical Algebra us- 
ing Power Sets and n-th powersets. Additionally, structures such as NeutroAlgebra and AntiAlgebra have been 
defined in recent years. This paper explores several related concepts, including TwoFold SuperhyperAlgebra 
and Anti SuperhyperAlgebra. 


Keywords: Set Theory, Neutrosophic Set, Neutrosophic TwoFold Algebra, Hyperalgebra, Superhyperalgebra 


1 Preliminaries and Definitions 


Some foundational concepts from set theory are applied in parts of this work. 


1.1 n-th Powerset 


The powerset of a set S, denoted P(S), is the collection of all possible subsets of S. The n-th Powerset is a 
recursive extension of the Powerset structure, where the powerset operation is applied repeatedly. The related 
definitions are provided below. 


Definition 1.1 (Set). A set is acollection of distinct, well-defined objects, referred to as elements. For any 
object x, it can be determined whether x is an element of a given set. If x belongs to a set A, this is denoted as 
x € A. Sets are often represented using curly braces. For example, the set A = {1,2,3} contains the elements 
1, 2, and 3. 


Definition 1.2 (Base Set). A base set S is the foundational set from which complex structures such as powersets 
and hyperstructures are derived. It is formally defined as: 


S = {x | x is an element within a specified domain}. 


All elements in constructs like P(S) or P,(S) originate from the elements of S. 


Definition 1.3 (Powerset). (127) The powerset of a set S, denoted P(S), is the collection of all possible 
subsets of S, including both the empty set and S itself. Formally, it is expressed as: 


P(S) ={A| ACS}. 
Definition 1.4 (n-th Powerset). (cf. [8}101/321/39}) 


The n-th powerset of a set H, denoted P,,(#), is defined iteratively, starting with the standard powerset. The 
recursive construction is given by: 


P\(H) = P(A), Pnii(f4) = P(Pn(A)), forn> 1. 
Similarly, the n-th non-empty powerset, denoted P* (#), is defined recursively as: 
P\(H) = P*(H), Pry, (H) = P*(P,(H)). 


Here, P*(#) represents the powerset of H with the empty set removed. 
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1.2 Superhyperalgebra 


Algebra studies mathematical symbols, operations, and the rules for manipulating and solving equations 
4) . A Hyperalgebra is an algebraic structure that extends classical algebraic frameworks by incorporating 


hyperoperations, where the result of operations is a set rather than a single element [6}7|[15|[25|[26|/45|/46]. A 
Superhyperalgebra further generalizes Hyperalgebra by allowing operations to map to higher-order powersets 


(n-th powersets) of the base set H {17||18|/22|/32)/38)|44]. The detailed definition is provided below . 


Definition 1.5 (Hyperalgebra). A Hyperalgebra is an algebraic structure that extends classical algebraic 
structures by incorporating hyperoperations, which are generalized operations where the result of applying the 
operation is a set rather than a single element. Formally, a Hyperalgebra is defined as: 


H = (A, x, A), 


where: 


1. H is a non-empty set called the base set. 
2. *: H™ — P* (HA) is an m-ary Hyperoperation, such that: 
*(X1,%2,---,Xm) C P* (A), 
where P*(H) = P(H) \ {0} is the powerset of H excluding the empty set. 
3. A is a set of Hyperaxioms, which are generalizations of classical axioms applied to hyperoperations. 


Definition 1.6 (Superhyperalgebra). A Superhyperalgebra generalizes Hyperalgebra by allowing opera- 
tions to map to higher-order powersets (n-th powersets) of the base set H. It is formally defined as: 


SH™” = (Ho), A), 


where: 


1. His anon-empty set called the base set. 


2. P;,(A) is the n-th powerset of H excluding the empty set, defined recursively as: 


Pi(H)=P*(H), Pi, (A) =P*(PM(A)) fork >1. 


3. «(™") +H” —, P*(H) is an (m,n)-SuperHyperoperation, where m is the arity of the operation and n is 
the order of the powerset. For each (x1,x2,...,Xm) € H™: 


KO") (01,X9,..-,Xm) © P*(A). 


4. Aisaset of SuperHyperaxioms, which are extensions of Hyperaxioms adapted to (m, n)-SuperHyperoperations. 


1.3 Neutrosophic Set 


Neutrosophic Sets are conceptual frameworks designed to handle uncertainty. Their definitions are provided 
below. 


Definition 1.7. [[33: Let X bea given set. A (single-valued) Neutrosophic Set A on X is characterized 
by three membership functions: 


Ta: X— [0,1], I4:X—- [0,1], Fa: X > [0,1], 


where for each x € X, the values T4(x), [4(x), and F(x) represent the degree of truth, indeterminacy, and 
falsity, respectively. These values satisfy the following condition: 


0 < Ta(x) +1a(x) + Fa(x) < 3. 
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1.4 Neutrosophic Twofold algebra 


A Neutrosophic TwoFold Algebra is a hybrid algebraic structure defined over a neutrosophic set [40], incor- 
porating classical algebraic operations alongside neutrosophic components. It consists of two interrelated 
algebras: 


1. Classical Algebra, defined on the elements of a base set. 
2. Neutrosophic Algebra, defined on the neutrosophic components (7, /, F) of the elements [2]5/}11/16|24). 


Definition 1.8 (Neutrosophic TwoFold Algebra). Let U be a universe of discourse, and let A be a 
non-empty neutrosophic set: 


A(T, I, F) = {x(Ta(x), [a(x), Fa(x)) | (Ta(x), La(x), Fa(x)) € [0, iy. x€ U}, 


where: 


¢ T,(x): Degree of truth-membership of x in A, 
¢ I,(x): Degree of indeterminacy-membership of x in A, 


¢ F(x): Degree of falsehood-membership of x in A. 


Let x: A x A — A bea binary operation defined as: 
x1(T1, 1, Fi) * x2(To, Ly, Fo) = (x1#Xx2)(T1 O To, 1) © hy, F\ © Fh), 


where: 


° #:UxXU — Uisaclassical operation on the elements, 


* ©: [0,1]° x [0,1]? > [0, 1]? is an operation on the neutrosophic components. 


The Neutrosophic TwoFold Law extends the algebraic interaction of two neutrosophic elements by applying a 
pair of sub-laws. 


Definition 1.9 (Neutrosophic TwoFold Law). Let A: A(T,/,F) x A(T,1,F) — A(T,I, F) represent the 
Neutrosophic TwoFold Law, defined as: 


x4(T,, 1, F\)Ax2 (To, bh, Fo) = (xr, (T, © T2), (h © In), (Fi © Fy), 


where: 


e Ais composed of two sub-laws: 
#:UxU-—U_ (classical component), 
©: [0,1]? x [0, 1]? > [o, 1]? (neutrosophic component). 
¢ The sub-laws # and © can be: 


— Totally Dependent: © is entirely governed by #, 
— Partially Dependent: © is influenced but not fully determined by #, 
— Independent: © operates independently of #. 


Example 1.10. Let U = {a, b,c} and define a neutrosophic set A(T, J, F): 


A(T, 1, F) = {a(0.8, 0.1, 0.1), b(0.6, 0.3, 0.1), c(0.4, 0.4, 0.2)}. 


342 


1. Classical Operation: Define # : {a, b,c} x {a,b,c} — {a, b,c} as: 
a#b=c, b#c=a, c#a=b. 


2. Neutrosophic Operation: Define © : [0, 1]* x [0, 1]? > [0, 1] as: 
(11.41.44) © Go, 1, Fa) = At bh it Po Fy Py), 


3. For x; = a(0.8,0.1,0.1) and x2 = b(0.6, 0.3, 0.1): 
xAx = (c, (0.8 - 0.6, 0.1 + 0.3 — 0.03, 0.1 + 0.1 - 0.01)), 


resulting in: 
xj Ax2 = c(0.48, 0.37, 0.19). 


In addition, related concepts to Neutrosophic Twofold Algebra include Fuzzy Twofold Algebra and Fuzzy- 


Extensions Twofold Algebra(cf. 30)|47]). This refers to the definition of Twofold Algebra 
using Fuzzy Sets [48; 53], which can also be generalized within the framework of Neutrosophic Twofold 


Algebra. 


1.5 AntiAlgebra and NeutroAlgebra 


A NeutroAlgebra is a generalization of classical algebra that introduces the concepts of NeutroOperations 
and NeutroAxioms [31]|31\/37\|41jJ. It allows operations and axioms to be partially well-defined, partially 
indeterminate, or partially outer-defined, corresponding to the degrees of truth (7), indeterminacy (J), and 
falsehood (F). 


Definition 1.11 (NeutroAlgebra). Let NA be a non-empty set equipped with: 


¢ At least one NeutroOperation w : NA" — U, where n > 1, such that: 


— For some n-tuples (x1,...,Xn) € NA", w(x1,...,Xn) € NA (well-defined, degree of truth 7). 
— For other n-tuples, w(x1,...,X,) ¢ U — NA (outer-defined, degree of falsehood F). 
— For other n-tuples, w(x1,...,X,) is indeterminate (degree of indeterminacy /). 


* or at least one NeutroAxiom, which is true for some elements of NA, false for others, and indeterminate 
for the rest. 


The structure (NA, {w}, {NeutroAxioms}) is called a NeutroAlgebra. 
Example 1.12. Let NA = {a, b, c} and define a binary operation: 
a ifx=a,y=b, (true) 
w(x,y) = 4 undefined ifx=b,y=c, (indeterminate) 
d¢éNA ifx=c,y=a. (outer-defined) 


The operation w is a NeutroOperation because it exhibits all three behaviors (truth, indeterminacy, and 
falsehood), and NA forms a NeutroAlgebra under w. 


An AntiAlgebra is an algebraic structure that extends classical algebra by incorporating at least one operation 
or axiom that is entirely outer-defined (false for all elements of the set) or by including elements that obey an 


AntiAxiom [31\31\[37|41]. The formal definition is provided below. 
Definition 1.13 (AntiAlgebra). Let AA be a non-empty set equipped with: 


e At least one AntiOperation w : AA" — U — AA, where U is the universal set and n > 1, 


* or at least one AntiAxiom, which is a condition that is false for all elements of AA. 


The structure (AA, {w}, {AntiAxioms}) is called an AntiAlgebra. 


Example 1.14. Consider the set AA = {1,2,3} and the universal set U = {1,2,3,4,5}. Define the binary 
operation: 
w(x,y)=x+y (mod4), forx,y € AA. 


If w(x, y) ¢ AA for all x, y € AA, then w is an AntiOperation, and AA forms an AntiAlgebra under w. 
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2 Results of This Paper 


This section highlights the main contributions of this paper. 


2.1 Neutrosophic Twofold Superhyperalgebra 


The Neutrosophic Twofold Algebra is extended using the concept of Superhyperalgebra. Relevant theorems 
and definitions are presented below. 


A Neutrosophic Twofold Hyperalgebra generalizes a Neutrosophic Twofold Algebra by replacing the classical 
binary operation # with a hyperoperation, which can yield subsets (rather than single elements). It also 
preserves the neutrosophic operation on the triple (7, /, F). 


Definition 2.1 (Neutrosophic Twofold Hyperalgebra). Let 
A(T, 1, F) = {x(Ta(x), La(x), Fa(x)) |x € U, (Ta(x), La(a), Fa(x)) € [0, 1°} 


be a non-empty Neutrosophic Set. We assume that: 


1. 8: UxU > P*(U) isa binary hyperoperation on the underlying classical set U. (P* (U) is the powerset 
of U excluding the empty set, or in some definitions the entire powerset P(U).) 


2. ©: [0,1]° x [0, 1]? > [0, 1] is the neutrosophic component. 


A Neutrosophic Twofold Hyperalgebra is the structure 
(A(T, 1, F), x), 


where for any 
xi(T1,h, Fi), x2(T2, 12, Fo) € A(T, I, F), 


we define: 


X(T, 1, Fi) * x2(72, bo, Fo) = (x A x2, (7,11, Fi) © (Bb, Fa), 
with the understanding that x; H x2 € U is a subset of U. 


Theorem 2.2. (Neutrosophic Twofold Hyperalgebra generalizes Neutrosophic Twofold Algebra.) 
Any Neutrosophic Twofold Hyperalgebra reduces to a Neutrosophic Twofold Algebra precisely when the hyper- 
operation © always yields singleton subsets. Formally, 


Vx1,%2 €U, B(x1,x2) = {x1 # x}, 


where # is a standard (single-valued) binary operation on U. 
Proof. It can be proven step by step as follows: 


* Let (A(T, I, F), x) be a Neutrosophic Twofold Hyperalgebra. By definition, A(T, 1, F) is a non-empty 
neutrosophic set: 


A(T,I,F) = {x(Ta(x), aa), Fala) |x € U, (Ta(x), aCe), Fa(a)) € [0,17 }. 
* On the classical side, we have a hyperoperation 
a:UxU — FP*(U), 


meaning that for any x1,x2 € U, the image (x1, x2) is a subset of U, excluding possibly the empty set. 


* On the neutrosophic side, we have a binary operation 


@* 0.1 ]F 8 [O21]? sO. 


344 


¢ The combined operation * on A(T, J, F) is given by: 


a(x(TL. 11, Fi), 2(Tb, )) = (x1 8x, (TNF) © (Te, b,F2)), 


Assume that 
Wx1,x%2 €U, (x1, x2) = {x1#x2}, 


for some single-valued operation # : UxU — U. We wish to show that the Neutrosophic Twofold Hyperalgebra 
reduces to a Neutrosophic Twofold Algebra. 


1. Since & always yields exactly one element x,#x2, we can treat H as a classical binary operation: 


E(x], x2) = { xi#xo}. 


2. In that scenario, for every pair of elements (x1 (1,1, F\), x2(Q, h, F>)) € A(T, I, F), the classical part 
is no longer multi-valued, but strictly single-valued. 


3. Hence, the structure (A(T, /, F), x) behaves exactly like a Neutrosophic Twofold Algebra: on the classical 
side, we have the single-valued operation #; on the neutrosophic side, we have ©. 


4. Concretely, 
x(Ti. Hi, Fi) * 22(Ts,b, Fa) = ((nittea}, (11,1. Fi) © (Tb, Fe). 


But since {x,#x2} is effectively just one element, we identify { x,#x2} with x,#x2 in the usual algebraic 
sense. Therefore, the structure is isomorphic to a Neutrosophic Twofold Algebra where # is the classical 
operation. 


Conversely, suppose we start with a Neutrosophic Twofold Algebra 
(A(T, 1, F), x), 


where the classical side is a single-valued operation #: U x U — U. We embed it into a Neutrosophic Twofold 
Hyperalgebra by defining 


E(x1,x2) := {#(x1,x2)}. 


Clearly, yields singleton sets as images. The neutrosophic side remains the same operation ©. This defines a 
hyperoperation © that reproduces the original single-valued algebraic result in singleton form. Consequently, 
every pair (x;,x2) yields exactly one element inside a set, preserving all original algebraic properties. 


Combining both directions: 


¢ “If’: When G1 yields singletons, we revert to a classical single-valued #. 


¢ “Only If’: Starting with a single-valued #, we can trivially interpret it as a degenerate hyperoperation 
producing singleton images. 


Hence, the Neutrosophic Twofold Hyperalgebra (A(T, J, F), x) restricts exactly to a Neutrosophic Twofold 
Algebra if and only if the hyperoperation H always yields singletons. This completes the rigorous argument. 0 


To further generalize, we allow the operation on the classical side to map into higher-order powersets (n-th 
powersets), creating a Superhyperalgebra. We keep the neutrosophic (7, /, F’) operation. 
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Definition 2.3 (Neutrosophic Twofold Superhyperalgebra). Let A(T, /, F) be a non-empty Neutrosophic Set 
over U. Let 
xm") > U™ +» PAU) 


be an (m, n)-SuperHyperoperation (i.e., it maps m-tuples of U into the n-th powerset P; (U), possibly excluding 
the empty set). Also, let 
©: [0,1]* x [0,1]? > [0, 17° 


be the neutrosophic part. A Neutrosophic Twofold Superhyperalgebra is the structure 
(A(r,1,F),«", 0), 
where the combined operation for any 
x1(T, 11, Fi),.--,XmTmne Im, Fin) € ACT, TL, F) 


yields 
KOO) (1,...,%m) = (410° Crm, (TH, Fi) O... © Ts tims Fm)), 


with x) ®-+-@xm C PACU). 


Theorem 2.4. (Neutrosophic Twofold Superhyperalgebra generalizes Neutrosophic Twofold Hyperalgebra.) 
If an (m,n)-SuperHyperoperation *""") maps m-tuples of U into P*(U), then setting n = 1 recovers a 
Neutrosophic Twofold Hyperalgebra. Equivalently, restricting *""") to the first-order powerset Pi (U) yields 
the hyperalgebraic level. 


Proof. It can be proven step by step as follows. 
Consider a Neutrosophic Twofold Superhyperalgebra: 
(A(r,1,F),«™",0), 


where: 


* A(T, 1, F) is a neutrosophic set of elements x € U each with triple (74(x), [4(x), Fa(x)). 


2 (™") > U™ —» P*(U) is an (m,n)-SuperHyperoperation, meaning for any (x},x2,...,Xm) € U™, we 
have x0") (x1,...,Xm) € P*(U). 


* ©: [0,1]° x [0, 1]? > [0, 1]? is the neutrosophic composition on (T, I, F). 


The combined operation is: 
HO) 6 TG Fis sen Bates Pn) = (x ®---@xXm, (T1,N, Fi) O ++ © (Tins Ins Fm)), 


where x1 ®--- ®xXm € PP (U) is a subset in the n-th powerset. 


1. If we fix n = 1, then P;(U) = P}(U). This is precisely the (non-empty) first-order powerset of U. 


2. By definition of hyperalgebra, a binary hyperoperation or an m-ary hyperoperation must yield subsets in 
P*(U). Now, if x") only outputs subsets in P}(U), we exactly match the definition of a Neutrosophic 
Twofold Hyperalgebra: 


(ar, 1, F), x), 0). 


3. The neutrosophic composition © remains identical. Thus, the only difference between an (m,n)- 
SuperHyperoperation and a standard m-ary hyperoperation is whether the image lies in P;(U) (for the 
superhyper case) or in P{(U) (for the normal hyper case). Setting n = 1 collapses the superhyper 
structure onto the hyper structure. 
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Alternatively, if we start from a Neutrosophic Twofold Hyperalgebra (with an m-ary hyperoperation © into 
P}(U)), we can embed it into a superhyperalgebra context by letting FOOD e540 me) Sh sok S 
Pi(U) CP; (U) for any integer n > 1. Thus, we see that the superhyper version generalizes the hyper version 
by allowing higher-order powerset images. 


Hence, restricting the target from P;,(U) down to P;(U) recovers the standard hyperalgebraic structure. The 
neutrosophic part © is unaffected by this restriction, so the net effect is precisely a Neutrosophic Twofold 
Hyperalgebra. Therefore, Neutrosophic Twofold Superhyperalgebra strictly generalizes Neutrosophic Twofold 
Hyperalgebra, completing the proof. oO 


2.2 NeutroHyperalgebra 


To extend these ideas to the hyperoperation context, we generalize AntiAlgebra and NeutroAlgebra using 
hyperoperations. In a Hyperalgebra, the operation on the base set outputs subsets rather than single elements. 


Definition 2.5 (NeutroHyperalgebra). Let NH be a non-empty set. A NeutroHyperalgebra is an algebraic 
structure of the form 
(NH, {Q}, {NeutroAxioms}), 


where: 


¢ There is at least one NeutroHyperoperation Q : NH™ — P(U), for some m > 1, such that for some 
tuples Q is well-defined in NH, for others it is entirely outside NH, and for others it is indeterminate 
(including partially undefined). 


¢ Or there is at least one NeutroAxiom that is partially true, partially indeterminate, and partially false 
within NH. 


Theorem 2.6. A NeutroHyperalgebra reduces to a NeutroAlgebra precisely when each hyperoperation Q is 
single-valued (returns exactly one element) for all tuples. 


Proof. Let (NH »{Q}, {NeutroAxioms}) be a NeutroHyperalgebra. If for every (x1,...,%m) € NH”, 
Q(x, tee Xm) = {w(x1, see Xm)}, 


where w(x1,...,Xm) € U can be well-defined in NH, outer-defined in U — NH, or partially/entirely indeter- 
minate. In other words, Q is effectively a single-valued NeutroOperation. Then all partial truths, falsities, and 
indeterminacies remain consistent but mapped via singletons. The result is a NeutroAlgebra. 


If we have a NeutroAlgebra (NA, {w}, {NeutroAxioms}) with a single-valued NeutroOperation w, we can 
define a hyperoperation Q by 
Q(x1,..-,Xm) = {W(X1,.--,Xm)}5 


where the operation w can produce well-defined, outer-defined, or indeterminate results. This embedding 
shows that any NeutroAlgebra is a special case of a NeutroHyperalgebra with singleton outputs. Thus, the two 
structures are equivalent in the single-valued limit. oO 


Definition 2.7 (AntiHyperalgebra). Let AH be a non-empty set. An AntiHyperalgebra is an algebraic structure 
of the form 
(AH, {Q}, {AntiAxioms}), 


where: 


¢ There is at least one AntiHyperoperation Q : AH™ — P(U) \ P(AH) (ie., it is outer-defined for all 
elements of AH). More explicitly, for every (x1,...,X%m) € AH”, 


Q(x1,...,Xm) NM AH =@, 


or equivalently, Q(x,...,%m) G U \ AH. 
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* Or there is at least one AntiAxiom that is false for every element/tuple in AH. 


Theorem 2.8. An AntiHyperalgebra reduces to a classical AntiAlgebra precisely when each hyperoperation 
Q. yields a single element (singleton set) rather than multiple or zero elements for all inputs. 


Proof. Suppose we have an AntiHyperalgebra (AH, {Q}, {AntiAxioms}). If for every tuple (x1,...,%m) € 
AH", 
Q(x1, ae Xm) = {w(x1, cee Xm) }s 


with w(x1,...,Xm) ¢ AH (outer-defined) for all tuples, then effectively we have a single-valued AntiOperation 
w from AH” to U — AH. This recovers the structure of an AntiAlgebra, since the hyperoperation is no longer 
multi-valued. The AntiAxioms remain the same. 


Conversely, if we start with an AntiAlgebra (AA, {w}, {AntiAxioms})—where w is a single-valued AntiOperation— 
we can embed it into an AntiHyperalgebra by interpreting the single output 


W(X],..-,Xm) ¢ AA 


as a singleton set 
Q(x1,...,Xm) = {@(X]1,...,Xm)} CU\ AA. 


Hence any AntiAlgebra can be seen as a degenerate AntiHyperalgebra (with singletons). This proves the 
equivalence. Oo 


2.3 AntiSuperhyperalgebra and NeutroSuperhyperalgebra 


We now move to Superhyperalgebra structures, where the operations map into higher-order powersets (.e. 
P;(U)). Incorporating the Anti- or Neutro- perspective, we obtain AntiSuperhyperalgebra and NeutroSuper- 
hyperalgebra. 


Definition 2.9 (NeutroSuperhyperalgebra). Let NSH be a non-empty set. A NeutroSuperhyperalgebra is 
defined as the structure 
(NSH, {Q""" }, {NeutroAxioms}), 


where: 


* There is at least one (m, n)-NeutroSuperHyperoperation Q("") : NSH” — P,,(U), meaning for some 
tuples it is well-defined inside P,,(NSH), for others outside ?,( NSH), and for the remaining it is 
indeterminate, possibly including partial or total undefinedness at the (m, n)-th power set level. 


¢ Or there is at least one NeutroAxiom that is partially true, partially false, and partially indeterminate 
across the elements of NSH. 


Theorem 2.10. [f in a NeutroSuperhyperalgebra we set n = 1, the superhyperoperation is simply a hyperop- 

eration on the base set, reducing the structure to a NeutroHyperalgebra. 

Proof. Let (NSH, {Qh}, {NeutroAxioms}) be a NeutroSuperhyperalgebra. The operation Q’"” maps 
(x1,...,%m) € NSH” w P,(U), 


where subsets can be partially in P,(NSH) (true), partially outside P,(NSH) (false), or partially un- 
known/indeterminate. 


If n=l: 
QM 1. estim) © PU) = PW), 


with partial in/out/indeterminate relative to P( NSH). This is precisely a NeutroHyperoperation on NSH. The 
partial true/false/indeterminate axiom status remains. Therefore, we revert to a NeutroHyperalgebra. oO 
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Definition 2.11 (AntiSuperhyperalgebra). Let ASH be a non-empty set. An AntiSuperhyperalgebra is defined 
as a structure 
(ASH, {Q°""}, {AntiAxioms}), 


where: 


* There exists at least one (m, n)-AntiSuperHyperoperation Q’""") : ASH™ — P,,(U) such that for every 
(X1,..-,Xm) € ASH”, 
ONO Cigecuty Ae Pa) UP ASH). 


In other words, the output lies entirely outside P,,(ASH), capturing total falsehood or outer-definedness 
at the (m, n)-th power set level. 


¢ Or there is at least one AntiAxiom which is false for all elements of ASH. 


Theorem 2.12. Jf in an AntiSuperhyperalgebra we restrict the (m,n)-superhyperoperation to the first-order 
powerset P\(U), we recover the structure of an AntiHyperalgebra. 


Proof. Consider an AntiSuperhyperalgebra (ASH, {Q°"-") }, {AntiAxioms}). The (m, n)-superhyperoperation 
QM” : ASH” — P,(U) \ P,(ASH) outputs subsets lying entirely outside P,, (ASH). 


Case n=1: 


QD Oxy, -++5Xm) © Pi(U)\ Pi (ASH) =P(U) \ P(ASH). 


But P;(U) = P(U). Hence we revert to an AntiHyperoperation Q(”"!) that is outer-defined at level 1. The 
structure is precisely an AntiHyperalgebra, with the same AntiAxioms. This completes the proof. oO 
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Chapter 9 
Concise Note of Z-Number, Hyper Z-Number, and Superhyper Z-Number 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


A Z-Number represents uncertain information through two fuzzy components: A (value constraint) and R 
(reliability) [62]. This short paper extends the Z-Number framework to introduce the Hyper Z-Number and the 
n-SuperHyper Z-Number by employing hyperstructures (powersets) and superhyperstructures (n-th powersets). 


Keywords: hyperstructure, superhyperstructure, Z-Number 
MSC 2010 classifications: 03E75 Applications of set theory 


1 Short Introduction 


1.1 Z-Number 


The study of concepts addressing uncertainty, such as Fuzzy Numbers and Neutrosophic Numbers 
[29|/40], continues to advance rapidly. Fuzzy Numbers represent uncertain, imprecise values using membership 
functions over a range, enabling mathematical modeling of vagueness and ambiguity. A Z-Number represents 
uncertain information using two fuzzy components: A (value constraint) and R (reliability) (62). Z-Numbers 
have been widely investigated for applications in various domains, including decision-making and 


linguistics (6)[25)[42}. 
1.2. Our Contribution in This Short Paper 


This subsection explains our contribution in this paper. In this short paper, we extend the concept of the 
Z-Number to the Hyper Z-Number and the Superhyper Z-Number by utilizing hyperstructures (powersets) and 
superhyperstructures (n-th powersets). The Hyper Z-Number was previously introduced in (15). 


2 Preliminaries and Definitions 


In this section, we present the key concepts and definitions essential for understanding the content of this paper. 
For a comprehensive background in set theory and related topics, readers may consult [19| [20]/24]. 


2.1 Hyperstructure and Superhyperstructure 


A Hyperstructure builds upon the concept of a powerset, providing a framework to model the relationships 
between elements within a set. Extending this idea, a Superhyperstructure leverages the n-th powerset, enabling 
the representation of systems with hierarchical and multi-layered relationships [13|[16||48}{50]. The definitions 
below introduce the foundational components of this framework, including the n-th powerset. 


Definition 2.1 (Base Set). A base set S is a fundamental set from which more complex structures, such as 
powersets and hyperstructures, are constructed. It is formally defined as: 


S = {x | x is an element within a specified domain}. 


The elements of advanced structures like P (S) (the powerset of S) or P;,(S) (the n-th powerset of S) are derived 
directly from the elements of S. 
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Definition 2.2 (n-th Powerset). (cf. [14]/43|/49}) 


The n-th powerset of a set H, written as P,,(H), is constructed iteratively from the standard powerset. The 
process is defined as: 
P\(A) = P(A), Pnsi(H) = P(Pn(A)), forn> 1. 


Similarly, the n-th non-empty powerset, denoted by P*(H), is recursively defined as: 
P\(H) = P"(H), Phy, (H) = P*(P,()). 


Here, P*(H) represents the powerset of H excluding the empty set. 


To establish a formal framework for understanding Hyperstructures and Superhyperstructures, we provide the 
following definitions and propositions. 


Definition 2.3 (Hyperstructure). (cf. [14||43||49]) A Hyperstructure is an extension of the Classical Structure, 
operating on the powerset of a base set. It is formally defined as: 


H = (P(S),°), 
where S represents the base set, P (S) is its powerset, and o is an operation defined for subsets in P(S). 


Definition 2.4 (n-Superhyperstructure). (cf. [43]49]) An n-Superhyperstructure builds upon the Hyperstructure 
by employing the n-th powerset of a base set. Formally, it is expressed as: 


SHn = (Pn(S),9), 


where S is the base set, P,,(S) represents the n-th powerset of S, and o is an operation defined on the elements 
of P,(S). 


3 Result of this Paper: Review of Some Concepts 


This section presents the results of this paper. 


3.1 Z-Number 


A Z-Number represents uncertain information using two fuzzy components: A (value constraint) and R 
(reliability) [62]. Due to its conceptual simplicity and versatility, Z-Numbers have been extensively studied in 


various research areas [[1|2}(8}/22|[28}/39|[53}/54). 


The definition is provided below. For further details on the definition of fuzzy numbers, readers are encouraged 


to consult [[9 and related references. 


Definition 3.1 (Z-Number). A Z-number is an ordered pair of fuzzy numbers, denoted as Z = (A, R). 
This construct models uncertain information by capturing both a value’s restriction and its associated reliability. 


e A: The first component A is a fuzzy number representing a restriction on the possible values of a 
real-valued uncertain variable X. It defines the range of possible values that X can take under given 
conditions. 


¢ R: The second component R is a fuzzy number representing the reliability or confidence level of the 
restriction A. It does not measure probability but instead reflects the certainty or sureness about the 
validity of the values indicated by A. 


In summary, a Z-number (A, R) expresses that the value X is constrained by A with a confidence level given 
by R. 
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Example 3.2 (Z-Number in Risk Assessment). In a risk assessment scenario, a Z-number 
Z = (“low risk”, “high confidence”) 


can indicate that the risk is constrained to *low” values (A = “low risk”) with a confidence level of “high” 
(R = “high confidence’’). For instance: 


¢ A = “low risk”: Defined by a membership function specifying the fuzzy range of values considered as 
*low risk.” 


¢ R= “high confidence”: Defined by a membership function reflecting the degree of certainty associated 
with the assessment that the risk is low. 


This representation allows combining uncertainty about the risk value and the confidence in that assessment 
within a unified framework. 


3.2 Hyper Z-Number 


The Hyper Z-Number, introduced in (15), is an extension of the Z-Number utilizing the framework of hyper- 
structures. Its definition is provided below. 


Definition 3.3 (Hyper Z-Number). Let R denote the set of real numbers, and let P(F) represent the family 
of all non-empty subsets of the set of fuzzy numbers F. A Hyper Z-Number is a mapping: 


Z:R—- P(FXB, 
such that for each x € R, Z(x) is a set of ordered pairs (A, B), where: 


¢ A: A fuzzy number that provides a restriction on the possible values of x, representing the constraint on 
x’s range or magnitude. 


¢ B: A fuzzy number that specifies the reliability, confidence, or sureness of the restriction A. This serves 
as a secondary constraint indicating the reliability of the primary restriction. 


A Hyper Z-Number generalizes the Z-number by allowing multiple pairs (A, B) for a given x, enabling the 
representation of multi-faceted or layered uncertainty. 


Example 3.4 (Hyper Z-Number in Uncertainty Modeling). Consider a scenario where x represents a measure- 
ment subject to multiple uncertainties. A Hyper Z-Number Z(x) might be defined as: 


Z(x) = {(“about 50”, “likely”), (“near 45”, “very likely”)}. 


Here: 


* (“about 50”, “likely”): Indicates that x is constrained to ’about 50” with a confidence level of ” likely.” 

* (“near 45”, “very likely”): Represents that x is near 45 with a higher confidence level of ”very likely.” 
This framework allows for the simultaneous representation of multiple constraints and their associated reliabil- 
ities, providing a richer and more flexible model of uncertainty than standard Z-numbers. 


Theorem 3.5. The Hyper Z-Number generalizes the Z-Number. 


Proof. To prove this, we show that the Z-Number is a special case of the Hyper Z-Number. 


A Z-Number is defined as an ordered pair Z = (A, R), where: 
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e A: A fuzzy number representing a restriction on the possible values of a variable X. 


e R: A fuzzy number representing the reliability or confidence in the restriction A. 


Thus, for any real-valued variable X, a Z-Number assigns a single pair (A, R) that constrains the values of X 
and specifies the reliability of that constraint. 


A Hyper Z-Number is a mapping: 
Z:R—- P(FxF), 


where Z(x) is a set of ordered pairs (A, B), with: 


e A: A fuzzy number providing a restriction on the possible values of x. 


e B: A fuzzy number representing the reliability or confidence in the restriction A. 


Unlike the Z-Number, which assigns a single pair (A, R) to each variable X, the Hyper Z-Number allows 
multiple pairs (A, B) for a given value x. 


Case 1 (|Z(x)| = 1): If the set Z(x) contains exactly one pair (A, B), then the Hyper Z-Number reduces to the 
Z-Number: 


Z(x) = {(A, B)}. 


In this case, the Hyper Z-Number behaves identically to a Z-Number, assigning a single restriction A and a 
single reliability B to x. 


Case 2 (|Z(x)| > 1): If Z(x) contains multiple pairs (A;, B,), (Az, B2),..., (Ax, Bx), the Hyper Z-Number 
generalizes the Z-Number by allowing multiple restrictions and their corresponding reliabilities for x. This 
capability enables the Hyper Z-Number to represent layered or multi-faceted uncertainty, which the Z-Number 
cannot. 


The Z-Number is a special case of the Hyper Z-Number when Z(x) contains only one pair (A, B) for all 
x € R. By allowing |Z(x)| > 1, the Hyper Z-Number extends the Z-Number’s framework to accommodate 
more complex and multi-layered representations of uncertainty. Therefore, the Hyper Z-Number generalizes 
the Z-Number. Oo 


3.3. n-SuperHyper Z-Number 


The n-SuperHyper Z-Number is an extended concept derived from the Hyper Z-Number. Its definition is 
presented below. 


Definition 3.6 (n-SuperHyper Z-Number). Let R denote the set of real numbers, and let P,,(F) represent the 
n-th powerset of the set of fuzzy numbers F. An n-SuperHyper Z-Number is a mapping: 


Zn: R— Pr(EX FB), 
where for each x € R, Z,(x) is an element of the n-th powerset P,, (F x F). Specifically: 
Z,(x) ={Z,,Zo,...,Z~} where Z; €P,-\(FXB, 
and each element Z; is a set of ordered pairs (A, R), with: 


e A: A fuzzy number representing a constraint on the possible values of x. It reflects the range of possible 
values x can take under certain conditions. 


e R: A fuzzy number representing the reliability, confidence, or sureness of the constraint A. It quantifies 
the certainty associated with A. 
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Base Case (n = 1): For n = 1, the n-SuperHyper Z-Number reduces to a Hyper Z-Number: 
Z\(x) € P(FXB), 
where: 


Z (x) = {(Aq, R1), (A2, Ro), seee (Am, Rm)}- 


Inductive Case (n > 1): Forn > 1, Z,(x) is a set of nested structures, each element being a member of the 
(n — 1)-th powerset: 
Zn(x) = {{(A1, Ri), (A2, Ro), {(A3, 3), (Ag, Ra}. +s Fe 


Example 3.7 (n-SuperHyper Z-Number in Uncertainty Modeling). Let F be the set of fuzzy numbers repre- 
senting linguistic terms such as ’about 50” or “high confidence.” Consider x = 45. For n = 2, an n-SuperHyper 
Z-Number might be represented as: 


Z2(45) = {{(“about 50”, “likely”), (“near 45”, “very likely’”)}, {(“low”, “somewhat likely’’) }}. 


Here: 


* (“about 50”, “likely”’): Indicates that x is constrained to ”about 50” with a confidence level of ” likely.” 
* (“near 45”, “very likely”): Represents that x is near 45 with a higher confidence level of ’’very likely.” 
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* (“low”, “somewhat likely”): Suggests that x may be in a ”low” range with a moderate confidence level 
of *’somewhat likely.” 


This framework allows for multi-layered modeling of uncertainty, enabling complex systems to integrate diverse 
constraints and their associated reliabilities. 


Remark 3.8. ¢ The n-SuperHyper Z-Number generalizes the Z-Number by allowing hierarchical and 
nested representations of constraints and reliabilities. 


QF I" 


* For any n, the cardinality of Z,,(x) is 2? , where |F| is the cardinality of F. 


¢ This structure is useful in multi-level decision-making and uncertainty modeling, providing greater 
flexibility than standard Z-Numbers. 


Theorem 3.9. The n-SuperHyper Z-Number generalizes the Hyper Z-Number. 


Proof. We will show that the Hyper Z-Number is a special case of the n-SuperHyper Z-Number for n = 1. 


Definition of Hyper Z-Number: Let R denote the set of real numbers, and let P(F) represent the family of all 
non-empty subsets of the set of fuzzy numbers F. A Hyper Z-Number is defined as a mapping: 


Z:R— P(EXP, 


where for each x € R, Z(x) is a set of ordered pairs (A, R), where A represents a constraint on x and R 
represents the reliability of A. 


Definition of n-SuperHyper Z-Number: Let ?,,(F) represent the n-th powerset of the set of fuzzy numbers 
F. An n-SuperHyper Z-Number is a mapping: 


Zn: R > Pr(FX FB, 
where for each x € R, Z,(x) € P, (FX F). 
Base Case (n = 1): For n = 1, the n-SuperHyper Z-Number reduces to: 


Z\(x) € P(FXF), 
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which is equivalent to the definition of a Hyper Z-Number. In this case, Z; (x) is a set of ordered pairs (A, R), 
exactly as defined for the Hyper Z-Number: 


Z,(x) = {(Aq, Ri), (A2, Ro), -- +5 (Am, Rm)}- 


Inductive Case (n > 1): For n > 1, the n-SuperHyper Z-Number Z,,(x) becomes a nested structure: 
Pld) = {iy Zang eels 


where Z; € Py-1(F x F). This represents a generalization by allowing hierarchical and layered uncertainty 
modeling. Each Z; contains ordered pairs (A, R) from the (n — 1)-th powerset. 


Since the base case n = 1 corresponds exactly to the definition of the Hyper Z-Number, and the inductive step 


adds layers of complexity by increasing the level of abstraction in the powerset hierarchy, we conclude that the 
n-SuperHyper Z-Number generalizes the Hyper Z-Number. oO 


4 Future Tasks of this Research 

One promising direction for future research is the extension of the concepts presented in this paper by incorpo- 
rating established frameworks such as fuzzy sets [55; 611/63), rough sets [307135], soft sets (2627), hypersoft 
sets [46], vague sets [5], plithogenic sets [45]47/52], hyperfuzzy sets 15]18]21], and neutrosophic sets [44]51]. 
Exploring the mathematical properties and applications of these frameworks when combined with Z-Numbers, 
Hyper Z-Numbers, and Superhyper Z-Numbers is expected to open new avenues for research. Additionally, 
further investigation is anticipated into the application of Z-Numbers, Hyper Z-Numbers, and Superhyper 


Z-Numbers to hypergraphs and superhypergraphs [14|/17]. These developments could provide a robust 
foundation for addressing complex systems and hierarchical structures in a wide range of domains. 
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Chapter 10 
A Brief Study on Superhypercategories 
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Abstract 


This short paper explores superhyperstructures, which extend hyperstructures by utilizing n-th powersets to 
enable hierarchical and iterative abstraction. A category is a mathematical framework consisting of objects 
and morphisms, defined with composition and identity operations, adhering to associativity and identity laws. 
In this paper, we revisit hypercategories and superhypercategories as natural extensions of category theory. 
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1 Short Introduction 
1.1 Category and Hyperstructure 


A category provides a foundational mathematical framework comprising objects and morphisms, with their 
composition governed by associativity and identity properties. These foundational ideas have been extensively 


explored in numerous academic studies [29|/31|[36|[37|/42|/46|/55|/58). 


Hyperstructures and Superhyperstructures are advanced mathematical models developed to capture hierarchical 
relationships. A Hyperstructure extends the traditional notion of a powerset, adapting it to a variety of 
mathematical systems [15|70}{72]. Building on this, a Superhyperstructure employs n-th powersets to facilitate 
iterative and layered abstraction. These structures expand the scope of hyperstructures, offering a robust 
framework for handling higher-order complexity and abstraction (69)[71){72}. 


1.2. Our Contribution in This Paper 


In this paper, we explore hypercategories and superhypercategories, which are extensions of categories that 
leverage the principles of Hyperstructures and Superhyperstructures. While previous research has studied 
hypercategories (cf. (1147), including some works where iterative structures are defined, this paper intention- 
ally separates the definitions of hypercategories and superhypercategories. This approach provides a clearer 
understanding of the relationship between Hyperstructures, Superhyperstructures, and category theory, making 
their connections more explicit and logically organized. 


2 Preliminaries and Definitions 


This section presents the essential concepts and definitions necessary to comprehend the discussions in this 
paper. For a more comprehensive understanding of foundational topics in set theory and related fields, readers 


are encouraged to consult (30//34)[38}. 


2.1 Hyperstructure and Superhyperstructure 


A Hyperstructure is a mathematical framework grounded in the concept of a powerset, designed to model 
relationships among the elements of a set. Extending this idea, a Superhyperstructure utilizes the n-th powerset, 
allowing for the representation of systems characterized by multi-layered hierarchical relationships (2170172). 
The formal definition of the n-th powerset is provided below. 


Definition 2.1 (Base Set). A base set S serves as the foundational set from which more complex structures, 
such as powersets and hyperstructures, are derived. It is formally described as: 


S = {x | x is an element within a specified domain}. 


All elements in structures like P(S) or P,,(S) originate from the elements of S. 
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Definition 2.2 (Powerset). The powerset of a set S, written P(S), is the set containing all possible 
subsets of S, including both the empty set and S itself. Formally, it is expressed as: 


P(S) ={A| ACS}. 
Definition 2.3 (n-th Powerset). (cf. [17||60|[71}) 


The n-th powerset of a set H, denoted P,,(), is constructed iteratively. Beginning with the standard powerset, 
the process is defined as: 


P\(H) = P(A), Pnii(f4) = P(Pn(A)), forn> 1. 
In a similar manner, the n-th non-empty powerset, represented as P;,(H), is recursively defined as: 
Pi(H) = P*(H), Pry (H) = P*(P,(H)). 


Here, P*(#) refers to the powerset of H excluding the empty set. 


To establish a formal framework for understanding Hyperstructures and Superhyperstructures, we present the 
following definitions and propositions. It should be noted that Hyperstructures and Superhyperstructures are 
generalized concepts derived from Classical Structures. 


Definition 2.4 (Classical Structure). (cf. (60/7 1}) A Classical Structure is a mathematical framework defined 
on a non-empty set H, characterized by one or more Classical Operations that satisfy certain Classical Axioms. 
Specifically: 


A Classical Operation is a function of the form: 
#): H” — H, 


where m > | is a positive integer, and H™ denotes the m-fold Cartesian product of H. Examples include 
operations like addition and multiplication commonly found in algebraic systems such as groups, rings, and 
fields. 


Definition 2.5 (Hyperstructure). (cf. [17|/60\{71]) A Hyperstructure is an extension of the Classical Structure, 
operating on the powerset of a base set. It is formally defined as: 


H = (P(S),°), 
where S represents the base set, P (S) is its powerset, and o is an operation defined for subsets in P(S). 


Definition 2.6 (n-Superhyperstructure). (cf. }60/71]) An n-Superhyperstructure builds upon the Hyperstructure 
by employing the n-th powerset of a base set. Formally, it is expressed as: 


SH n = (Pn(S), °), 


where S is the base set, P;,(S) represents the n-th powerset of S, and o is an operation defined on the elements 
of P,(S). 


Concepts closely related to Superhyperstructures include superhypergraphs |1}13{17| 27), superhyperlan- 
guages ||18], superhyperalgebras 75], superhypersoft structures [20/33/43/68|76], and superhyperfuzzy 
systems | 16] [19][22}. 


2.2 Class and Category 


The definitions of Class and Category are provided below. Note that the definitions of Class and Structure 
share significant similarities, which should be taken into consideration. 
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Definition 2.7 (Class). A class is a collection of sets defined within a formal set-theoretic framework 
such as Zermelo-Fraenkel set theory with Choice (ZFC [39]/56|/57]) or Morse-Kelley set theory (MK [2|/14)). 
Classes are not necessarily sets themselves, but every set is a class. Formally, a class C is defined as: 


C = {x | o(x)}, 


where (x) is a first-order formula in the language of set theory. A class C is called a proper class if it cannot 
be a member of any other class. 


Definition 2.8 (Category). A category C is a mathematical structure consisting of: 


¢ A collection of objects Ob(C). 


¢ A collection of morphisms Mor(C), where each morphism f € Mor(C) is associated with a domain 
object dom(f) and a codomain object cod(/). 


¢ A composition operation o: For f : A — Band g: B — C, there exists a morphism go f: A —>C. 


¢ An identity morphism id, : A — A for each object A. 
These must satisfy the following axioms: 


1. Associativity: For all f: A—> B,g:B—7C,andh:C—D, 
ho(gof)=(hog)of. 
2. Identity: For all f : A > B, 
idgof=f and foida=f. 


Definition 2.9 (Hyperclass). (cf. (47)) A Hyperclass is a collection of classes defined over the powerset of a 
base set S, extended using a hyperoperation: 


Hc = (P(S),), 
where P(S) is the powerset of S and o is a hyperoperation that extends class-level interactions. 


Theorem 2.10 (Hyperclass Generalizes Class). A Hyperclass is a generalization of a Class, as it operates on 
the powerset of a base set S, allowing collections of classes to interact via hyperoperations. 


Proof. Let S be the base set, and (S) its powerset. For a Class C, the collection {x | y(x)} corresponds to a 
subset of S. A Hyperclass H{c extends this by operating on all subsets A, B C S via a hyperoperation o: 


0: P(S) x P(S) > P(S). 


This structure enables interactions between collections of classes, which are not possible within the constraints 
of traditional Class theory. Thus, the Hyperclass generalizes the Class by incorporating additional operations 
on subsets. Oo 


Definition 2.11 (Hypercategory). (cf. [11|/47]) A Hypercategory is a generalization of a Category, where 
objects and morphisms are elements of a Hyperstructure. Formally: 


He = (P(Ob(C)), 9), 
where P(Ob(C)) is the powerset of objects and o is a hyperoperation extended to morphisms. 


Theorem 2.12 (Hypercategory Generalizes Category). A Hypercategory generalizes a Category by extending 
the composition operation to act on subsets of objects and morphisms within a Hyperstructure. 


Proof. In a Category C, morphisms f : A — B are defined between individual objects A, B € Ob(C), and 
composition © satisfies associativity and identity. 


In a Hypercategory He, objects are subsets A, B C Ob(C), and morphisms are defined between these subsets. 
The composition operation o is extended to: 


o: P(Ob(C)) x P(Ob(C)) — P(Ob(C)). 


This allows morphisms to act collectively on sets of objects, enabling higher-order interactions not possible in 
standard Category theory. Thus, the Hypercategory generalizes the Category. oO 


362 


3 Result of this paper 


This section describes the results of this paper. 


Definition 3.1 (n-SuperHyperClass). An n-SuperHyperClass is a recursive hierarchy of collections defined as 
follows: 


¢ For n = 1, an n-SuperHyperClass is equivalent to a HyperClass. 


¢ For n > 1, it is defined as: 


SHC = {SHCn-1 | y(SHCn-1)}, 
where y(SHC,-1) is a logical predicate on (n — 1)-SuperHyperClasses. 


Definition 3.2 (n-SuperHyperCategory). An n-SuperHyperCategory SHC), is defined recursively as: 


¢ Forn = 1, SHC, is a HyperCategory. 
° Forn > 1, SHC, consists of: 


— Objects that are (n — 1)-SuperHyperClasses. 
— Morphisms that are (n — 1)-SuperHyperClasses, forming higher-order mappings: 


Mork (SHC) © Mor(Mor*"!(SHCn-1)). 


¢ Composition and identity laws extend to n-SuperHyperClasses and morphisms, ensuring consistency 
across all levels. 


Theorem 3.3 (n-SuperHyperClass Generalizes HyperClass). An n-SuperHyperClass is a generalization of a 
HyperClass, as it recursively extends the hierarchy of collections over n-th powersets using n-SuperHyperStructures. 
Proof. For n = 1, an n-SuperHyperClass corresponds directly to a HyperClass: 

SHC, = (P(S),°), 
where P(S) is the powerset of a base set S. 


For n > 1, consider the n-th powerset ?,,(S), which represents the collection of subsets of P,-1(S). An 
n-SuperHyperClass is constructed as: 


SHC, = {SHCy-1 | G(SHCn-1)}. 


The operation o defined on P,,($) allows interactions among collections at the n-th level, extending the concept 
of HyperClass hierarchically. Thus, an n-SuperHyperClass generalizes a HyperClass. oO 


Theorem 3.4 (n-SuperHyperCategory Generalizes HyperCategory). An n-SuperHyperCategory generalizes a 
HyperCategory by incorporating objects and morphisms as n-SuperHyperClasses, defined via n-SuperHyperStructures. 
Proof. For n = 1, an n-SuperHyperCategory is equivalent to a HyperCategory: 

SHC = (P(Ob(H)), 9°), 
where objects and morphisms are elements of the powerset P(Ob(H)). 


For n > 1, an n-SuperHyperCategory is defined recursively, with objects and morphisms being (n — 1)- 
SuperHyperClasses. The composition operation o extends hierarchically: 


2: Pn(Ob(A)) X Pn(Ob(H)) — Pp (Ob(H)). 


This recursive extension allows for higher-order interactions between objects and morphisms at all levels, 
generalizing the concept of a HyperCategory. oO 
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4 Future Tasks of this short paper 
This section outlines the future tasks related to this research. 


One promising direction for future work is to extend the concepts introduced in this paper by incorporating 


additional frameworks, such as fuzzy sets |77/}82], soft sets [41}|44], hypersoft sets (65), intuitionistic fuzzy 
set [310], hyperfuzzy sets 40\/45}, rough sets [481154], hyperrough sets (T9|[23}, plithogenic 


sets [}64||66}[74], and neutrosophic sets [25) 63|{73]. These integrations offer potential for further 
generalization and deeper exploration of the presented ideas. 
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Chapter 11 
Superhyperbranch-width and Superhypertree-width 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


Branch-width is a parameter used to quantify the complexity of a graph by minimizing the size of the largest 
middle set in tree-like decompositions. A Hypergraph extends the concept of a graph, allowing edges, known 
as hyperedges, to connect multiple vertices simultaneously. Building on this, a SuperHyperGraph incorporates 
recursive structures, enabling the representation of hierarchical relationships and more intricate connections. 
This paper introduces and investigates n-SuperHyperBranch-width, offering its formal definition and exploring 
its theoretical properties. 


Keywords: hypergraph, superhypergraph, treewidth, branchwidth 
MSC 2010 classifications: 03E75 Applications of set theory 


1 Short Introduction 
1.1. Graph Parameters 


Graphs have been a central topic of extensive research in recent years [26], with particular focus on understanding 
their structural properties. Graph characteristics are often studied through various parameters, and ongoing 
research continues to explore these aspects in greater depth. 


Among these parameters, graph width measures such as tree-width [16 , cut-width [48|[54], and 


clique-width (23) have received considerable attention over the years. 


In this paper, we focus on one specific graph width parameter: Branch-width. Branch-width is a measure used 
to assess the complexity of a graph by minimizing the size of the largest middle set in tree-like decompositions 


(3753). 


1.2. Hypergraph and SuperHyperGraph 


A hypergraph is a generalization of a conventional graph, extending foundational concepts from graph theory 
. Among graph width parameters associated with hypergraphs, notable examples include Hypertree- 


width [2| and Hyperpath-width [1]{58||62}. 
Recently, the concept of a SuperHyperGraph has emerged as a further generalization of hypergraphs, drawing 


considerable research attention similar to that observed with hypergraphs [35//44146) . For SuperHy- 
perGraphs, new width parameters have also been introduced, such as SuperHypertree-width, which has been 


defined in recent studies (28/31). 


1.3. Our Contribution in This Paper 
The concept of branch-width and its corresponding measures in SuperHyperGraphs have been scarcely explored 


in the literature. To address this gap, this paper examines SuperHyperBranch-width, an extension of branch- 
width tailored to SuperHyperGraphs. 


2 Preliminaries and Definitions 


This section outlines the key concepts and definitions required for understanding the content of this paper. For a 
deeper exploration of foundational topics in set theory and related disciplines, readers may refer to [475 1/55}. 
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2.1 Graph and Hypergraph 


A hypergraph is an extension of the traditional graph structure, where hyperedges can connect multiple 
vertices rather than just pairs, allowing for the representation of more complex relationships among elements 


|13}}15||40442]. Below, we outline the fundamental definitions of graphs and hypergraphs. 


Definition 2.1 (Graph). [24/26] A graph G is a mathematical object defined by two sets: a set of vertices V(G) 
and a set of edges E(G). Edges represent pairwise connections or relationships between vertices. Formally, a 
graph is denoted as G = (V, E), where V is the set of vertices, and E is the set of edges. 


Definition 2.2 (Hypergraph). [15/21] A hypergraph H = (V, E) generalizes the concept of a graph by allowing 
edges, known as hyperedges, to connect subsets of vertices rather than pairs. Specifically: 
¢ V is the vertex set, where each v € V represents a vertex. 
* E is the hyperedge set, where each e € E is a subset of V. Thus, E C P(V), where P(V) is the power 
set of V, representing all possible subsets of V. 
Key distinctions of hypergraphs: 
¢ Unlike traditional graphs, where edges are limited to connecting exactly two vertices, hyperedges can 
connect an arbitrary number of vertices, from a single vertex to the entire vertex set. 
¢ This flexibility allows hypergraphs to model higher-order relationships that cannot be captured by standard 


graphs. 


2.2 Branch decomposition 


Branch width is a graph parameter measuring complexity via tree-like decompositions, minimizing the largest 


middle set across tree edges (19|/20|[37|/49||67}. 


Definition 2.3 (Branch decomposition). (cf. (19]/20)/37|/49]|67)) Let G = (V, E) be a finite, undirected graph. 
The branchwidth of G is a measure of the graph’s complexity in terms of branch decompositions, defined as 
follows: 


A branch decomposition of G is a pair (T, 0), where: 


¢ T is a tree with nodes of degree at most three (a ternary tree). 


« 0 : L(T) — E(G) isa bijection between the set L(T) of leaves of T and the set E(G) of edges of G. 


For an edge e € E(T), removing e partitions T into two connected components, say T; and 7. Let: 
FE, = {e’ € E(G) | e’ is mapped toa leafin7,}, E 2 = {e’ € E(G) | e’ is mapped to a leaf in 7p}. 


The middle set associated with e is the set of vertices of G that are incident to at least one edge in both EF; and 
Eo: 
Mid(e) = {v € V(G) | de; € E1, e2 € E2 such that v is an endpoint of both e; and e2}. 


The width of a branch decomposition (T, a) is the maximum size of the middle set over all edges of T: 
width(T,o7) = max |Mid(e)|. 
ecE(T) 
The branchwidth of G is the minimum width among all possible branch decompositions of G: 
branchwidth(G) = an width(T, a). 


Example 2.4 (A Simple Graph and Its Branch Decomposition). Consider the cycle graph C4 with four vertices: 


V(G) = {v1, v2, V3, va}, E(G) = {{v1, v2}, {v2, v3} (v3, va}, (v4, vi} 


We will demonstrate a branch decomposition of this graph. 
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Step 1: Construct a Ternary Tree 7. We build a tree T with one internal node x of degree 4 and four leaves 
1, €2, €3, &4. In practice, a node of degree 4 is not allowed in a strict ternary tree, so we may introduce an 
additional internal node to maintain degree at most 3. However, for simplicity in illustration, we will use the 
single node x connected to four leaves—one for each edge of G. Conceptually, we could turn x into a small 
chain of internal nodes if needed (each of degree at most 3). 


(Conceptual) x <—> (), fo, &, fa. 


Step 2: Define the Bijection o : L(T) — E(G). Label each leaf ; with a distinct edge of G. For instance, 
set: 


a(t) ={v1, v2}, o(€2) ={v2, v3}, 7 (6) ={v3, v4}, o(€4) = {v4, vi}. 


Thus, each leaf corresponds uniquely to one edge in E(G). 


Step 3: Compute Middle Sets and Determine Width. In a branch decomposition, we examine each edge 
of T. Here, each edge in T connects x to one leaf £;. Removing the edge (x, £;) detaches the leaf €; (and its 
mapped edge) from the rest. 


¢ Removing (x, €;): 
E, = {{v1,v2}}, Eo = {{v2, vs}, (v3, va}, (v4, vif }- 
The middle set 


Mid(x, €;) = {v € V(G) | de; € FE), e2 € Ez s.t. v is endpoint of both e1, e2}. 
Here, e; = {v1, v2}. For e2 in Ey, we check: 
{v1, v2} M {v2, v3} has endpoints v2, {v1, v2} N {v3, v4} is empty for endpoints, no shared vertex, 


{v1, v2} N {v4, v1} has endpoints v1. 


However, to be in Mid(x, €,), the vertex v must be an endpoint of both an edge in E, and every edge in 
E>? Not exactly. By the definition (for branch decompositions of graphs), Mid(e) is the set of vertices 
incident to at least one edge in each partition. Specifically: 


Mid(x, €;) ={v |v € e; € Ej and v € e € E> for some e3}. 
Checking each pair (e1, e2): 
ey = {v1, V2}, ere {{v2, v3}, {v3, va}, {va, vi} }. 


— With e2 = {v2, v3}, the common endpoint is v2. 
— With e2 = {v3, v4}, there is no common endpoint with {v1, v2}. 


— With e2 = {v4, v;}, the common endpoint is v;. 


Therefore, each of vj and v2 appears as an endpoint in some edge of E>. So, 
Mid(x, €;) a {v1, v2}. 


Hence, |Mid(x, ¢;)| = 2. 


Removing (x, 2): By symmetry, 


E, = {{v2,v3}}, Eo = {{v1, v2}, {v3, va}, (va, vi} 


Similar reasoning shows 
Mid(x, 2) = {v2, v3}, |Mid(x, &)| = 2. 
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* Removing (x, €3): By similar analysis, 


E, = {{v3,va}}, Eo = {{v1, vo}, {v2, v3}. {va vib}, 


and we get 
Mid(x, €3) = {v3, v4}, |Mid(x, é3)| = 2. 


* Removing (x, €4): Finally, 
Ey = {{va, vi }}, FE = {{v1, v2}, {v2, v3}, {v3, va} }, 
and 
Mid(x, 4) = {v1, v4}, |Mid(x, €4)| = 2. 
The width of this branch decomposition is 
width(T, 7) = max |Mid(f)| = max{2,2,2,2} =2. 
feE(T) 
Although this was a simplified sketch (since we allowed an internal node of degree 4 for demonstration), we 
see a valid decomposition has maximum middle-set size 2. If we were to strictly enforce a ternary tree, we 


could insert an extra internal node to reduce the degree, but the essential calculation of middle-set sizes would 
be identical. 


In fact, the branchwidth of the cycle C4 is 2, consistent with what this example demonstrates. 


2.3 HyperBranch Decomposition 


HyperBranch decomposition is a concept related to width parameters in hypergraphs, which has been studied 
in several research papers (282). The definition is provided below. 


Definition 2.5. Let H = (V,£) be a hypergraph, where V is the set of vertices and E is the set of 
hyperedges. 


A hyperbranch decomposition of H is a pair (T, 6), where: 


1. T is a ternary tree (a tree where each internal node has degree at most three). 


2. 6: L(T) — E isa bijection between the leaves L(T) of T and the hyperedges E of H. 


For any edge e € E(T), removing e splits T into two connected components 7; and 77. Define: 
E, =6(T)), Ey =6(7). 
The middle set associated with e is: 


Mid(e) = i") (e1 Ne), 


€1€E\,e2€ Ep 
which represents the set of vertices shared between hyperedges in EF; and E>. 
The thickness of e is the size of the middle set: 
thick(e) = |Mid(e)|. 
The width of a hyperbranch decomposition (7, 6) is: 


width(7,6) = max_thick(e). 
ecE(T) 


The hyperbranch-width of H, denoted hbw(#), is the minimum width over all hyperbranch decompositions: 


hbw(H) = min width(T, 6). 
wae wit) 
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Example 2.6 (A Small Hypergraph and Its HyperBranch Decomposition). Consider a hypergraph H = (V, E) 
with: 
V = {a,b,c,d}, E={e1,e2,e3}, 


where 
e1={a,b}, e2={b,c,d}, e3 = {a,d}. 


We will construct a hyperbranch decomposition to illustrate how to compute the associated middle sets and 
thickness. 


Step 1: Build a Ternary Tree 7. We choose a tree T with one internal node r of degree 3, connected to 
three leaves ¢1, f2, £3. This time, the degree is exactly 3, so it is a proper ternary structure: 


rot), bh, &. 


Step 2: Define the Bijection 6: L(T) — E. Assign: 
6(€\) =e1 = {a,b}, 6(&)=e2={b,c,d}, 6(&) =e3 = {a, d}. 


Thus, the three leaves uniquely represent the three hyperedges. 


Step 3: Compute Middle Sets and Determine Width. The edges of T are (r, €;), (7, €2), (7, &). Removing 
each of these edges isolates the corresponding leaf and hyperedge. For each such edge f, the tree T \ { f} splits 
into two connected components. Let 


E; = 6(component,), £2 = 6(componenty). 
Then the middle set is 


Mid(f)=  [{) (ee). 


el €F\, er€ E> 


Removing (r, €,): 
E, = {ei} ={{a,b}}, Ex = {e2,e3} = {{b,c, d}, {a, d}}. 
We evaluate the intersection of every pair (e;, e2) and (e1, e3): 
e€1 Ne = {a,b} N{b,c,d} ={b}, e, Ne3 = {a,b} N {a, d} = {a}. 


Hence, 
Mid(r, €;) = {b} N {a} =, 


so |Mid(r, €,)| = 0. 


Removing (r, 2): 
Ey = {eo} ={{b,c,d}}, Ex = {e1,e3} = {{a, b}, {a, d}}. 
Intersections: 
ey Ne; = {b,c,d} M {a,b} = {b}, en Ne; = {b, c,d} N {a, d} = {d}. 


So, 
Mid(r, 2) = {b} Nn {d} =@, 


thus |Mid(r, &)| = 0. 
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Removing (r, €3): 
E, = {e3} = {{a,d}}, Ey = {e1, e2} = {{a, b}, {b,c, d}}. 
Intersections: 
e3 Ne, = {a,d} M {a,b} = {a}, 3 Ney = {a,d} N {b,c, d} = {d}. 


Therefore, 
Mid(r, £3) = {a} N {d} =@, 


giving |Mid(r, €3)| = 0. 


From these calculations, we see: 
Mid(r,f;) =@, Mid(r,é2)=@, Mid(r, 3) =. 


Hence, 
width(T,6) = max |Mid(f)| =0. 
fek(T) 


Because all middle sets are empty, this hyperbranch decomposition has thickness 0, indicating a particularly 
simple interaction between the hyperedges (they do not share a common vertex across all partitions simultane- 
ously). 


The hyperbranch-width of H is at most 0 using this decomposition. In fact, no hypergraph can have a negative 
width, so hbw(H) = 0. This example illustrates how even with hyperedges containing multiple vertices, 
the partition-based intersection (the middle set) can vanish if no single vertex is shared by all edges in each 
partition. 


2.4 n-SuperHyperGraph 
SuperHyperGraph is an extension of the concept of Hypergraph, recently defined and actively studied in the 


literature [3| . It can be understood as a graph concept that incorporates 
recursive structures into Hypergraphs. The definition is provided below. 


Definition 2.7 (n-th Powerset). (cf. [27|[29|/68|/79]) 


The n-th powerset of a set H, denoted P,,(#), is constructed iteratively. Beginning with the standard powerset, 
the process is defined as: 


P\(H) = P(A), Pnii(H) = P(Pn(A)), forn> 1. 
In a similar manner, the n-th non-empty powerset, represented as P* (H), is recursively defined as: 
P\(H) = P"(H), Phy (H) = P*(P,()). 
Here, P*(H) refers to the powerset of H excluding the empty set. 


Definition 2.8 (n-SuperHyperGraph). (cf. (35][75)) Let Vo be a finite set of base vertices. Define the n-th 
iterated power set of Vo recursively as: 


P(Vo) =Vo, P¥"(Vo) =P (PK(Vo)), 
where P(A) denotes the power set of set A. 


An n-SuperHyperGraph is an ordered pair H = (V, E), where: 


* VCP" (Vo) is the set of supervertices, which are elements of the n-th power set of Vo. 


* EC P"(Vo) is the set of superedges, also elements of P” (Vo). 
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Each supervertex v € V can be: 


e A single vertex (v € Vo), 

¢ A subset of Vo (v C Vo), 

¢ A subset of subsets of Vo, up to 7 levels (v € P”(Vo)), 
e An indeterminate or fuzzy set(cf. (84}), 

¢ The null set (v = 0). 


Each superedge e € E connects supervertices, potentially at different hierarchical levels up to n. 


Definition 2.9 (n-SuperHypertree). (cf. [28]|38]) An n-SuperHypertree (n-SHT) is an n-SuperHyperGraph 
SHT,, = (V, £) that satisfies the following conditions: 


1. Host Tree Condition: There exists a tree T = (Vr, E7), called the host tree, such that: 


¢ The vertex set of T is Vr = V, where V C P"(Vo). 


¢ Each n-superedge e € E, where E C P”(Vo), corresponds to a connected subtree of T. That is, for 
every e € E, there exists a subtree T, € T such that: 


B, De, 
teV(Te) 


where B; € V are subsets associated with the nodes of T. 


2. Acyclicity Condition: The host tree T is acyclic. This ensures that SHT,, inherits the acyclic structure of 
T, i.e., there are no cycles in the induced hypergraph formed by E. 


3. Connectedness Condition: For any two n-supervertices v, w € V, there exists a sequence of n-superedges 
€1,€2,...,ex € E such that: 


(a) v € ej,w € ex, 


(b) e; 0 ein) #0 foralll <i<k. 


2.5 n-SuperHypertree-width 


The concept of SuperHypertree-width has been studied in the literature, such as (28][3 1}. Its definition is 
provided below. 


Definition 2.10 (n-SuperHypertree-width). (cf. (28/31) Let H = (V, E) be an n-SuperHyperGraph, where: 


* VCP" (Vo) is the set of n-supervertices. 


° E CP"(Vo) is the set of n-superedges. 
An n-SuperHypertree decomposition of H is a tuple (T, 8, C), where: 


° T = (Vr, Er) is atree. 
¢ B={B, | t € Vr} isacollection of subsets of V (called bags), satisfying: 


1. For every n-superedge e € E, there exists a node t € Vr such that e C B;. 


2. For every n-supervertex v € V, the set {t € Vr | v € B,} induces a connected subtree of T. 


° C = {C, | t € Vr} is a collection of subsets of E (called guards), satisfying: 
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1. For every node t € Vr, B; © LU C;, where: 
re = {v EV | de € C; such that v € e}. 


2. For every node t € Vz, the following holds: 


(LU C;) a) LJ By c Bi, 


uety 


where 7; is the subtree of T rooted at t. 


The width of an n-SuperHypertree decomposition (T, 8, C) is defined as: 


width(T, B,C) = max |C;|. 
teVr 


The n-SuperHypertree-width of H, denoted n-SHT-width(#), is the minimum width over all possible n- 
SuperHypertree decompositions: 


n-SHT-width(H) = min_ width(T,8,C). 
(T,8,C) 


3 Result of this paper: n-SuperHyperBranch-width 


As a result of this paper, we define n-SuperHyperBranch-width, which extends branch-width to the context of 
superhypergraphs. The definition of n-SuperHyperBranch-width is discussed as follows. 


Definition 3.1 (n-SuperHyperBranch Decomposition). Let H = (V,£) be an n-SuperHyperGraph. An n- 
superhyperbranch decomposition of H is a pair (T, 6) such that: 


1. T is a (finite) tree in which each internal node has degree at most three (a ternary tree). 


2. 6: L(T) — E isa bijection between the leaves L(T) of T and the n-superedges E of H. 


For an edge f € E(T) of the tree T, removing f splits T into two connected components 7; and T. We define: 
E, = 6(%) = {e€E | eismappedtoaleafinT}, E2 = 6(Ih) = {e€E | eis mapped toa leaf in 7T)}. 


The middle set of f, denoted Mid(f), is defined by 


Mid(f) = ( } (e1 2 2). 
e,€E£, 


en€ Ey 


In words, Mid(/) is the set of n-supervertices that lie in the intersection of every n-superedge of E, with every 
n-superedge of E>. 


The thickness of f is the cardinality of the middle set: 
thick(f) = |Mid(f)]. 
Then the width of the entire n-superhyperbranch decomposition (7, 6) is given by 


width(7,6) = a thick(f). 


Finally, the n-superhyperbranch-width of H is defined to be the minimum width over all possible n-superhyperbranch 
decompositions: 
n-SHB-width(H) = na width(T, 6). 
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Example 3.2 (Example, n = 2). Let Vo = {a, b}, so P(Vo) = {0, {a}, {b}, {a, b}} and 
P(Vo) = P(P(Vo)) = {0, 0} {Cah}. (DH... (Lah {}.-} 


Consider an n-SuperHyperGraph H = (V, E) with n = 2. Suppose 
V={{a}, {db}. {a b}}, E= {{{ah} Ub}, (fa, b}}}. 


Here, each superedge is actually a set whose elements are themselves subsets of Vo. For instance, e; = {{a}} 
means we have one n-superedge containing the single supervertex {a}. 


A possible n-superhyperbranch decomposition (7, 6) is: 


¢ T is a star with root r and three leaves /,, lo, 13. 


° (1,1) =e) = {{a}}, 6(I2) = e2 = {{b}}, 6(1s) = e3 = {{a, b}}. 


Removing the edge from r to 1; yields E; = {{{a}}} and E> = {{{b}}, {{a, b}}}. The middle set becomes 


Mid(fi) = () (2,065) = () ({{a}} Ne). 
ef eE, ef=({a}} 
ee Ey e,€{{{b}}.{{a,b}}} 


Since {{a}} 9 {{b}} = @ and {{a}} M {{a, b}} = 0, we get Mid(f,) = 0. Similar calculations for the other 
edges also yield @ in all cases; hence, the decomposition has width 0, thus 


n-SHB-width(H) = 0. 
Theorem 3.3 (Trivial Upper Bound). For any n-SuperHyperGraph H = (V,E), we have 
n-SHB-width(H) < |V]. 


Proof. We construct a star-like ternary tree whose middle-set sizes can be bounded by |V|. 


Construction: 
1. Take a root node r of degree |E| (if |E| > 3, we can chain together dummy nodes so that all internal 
nodes have degree at most 3, but conceptually it is a star). 
2. Attach |E| leaves /|,...,/)~) to r. Assign each J; to a distinct superedge e; € E via 6(1;) = e;. 
3. For every edge f in the tree T (which is basically each edge connecting r and /;), we compute its middle 


set. 


Bounding the Middle Sets: Let f; be the edge that connects r to /;. Removing f; disconnects the leaf /; (and its 
superedge e;) from the rest. Then: 
E,={ei}, Bo,=E\{e}. 


Thus: 
Mid(f;) = () (e; MN e2) = () (e; Neo). 
e1€E| er €E\{ ei} 
en€ Ey 
Certainly, 
Mid(f;) © e; C V, 
so 


IMid(fi)| < IVI. 
Hence, the maximum thickness is at most |V|. This immediately implies 


idth(T, 6) = Mid < |Vi. 
width(T, 6) = max |Mid(f)| < IVI 


Because n-SHB-width(#) is the minimum such width over all decompositions, we conclude 
n-SHB-width(H) < |V|. 


This completes the proof. oO 
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Theorem 3.4 (Relation to Hyperbranch-Width when n = 1). If H is an n-SuperHyperGraph with n = 1, then 
n-SHB-width(H) = hbw(#), 


where hbw(#) is the usual hyperbranch-width of the (ordinary) hypergraph H. 


Proof. Since H with n = | is just a hypergraph in the standard sense, the definition in Definition [3.1] reduces 
exactly to the hyperbranch decomposition framework: 


¢ The leaves of the decomposition tree bijectively correspond to hyperedges e € E. 


¢ The middle set of an edge f is the intersection (across all pairs from E; and E2), same as standard 
hyperbranch definitions. 


Thus, any n-superhyperbranch decomposition for n = 1 is precisely a hyperbranch decomposition, and vice 
versa. Consequently, the minimal widths coincide: 


1-SHB-width(H) = hbw(H). 
oO 


Theorem 3.5 (Subgraph Monotonicity). Let H’ = (V’, E’) be an n-SuperHyperGraph obtained from another 
n-SuperHyperGraph H = (V, E) by deleting some n-superedges. That is, V’ = V and E’ C E. Then 


n-SHB-width(H’) < n-SHB-width(H). 


Proof. Any n-superhyperbranch decomposition (7, 6) that works for H (i.e., 6 is a bijection between L(7) and 
E) can be restricted naturally to E’. Specifically, if E’ C E, consider the induced mapping 6’ : L’(T) — E’ 
where L’(T) is the subset of leaves of T that originally mapped to edges in E’ (if some leaves mapped to edges 
not in E’, remove those leaves and possibly contract any degree-2 nodes in T to keep a valid ternary tree). 
Because removing edges can only reduce or leave unchanged the cardinalities of middle sets, it follows that 


n-SHB-width(H’) < n-SHB-width(H). 
oO 


Theorem 3.6 (Comparison with n-SuperHypertree-Width). Let H = (V,E) be an n-SuperHyperGraph'. 
Denote by 
n-SHT-width(H) 


the n-SuperHypertree-width of H (following the definition of (T, 8,C)-decompositions), and by 
n-SHB-width(H) 


the n-superhyperbranch-width of H (Definition of (T,6)-decompositions). Then there exist positive constants 
C1,C2 = | (depending only on n) such that 
ci n-SHT-width(H) < n-SHB-width(H) < con-SHT-width(#). 


In other words, these two width parameters are linearly related, up to constants that may grow with n but do 
not depend on the size of H. 


Proof. We split the proof into two inequalities: (1) an upper bound on n-SHB-width(#) in terms of 
n-SHT-width(), and (2) a lower bound on n-SHB-width(#) in terms of n-SHT-width(#). 


An n-SuperHyperGraph H = (V, E) has: 
Vc P"(V), E CS P"(Vo), 


where ”(-) denotes the n-th iterated power set of some finite base set Vo. 
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* n-SuperHypertree decomposition (T, B,C) has: 


RW NY eS 


. Atree T = (Vr, Er). 
. A family of bags {B, : t € Vr} where each B, C V. 
. A family of guards {C, : t € Vr} where each C; € E. 


. Two conditions: (i) For each n-superedge e € E, there is at least one node ¢ with e € B;. (ii) For 


each n-supervertex v € V, the set {t € Vr : v € B;} induces a connected subtree in T. 


. The width is max;ey, |C;|, and 


n-SHT-width(H) = min max|C;|. 
(T,B,C) teVr 


* n-SuperHyperBranch decomposition (T, 6) has: 


. A ternary tree T (internal nodes degree at most 3). 


. A bijection 6 : L(T) — E between leaves L(T) and the n-superedges E. 


. For each edge f € E(T), removing f splits T into two components 7), 7> giving E; = 6(71) and 
Ey = 6(T)). 
. The middle set of f is 
Mid(f) = [{ ) (eM e2), 
e,ck, 
e2€ Ey 
and its thickness thick( f) = |Mid(f)|. 
. The width of (T, 6) is 
pa 5 thick(f), 


and 


-SHB-width(H) = mi Mid(f)|. 
n width( H) a wen id(f)| 


(1) Upper Bound: Given any (T, 8, C) n-superhypertree decomposition of H with width w, we can construct 
an n-superhyperbranch decomposition (7’, 6’) whose width is at most cz w, for some constant cz depending 
only on n. Minimizing over all (7, 8, C) then gives 


n-SHB-width(H) < c2 n-SHT-width(A). 


Outline of Construction. We proceed in three steps: 


Step (A): Grouping superedges by a bottom-up pass on T. 


¢ For each node t € Vz, consider the set 


T; = {eceE:eCB;}. 


Condition (i) ensures that each e € E appears in at least one I}. 


¢ We will gradually organize the sets I’; into a ternary tree structure T’. 


Step (B): Building a ternary tree T’. 


e Start with the same vertex set Vr as an initial structure. 


e If any node ¢ has degree d > 3, we can transform it into a chain of nodes each of degree at most 3 (the 
standard trick for converting to a ternary tree, introducing new dummy nodes if needed). 
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¢ The leaves of T’ (after this transformation) will correspond to subsets of E. However, we need a bijection 
to all E, so we must ensure that each e € E labels exactly one leaf of T’. 


Step (C): Assigning 6’ : L(T’) > E and bounding the thickness. 


¢ We let each leaf ¢ of T’ correspond to a nonempty subset of E whose members are “active” in the subtree. 
We can subdivide further until each leaf corresponds exactly to a single n-superedge e € E. Namely, if 
a leaf € was assigned {é1,...,@m} with m > 1, we can replace ¢ by a small subtree of m leaves, each 
labeled by exactly one é;. This keeps the tree ternary since m can be split across multiple dummy internal 
nodes if m > 3. 


* We obtain a ternary tree JT’ whose leaves have a 1-1 correspondence with E. Define 6’(¢) = e for the 
leaf ¢ that carries the single edge e. 


¢ We must show: for any edge f’ € E(T’), the middle set Mid(f’) has size bounded by some function of 
w. In particular, Mid(f’) is: 
() (21 2), 


e,€EF| 
en € Ey 


where EF), FE partition E according to the components of T’ — f’. 


e Since each e; is contained in some bag B, with a guard set of size < w, we use the fact that bag/guard 
constraints force the intersections e; M e2 to be “captured” by relatively small sets of supervertices. 


* One can show (see detailed combinatorial arguments below) that each v € Mid(f’) must appear together 
in all relevant B;, which in turn can happen only if v belongs to the intersection of certain bag sets 
governed by at most w guards. 


¢ The crucial observation: because v is up to n-levels nested, we can bound the total number of “different 
ways’’ v can appear inside different guard sets by a constant depending on n. Loosely: 


[Mid(f’)| < cy w, 


for some constant c, growing with n (it may be an exponential in n, but does not depend on |V| or |E|). 
Setting cz = c, completes the argument that 


width(T’,6’) < cow. 


Details on bounding the middle set size. We give a more explicit counting approach: 


¢ Each guard set C; € E covers certain supervertices in B;. By definition, B, € LU C;. 


¢ Suppose v € Mid(/f’). Then v lies in every e; € E, and every e2 € E. Because each e; is a subset of 
some B;,, we must have v € B;, for all these t;. But also B;, C UC;,. 


¢ The sets C;, have cardinality at most w. Potentially, v must be recognized as belonging to e; via some 
guard in C;,. 


¢ Since v can be a complicated nested object (up to n levels), each membership constraint can blow up the 
size of the intersection only by a factor bounded by a function of n. Indeed, if v € e; and e; € C;,, the 
structure of v in P”(Vo) is forced to be consistent across intersections of w different guards. 


A precise combinatorial lemma (often proven in the n = | case; extended to n > 1 by bounding the ways v can 
appear in up to n-levels of sets) implies there is a constant c2 (exponential in 1 at worst) such that 

|Mid(f’)| < cow forall f’. 
Thus, 


idth(T’, 6’) = Mid(f’)| < ; 
width(T’,") = max, |Mid(f?)|_< exw 
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Since w was the width of the original n-superhypertree decomposition (T, 8, C), we conclude 
n-SHB-width(H) < c2n-SHT-width(#). 


This finishes the upper bound part. 


(2) Lower Bound: Given an n-superhyperbranch decomposition (T’, 6’) of width w’, we construct an n- 
superhypertree decomposition (7, 8,C) with width at most c3 w’, where c3 depends only on n. Minimizing 
over all (T’, 6’) yields 

n-SHT-width(H) < c3 n-SHB-width(#). 
Equivalently, 


1 
n-SHB-width(H) > — n-SHT-width(H). 
C3 


Set c, = 1/c3. 
Outline of Construction. 


¢ We start with the ternary tree T’ in (T’, 6’). Let L(T’) = {€,..., &n} be its leaves, where each leaf is 
bijectively associated with some superedge e; € E. 


¢ We convert 7” into a tree T with bags {B,} and guards {C,} as follows: 


1. Make a copy of T’, calling it T. For each edge f’ € E(T’), we “expand” it into up to two or three 
nodes in 7, ensuring each node in T has degree at most 3. (Similar to the standard procedure in 
building a tree decomposition from a branch decomposition in the n = | case.) 


2. For each node t € Vr (which corresponds to an edge or vertex in T’), define B; to be the set of 
supervertices in V that appear in the superedges mapped to leaves in the subtree of T’ rooted at t 
(or some well-chosen portion of the original structure). More precisely, 


B, = Joo : €€ L(T’), € in subtree under r}. 

This ensures condition (ii) about connectedness for each supervertex v: if v appears in a superedge 
6’(€), then v € B; for all ¢ on the path from ¢ up to the root. 

3. Define C; ¢ E to be all superedges that are mapped to leaves in ¢’s subtree; in other words, 
C, = {e; : € in subtree under rf}. 

¢ We check: 

1. (Cover Condition) For every e € E, there is at least one t with e € B;. Indeed, if e is mapped to 

some leaf f, then the node ¢ containing ¢ in its subtree is guaranteed to have e € B; by definition. 


2. (Connectedness Condition) For any v € V, the set of t € Vr with v € B; is connected in T. This 
follows from the fact that v belongs to exactly those subtrees containing superedges that contain v, 
and T was built to keep that subtree connected. 


3. (Guard Size) |C;| is the number of edges in the subtree under t. We need to show |C;| < cw’ for 
each t, where w’ = width(T’, 6’). 


Bounding |C,| in terms of w’. 


* Recall Mid(f’) in T’: each f’ is an internal edge of T’, whose thickness is < w’. 


* The subtrees used to define C; must “separate” from each other at edges f’ in T’, and each superedge e 
can intersect with another e’ in at most w’ many n-supervertices if they are separated by f’. 


¢ Using a counting argument similar to the standard hyperbranch-vs-hypertree proof in the n = 1 case, 
one shows that the number of superedges that can “accumulate” in the same guard set is bounded by a 
function of w’. Essentially, if too many superedges were in the same guard set, they would create a large 
intersection in the branch decomposition 7’, contradicting the maximum thickness w’. 
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* A refined approach is to note that for a node ft, the edges in C; do not separate from each other in 7” at 
or above f; hence, they must share large intersections across all sub-partitions, limited by w’. Repeated 
set intersections at up to n nesting levels still only yield a bounded blow-up. 


* We conclude there is a constant c, = c4() (again possibly exponential in 1) such that 
IC;| < cw’ for allt. 


Hence the width of our constructed (7, 8, C) is at most cw’. Let c3 = c4. 


Thus, 
n-SHT-width(H) < c3 n-SHB-width(#). 
Equivalently, 
1 
n-SHB-width(H) => — n-SHT-width(#). 
C3 
Set c, = 1/c3. 


Combining (1) and (2). We have shown: 
1 
n-SHB-width(H) < cz n-SHT-width(H) and n-SHB-width(H) => — n-SHT-width(#). 
C3 


Thus, letting c; = 1/c3, we obtain 
c, n-SHT-width(H) < n-SHB-width(H) < c2n-SHT-width(A), 


completing the proof. Oo 


4 Future Directions of this research 


This section discusses potential directions for further expanding the scope of this research. One of the primary 
future challenges involves a deeper investigation into the mathematical properties and practical applications 
of superhyperbranch-width. This includes developing a more comprehensive understanding of its theoretical 
framework and exploring its potential use cases in diverse fields. 


Another promising path for future work is to extend the ideas presented here by ) soft sets 8 a. 
oe anes Examples of i 11), hyper include — sets [84489] (841/89) ], soft 7 60], hy- 


persoft sets ee fuzzy sets 12), hyperfuzzy sets [52||61]}, plithogenic sets mi and 


Eeehie sets (33|/34|(69H71|[80}. 


These mathematical approaches, designed to handle uncertainty, have already been extended to graph theory, 
allowing for the modeling of uncertain relationships and interactions [4119]/36}. In particular, graph width 
parameters such as tree-width, along with other related structural metrics, have been explored in the context of 
these uncertain graph representations (31). Future work in these areas could lead to novel analytical tools for 
studying graphs under conditions of uncertainty, paving the way for advancements in both theoretical research 
and real-world applications. 
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Chapter 12 
Short Note of Superhyperstructures of Partitions, Integrals, and Spaces 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


This short paper explores superhyperstructures, which generalize hyperstructures by incorporating n-th pow- 
ersets to enable hierarchical and iterative abstraction. The study focuses on key superhyperconcepts, including 
superhyperpartitions, superhyperintegrals, and superhyperspaces, aiming to contribute to the advancement and 
broader understanding of these frameworks. 


Keywords: hyperstructure, superhyperstructure, powerset, n-th powerset 
MSC 2010 classifications: 03E75 Applications of set theory 


1 Short Introduction 
1.1. Hyperstructures and Superhyperstructures 


Hyperstructures and Superhyperstructures are frameworks designed to represent hierarchical structures. A 
Hyperstructure generalizes the concept of a powerset, applying it to a broad range of mathematical frame- 
works (43/44). A Superhyperstructure extends this concept further by incorporating n-th powersets, enabling 
hierarchical and iterative abstraction. These superhyperstructures build upon the principles of hyperstructures, 
providing a foundation for deeper abstraction and increased complexity [431/44]. 


In addition to their applications in graph theory, where they are specifically known as superhypergraphs 


[1|[8}|9]|11|/13}/14]|25}/28}/38][39], superhyperstructures have been extensively studied in other fields as well 
[10 


1.2. Our Contribution in This Paper 


As highlighted above, research on superhyperstructures has gained significant attention in recent years. This 
paper explores and reconsiders several superhyperconcepts, specifically superhyperpartitions, superhyperin- 
tegrals, and superhyperspaces. The author hopes that these investigations will contribute to the broader 
understanding and development of superhyperconcepts. 


2 Preliminaries and Definitions 


This section provides an overview of the fundamental concepts and definitions required to understand the 
discussions in this paper. For foundational topics in set theory and related areas, readers are encouraged to 


refer to ([16}{19|[23). 


2.1 Hyperstructure and Superhyperstructure 


A Hyperstructure is based on the concept of a powerset, offering a framework to model relationships among 
elements of a set. Building upon this idea, a Superhyperstructure employs the n-th powerset, enabling the 
representation of systems with multi-layered hierarchical relationships ([7|[12| 42144). Below, the formal 
definition of the n-th powerset is presented. 


Definition 2.1 (Base Set). A base set S serves as the foundational set from which more complex structures, 
such as powersets and hyperstructures, are derived. It is formally described as: 


S = {x | x is an element within a specified domain}. 


All elements in structures like P(S) or P,,(S) originate from the elements of S. 
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Definition 2.2 (Powerset). (91/32) The powerset of a set S, written P(S), is the set containing all possible 
subsets of S, including both the empty set and S itself. Formally, it is expressed as: 


P(S) ={A| ACS}. 
Definition 2.3 (n-th Powerset). (cf. [9|[35]/43]) 


The n-th powerset of a set H, denoted P,,(), is constructed iteratively. Beginning with the standard powerset, 
the process is defined as: 


P\(H) = P(A), Pnii(f4) = P(Pn(A)), forn> 1. 
In a similar manner, the n-th non-empty powerset, represented as P;,(H), is recursively defined as: 
Pi(H) = P*(H), Pry (H) = P*(P,(H)). 


Here, P*(#) refers to the powerset of H excluding the empty set. 


To establish a formal framework for understanding Hyperstructures and Superhyperstructures, we provide the 
following definitions and propositions. 


Definition 2.4 (Classical Structure). (cf. [35|43) A Classical Structure is a mathematical framework defined 
on a non-empty set H, characterized by one or more Classical Operations that satisfy certain Classical Axioms. 
Specifically: 


A Classical Operation is a function of the form: 
#):H” — H, 


where m > | is a positive integer, and H™ denotes the m-fold Cartesian product of H. Examples include 
operations like addition and multiplication commonly found in algebraic systems such as groups, rings, and 
fields. 


Definition 2.5 (Hyperstructure). (cf. [9|/35|/43)) A Hyperstructure is an extension of the Classical Structure, 
operating on the powerset of a base set. It is formally defined as: 


H = (P(S),°), 
where S represents the base set, P (S) is its powerset, and o is an operation defined for subsets in P(S). 


Definition 2.6 (n-Superhyperstructure). (cf. [35/43]) An n-Superhyperstructure builds upon the Hyperstructure 
by employing the n-th powerset of a base set. Formally, it is expressed as: 


SH n = (Pn(S), °), 


where S is the base set, P,,(.S) represents the n-th powerset of S, and o is an operation defined on the elements 
of Pn (S). 


It is well established that a 0-superhyperstructure corresponds to aclassical structure, while a 1-superhyperstructure 
is equivalent to a hyperstructure. The relationships among different levels of superhyperstructures are summa- 
rized in the table below. 


3 Result of this paper: Review of Some Concepts 


This section describes the results of this paper. 
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Level Structure Description 


0-Superhyperstructure Classical Structure A mathematical structure defined on a set, 
adhering to classical operations and ax- 
ioms. 

1-Superhyperstructure Hyperstructure Extends classical structures by operating 


on the powerset of a base set. 


n-Superhyperstructure (n > 1) | Higher Superhyperstructure | Generalizes hyperstructures by using the n- 
th powerset of the base set for operations. 


Table 1: Relationships Among Superhyperstructures 


3.1 Hyperspace and Superhyperspace 


A mathematical space is a set equipped with additional structures, such as a topology in topological spaces or 
a metric in metric spaces. A hyperspace is a space whose points are subsets of another space, often endowed 
with a topology or metrics like the Hausdorff metric (cf. (27|[29)). This study considers an extension of these 
concepts to superhyperspaces. 


Definition 3.1. A space in mathematics is a set equipped with an additional structure. Some common examples 
include: 


* Topological Space (cf. |6/47]): A set X with a topology t, where T is a collection of subsets of X (called 
open sets [22]) satisfying: 
1. The empty set @ and X are in T. 
2. The union of any collection of sets in tT is also in T. 


3. The intersection of any finite number of sets in T is also in T. 
¢ Metric Space (cf. (34)): A pair (X, d), where X is a set and d: X x X — Risa metric satisfying: 


1. d(x, y) = Oand d(x, y) = Oif and only if x = y. 
2. d(x, y) = d(y,x) for all x, y € X. 
3. d(x, z) < d(x, y) + d(y, z) for all x, y, z € X (triangle inequality). 


Definition 3.2. (cf. [5|/27]) A hyperspace is a space whose points represent subsets of another space. Formally: 


* Let X be a topological space. The hyperspace 2* consists of all non-empty compact subsets of X, 
equipped with a topology induced by a suitable metric or topological structure. 


* For a metric space (X,d), the hyperspace of all non-empty finite subsets of X, denoted 9(X), is a 
subspace of 2*. It is equipped with the Hausdorff metric, defined as: 


h(A, B) = max {sup inf d(a,b), sup inf d(b, o} ; 
acAbvEB beBaca 


for A,B C X. Here: 


— infyegd(a, b): The distance from a point a € A to the subset B. 
— sup,c, infper d(a, b): The maximum distance of any point in A to the nearest point in B. 


— h(A, B): Represents the greatest of the minimum distances between elements of A and B, ensuring 
symmetry. 


Definition 3.3. Given a base space X, the n-Superhyperspace, denoted H(,,(X), generalizes the concept of 
hyperspaces to higher-order powersets. It is formally defined as: 


H,,(X) = (P(X), T), 


where: 
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° P\(X) = P(X): The standard powerset of X, containing all subsets of X. 
© Pui (X) = P(Py(X)): The (n+ 1)-th powerset is defined iteratively as the powerset of the n-th powerset. 
* t: A topology on Ff, (X), often induced by a higher-order generalization of the Hausdorff metric. 


Theorem 3.4. The n-Superhyperspace generalizes the Hyperspace by extending the space of subsets from a 
single level to iterated powersets of a base space X. Specifically, when n = 1, the n-Superhyperspace reduces 
to the Hyperspace. 


Proof. First, recall the definition of a Hyperspace. For a base space X: 


* If X is a topological space, the hyperspace 2* consists of all non-empty compact subsets of X, equipped 
with a suitable topology. 


* If (X,d) is a metric space, the hyperspace 9(X) consists of all non-empty finite subsets of X, equipped 
with the Hausdorff metric: 


h(A, B) = max {sup inf d(a, b), sup inf a(b.a)} : 
acA DEB beBaeA 


Next, consider the definition of n-Superhyperspace. For n > 1, the n-th powerset of X is defined recursively 
as: 
P1(X) = P(X), Prsi(X) = P(Pa(X)). 


The n-Superhyperspace H,,,(X) is given by: 
Hn (X) = (P(X), 7), 


where T is a topology induced by metrics such as the higher-order Hausdorff metric. 


When n = 1, the n-th powerset P,,(X) reduces to P(X). For a metric space (X, d), the topology t induced by 
the Hausdorff metric on P(X) ensures that H{; (X) matches the definition of the hyperspace. 


For n > 1, the n-Superhyperspace extends the concept by applying the powerset operation iteratively, producing 
hierarchical subsets P,,(X). This introduces a layered structure, preserving the continuity and metric properties 
of hyperspaces at each level. 


Thus, the n-Superhyperspace generalizes the Hyperspace. oO 


3.2 HyperIntegral and superhyperIntergral 


An integral calculates the accumulation of quantities, such as area under a curve, using limits of sums in 
calculus [3 1) [33]|46]. A hyperintegral extends classical integration to hyperstructures, aggregating subsets’ 
values using hyperoperations, enabling multi-dimensional or hierarchical calculations (3)[4|/30). 


Definition 3.5 (Integral). (cf. (31)/33)/46}) An integral in classical mathematics represents the accumulation of 
values or areas under a curve. 


Definition 3.6 (Definite Integral). (cf. (31)/33}/46)) For a function f(x) defined on [a, b], the definite integral 
is: 


b n 
/ P(x) dx = tim Sfx) An, 
a n—-oo =] 
where {[x;, xi+1]} is a partition of [a, b], x7 € Lx; xia1], and Ax; = xj41 — X4. 


Definition 3.7 (Indefinite Integral). (cf. (31)/33\|46}) The indefinite integral of f(x) is: 


[ feyac=Fo +c, 


where F’(x) = f(x) and C is the constant of integration. 
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Definition 3.8 (HyperIntegral Domain). [3| A hyperintegral domain is a commutative Krasner hyperring 
(A, +, -) satisfying: 


° (A \ {0}, -) is a semigroup (cf. (17). 
¢ For all x,y € A, xy =O implies x = Oor y =0. 
Definition 3.9 (HyperIntegral in a Hyperfield). Let F = (H, ®, ®) be a hyperfield (cf. (21). The hyperintegral 


of a function f : H — P*(H) is: 
[ reoed=@ro. 


xeH 


where € is the hyperoperation extended to subsets. 


Definition 3.10 (Properties of HyperIntegral). A hyperintegral satisfies the following properties: 
¢ Distributivity: For f(x), g(x), 
| (f(x) ® g(x)) @ dx = fl St (x) @ dx o | g(x) ® dx. 
H H H 
¢ Linearity: For a scalar c € H, 


[cereyed=co | feds. 
H H 


Definition 3.11 (n-Superhyperintegral). Let f : P,(H) — Pn(H) be a function defined on the n-th powerset 
of H. The n-Superhyperintegral of f is defined as: 


I pides= BD sa, 


AeP,(H) 
where @) is the hyperoperation extended to subsets of P;, (H). 


Definition 3.12 (Properties of n-Superhyperintegral). The n-Superhyperintegral satisfies the following prop- 
erties: 


¢ Linearity: For c € H, 
| (ce fa) oda =ce | f(A) @dA. 
Pr(A) Pu(A) 


¢ Distributivity: 


: (f(A) © g(A)) @ dA = / Aedes / Deak: 
Pr (A) Pr (A) Pr (A) 


Theorem 3.13. The n-Superhyperintegral generalizes the HyperIntegral by extending the integration process 
from a single set H to its n-th powerset P,(H). Specifically, when n = 1, the n-Superhyperintegral reduces to 
the HyperIntegral. 


Proof. First, recall the definition of the HyperIntegral. For a function f : H — P*(H), the HyperIntegral is 


defined as: 
[ feea=@ roo. 


xeH 


where ) represents the hyperoperation applied to subsets of H. 


Next, consider the n-Superhyperintegral. For a function f : P,(H) — P,(A), the n-Superhyperintegral is 


defined as: 
f(A) @ dA = B A), 
ye (A) f(A) 


Ac€Py (A) 
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where P, (H) is the n-th powerset of H, defined recursively as: 


Pi(H) =P(H), Pnii(H) = P(Pn(A)). 


When n = 1, the n-th powerset P,,(H) reduces to P(A). In this case, if the function f operates on individual 
elements x € H rather than subsets, f : H — P*(H), then the n-Superhyperintegral becomes: 


I f(a) @da= ff f(x) ode. 
P\(H) H 


Finally, observe that the properties of the HyperIntegral, such as linearity and distributivity, are preserved in 
the n-Superhyperintegral. Specifically: 


¢ Linearity: 


| (ce fa) eda=ce [ f(A) @dA, 
Pn(H) 


Pn(H) 


for any scalar c € H. 


© Distributivity: 


I (f(A) © g(A)) @dA = / f(A) @dde / Heal. 
Pr (A) P(A) P(A) 


Therefore, when n = 1, the n-Superhyperintegral reduces to the HyperIntegral, and for n > 1, it extends 
the integration process to higher-order powersets. This proves that the n-Superhyperintegral generalizes the 
HyperIntegral. oO 


3.3 Hyperpartition and Superhyperpartition 


In the realm of sets, the concept of Partition is well-known. This section explores whether these can be 
extended to the notion of a Superhyperpartition. The related definitions and theorems are presented below. 


Definition 3.14. (cf. [2)18]) A partition of a set S is a collection of non-empty, disjoint subsets {A;, A2,..., Ax} 
such that: 


1. A;N A; = for alli # j (disjoint subsets), 
2. Ue A; =S (the subsets cover S$), 
3. A; #@ (no subset is empty). 


Formally: 
k 


S=| JA AiNA;=Ofori#j, Ai #0. 


i=l 
Definition 3.15. A hyperpartition generalizes a partition by including hierarchical or multi-layered relationships 
between subsets. Let S be a set. A (t,/)-hyperpartition is defined as a family H = {H? : j € [t],e € [/]}, 
where: 
1. H! is a partition of S/ (the Cartesian product of S with itself j-times). 


2. The hyperpartition satisfies equitability or approximate equitability under a given measure v: 


vi (H2) = vi(Hi,) forall e,e’ € [I]. 


389 


Formally: 
H={H!:j¢€[t],e¢[/]}, #2 forms a partition of S/. 


Definition 3.16. An n-Superhyperpartition generalizes the concept of a hyperpartition by operating on the 
n-th powerset of a base set S, denoted P,,(S). It incorporates multi-layered, hierarchical relationships among 
subsets and their higher-order partitions. 


1. Base Set: Let S be a finite set. 


2. n-th Powerset: The n-th powerset P,, (S) is defined recursively as: 


Pi(S) =P(S), Pn (S) = P(Pn(S))- 


3. n-Superhyperpartition: An n-Superhyperpartition H,, is a family of partitions {Pk >k €[m],i¢€ [J]}, 
where: 


(a) Each Pk is a partition of P,(S), where k <n. 
(b) For every k, the partitions satisfy: 


l 
P(S)=(JPk, Pk Pk=0 fori#j, Pk #0. 
i=1 


(c) Hierarchical consistency: If k <n, the partition pe aligns with partitions in P,4;(S), such that 
subsets in Pe map to subsets in Px41(S). 


(d) Equitability (optional): A measure vz; ensures approximate equitability among partitions: 


va(PF) = ve(P§) for alli, j € [J]. 


The n-Superhyperpartition is represented as: 
Hy, = {Pk :ke [n],ie¢ []}, pk is a partition of Px(S). 


Theorem 3.17. The n-Superhyperpartition generalizes the Hyperpartition by extending the partitioning process 
from a Cartesian product S! to the n-th powerset P»(S). Specifically, when n = 1, the n-Superhyperpartition 
reduces to the Hyperpartition. 


Proof. First, recall the definition of a Hyperpartition. For a set S, a Hyperpartition H is a family of partitions 
H ={H! :j € [t],e € [/]}, where: 


H! is a partition of S’, S/=SxSx---xS (j times). 


Next, consider the n-Superhyperpartition. For a set S, the n-th powerset P,,(S) is defined recursively as: 

Pi(S)=P(S), Pnsi(S) =P(Pn(S)). 
The n-Superhyperpartition H,, is a family H,, = (Pe : k € [n],i € [/]}, where: 

Pe is a partition of P;(S). 

When n = 1, the n-th powerset P,, (S) reduces to P(S), which represents all subsets of S. If the function operates 
on the Cartesian product S/, the n-Superhyperpartition aligns exactly with the definition of a Hyperpartition. 
For n > 1, the n-Superhyperpartition introduces hierarchical consistency among partitions Pe and ees 
ensuring that subsets in P; (S$) map to subsets in P41 (S$). This extension allows for a multi-layered partitioning 


process over higher-order sets, which is absent in Hyperpartitions. 


Thus, the n-Superhyperpartition generalizes the Hyperpartition. oO 
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4 Future Tasks 


An intriguing avenue for future research is the expansion of the concepts presented in this paper by integrating 


frameworks such as fuzzy sets [48}{50], soft sets [24]/26], hypersoft sets [37], hyperfuzzy sets [15]/20], and 
neutrosophic sets [36/45]. 
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Chapter 13 


Short Introduction to Rough, Hyperrough, Superhyperrough, Treerough, 
and Multirough set 


Takaaki Fujita | * 
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Abstract 


A Rough Set approximates uncertain or vague information using lower and upper bounds defined by equivalence 
classes within a universe (57). This paper revisits the concepts of Rough, HyperRough, SuperHyperRough, 
TreeRough, and MultiRough Sets as defined in (18). Additionally, it introduces a new concept called the 
Tree-HyperRough Set and briefly examines its relationships with other Rough Set frameworks. 


Keywords: hyperstructure, superhyperstructure, rough set, hyperrough set, superhyperrough set 
MSC 2010 classifications: 03E75 Applications of set theory 


1 Short Introduction 
1.1 Rough, Hyperrough, and Superhyperrough Sets 


Several concepts have been developed to address uncertainty in data. In this paper, we focus on Rough Sets, 
a mathematical framework for handling vagueness and uncertainty (57/64). Other related concepts, such as 


Fuzzy Rough Sets |/7) 105], Soft Rough Sets [11/65/67], and Neutrosophic Rough Sets [/8) 104), 


have also been actively studied. 


Recently, the concepts of Hyperrough Set and Superhyperrough Set were introduced in [18]. These frameworks 
build upon the principles of hyperstructures and superhyperstructures, which will be discussed later in this 
paper. Given the growing interest in constructs such as Hypersoft set [76], Superhypersoft Sets (51}/82|/89], 


hyperfuzzy Sets [36/90], superhyperfuzzy set 18], and hyperneutrosophic Sets [18|/20], the introduction of 
Superhyperrough Sets is a natural extension of this research trajectory. 


Building upon the concept of Treesoft Sets [(6|{56)/80], new frameworks such as TreeRough Sets, TreeFuzzy 
Sets, and TreeNeutrosophic Sets have also been introduced [18]. These are relatively recent developments, and 
therefore, numerous opportunities for applications, extensions, and further research are anticipated. 


1.2  Hyperstructures and Superhyperstructures 


Hyperstructures and Superhyperstructures are mathematical frameworks designed to represent hierarchical and 
complex structures. A Hyperstructure generalizes the concept of a powerset, extending its application to a 
variety of mathematical systems (85|/86]. A Superhyperstructure further advances this idea by utilizing n-th 
powersets, enabling iterative and hierarchical abstraction. These superhyperstructures build upon the principles 
of hyperstructures, allowing for deeper levels of abstraction and modeling of complex relationships (85|/86}. 


In addition to their applications in graph theory, where they are specifically referred to as superhypergraphs 


[22|/50|[55|/78]{79], superhyperstructures have been extensively studied in other fields as 
well [16 : 


The HyperRough Set discussed in this paper is closely related to hyperstructures, while the SuperHyperRough 
Set is deeply connected to superhyperstructures (18). 


1.3. Our Contribution in This Paper 


This study revisits and investigates Rough Sets, HyperRough Sets, MultiRough Sets, SuperHyperRough Sets, 
and TreeRough Sets, delving into their properties and interrelations. Furthermore, it introduces a novel concept, 
the Tree-HyperRough Set, and explores its connections to existing Rough Set frameworks. By doing so, this 
paper seeks to advance the mathematical understanding of these structures and highlight their importance and 
potential applications. 
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2 Preliminaries and Definitions 


In this section, we present the key concepts and definitions essential for understanding the content of this paper. 
For a comprehensive background in set theory and related topics, readers may consult [30| [35|/41). 


2.1 Hyperstructure and Superhyperstructure 


A Hyperstructure builds upon the concept of a powerset, providing a framework to model the relationships 
between elements within a set. Extending this idea, a Superhyperstructure leverages the n-th powerset, enabling 
the representation of systems with hierarchical and multi-layered relationships (12\[79|/84H86}. The definitions 
below introduce the foundational components of this framework, including the n-th powerset. 


Definition 2.1 (Base Set). A base set S is a fundamental set from which more complex structures, such as 
powersets and hyperstructures, are constructed. It is formally defined as: 


S = {x | x is an element within a specified domain}. 


The elements of advanced structures like P (S) (the powerset of S) or P;,(S) (the n-th powerset of S) are derived 
directly from the elements of S. 


Definition 2.2 (Powerset). The powerset of a set S, denoted by P(S), consists of all possible subsets 
of S, including the empty set and S itself. Formally, it is defined as: 


P(S)={A|AC S$}. 
Definition 2.3 (n-th Powerset). (cf. [15|[69|[85}) 


The n-th powerset of a set H, written as P,,(H), is constructed iteratively from the standard powerset. The 
process is defined as: 
P\(H) = P(H),  Pnsi(H) = P(Pn(A)),  forn 2 1. 


Similarly, the n-th non-empty powerset, denoted by P;(#), is recursively defined as: 
P\(H) = P*(H), Pi 4,(H) = P*(P,()). 
Here, P*(H) represents the powerset of H excluding the empty set. 


Example 2.4 (n-th Powerset). Let H = {a,b} be a set. We will construct the n-th powerset P,,(H) iteratively 
forn = 1,2. 


Step 1: Standard Powerset (P,(H)): The powerset P(H) contains all subsets of H, including the empty set: 


P\(H) = P(A) = {0, {a}, {b}, {a, bh}. 


Step 2: Second Powerset (P2(H)): The second powerset P2(H) is the powerset of P;(H), i.e., all subsets of 
P\(H): 
P2(H) = P(P\(H)). 


For clarity, P2(H) contains 2|P:\4DI = 24 = 16 subsets, including: 


Po(H) = {0, {0}, {{a}}, {{d}}, {{a, b}},..., P(A}. 
The n-th powerset P,,(H) grows exponentially with each iteration. For H = {a, b}: 


¢ Pi(H) = {0, {a}, {b}, {a, b}}, with 4 subsets. 
¢ P2(H) = P(P;(4A)), with 16 subsets of P| (H). 


The n-th powerset P,,(H) provides a hierarchical framework for modeling increasingly complex relationships 
among the elements of H and its subsets. 
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To establish a formal framework for understanding Hyperstructures and Superhyperstructures, we provide the 
following definitions and propositions. 


Definition 2.5 (Classical Structure). (cf. (69||85]) A Classical Structure is a mathematical framework defined 
on a non-empty set H, characterized by one or more Classical Operations that satisfy certain Classical Axioms. 
Specifically: 
A Classical Operation is a function of the form: 

#): H” — H, 


where m > | is a positive integer, and H’” denotes the m-fold Cartesian product of H. Examples include 
operations like addition and multiplication commonly found in algebraic systems such as groups, rings, and 
fields. 


Definition 2.6 (Hyperstructure). (cf. [15||69|[85]) A Hyperstructure is an extension of the Classical Structure, 
operating on the powerset of a base set. It is formally defined as: 


H = (P(S),°), 
where S represents the base set, P (S) is its powerset, and o is an operation defined for subsets in P(S). 


Definition 2.7 (n-Superhyperstructure). (cf. (69/85]) An n-Superhyperstructure builds upon the Hyperstructure 
by employing the n-th powerset of a base set. Formally, it is expressed as: 


SH n = (Pn(S), °), 


where S is the base set, P,,(S) represents the n-th powerset of S, and o is an operation defined on the elements 
of Pr (S) 7 


As mentioned in the introduction, numerous studies have addressed the concept of superhyperstructures and 


its related derivatives (e.g., [2|[10|[14|/16|/17|/24}/28|[29|[37|[38]/50)). Given their wide-ranging applications and 


mathematical significance, research on superhyperstructures is considered to be of critical importance. 


3 Result of this paper: Review of Some Concepts 


This section describes the results of this paper. 


3.1 Rough Set 


A Rough Set approximates a subset using lower and upper bounds based on equivalence classes, capturing 
certainty and uncertainty in membership . The definitions are provided below. 


Definition 3.1 (Rough Set Approximation). Let X be anon-empty universe of discourse, andlet R C XxX 
be an equivalence relation (or indiscernibility relation) on X. The equivalence relation R partitions X into 
disjoint equivalence classes, denoted by [x] for x € X, where: 


[x]x = {y € X | (x,y) € R}. 
For any subset U ¢ X, the lower approximation U and the upper approximation U of U are defined as follows: 


1. Lower Approximation U: 
U={xeX | [xle CU}. 


The lower approximation U includes all elements of X whose equivalence classes are entirely contained 
within U. These are the elements that definitely belong to U. 


2. Upper Approximation U: _ 
U={xEX | [x]rnU #9}. 


The upper approximation U contains all elements of X whose equivalence classes have a non-empty 
intersection with U. These are the elements that possibly belong to U. 
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The pair (U, U) forms the rough set representation of U, satisfying the relationship: 
UCUCH: 


Example 3.2 (Rough Set Approximation). Let X = {a,b,c,d,e, f} be the universe of discourse, and let 
RC xX x X bean equivalence relation that partitions X into the following equivalence classes: 


lalr = {a, b}, [clr = 1 d}, lelr oa {e, car 


Consider the target subset U € X defined as: 


U = {a,b,c}. 
We compute the lower and upper approximations of U with respect to R. 


1. Lower Approximation U: The lower approximation includes all elements x € X whose equivalence class 
[x] is entirely contained within U: 


U={xeX| [x] CU}. 


¢ For x =a, [alr = {a,b} ¢ U: Include a and b. 
° For x =c, [c]r = {c,d} ¢ U: Do not include c or d. 
° For x =e, [e]r = {e, f} Z U: Do not include e or f. 


Thus, the lower approximation is: 
U = {a, b}. 


2. Upper Approximation U: The upper approximation includes all elements x € X whose equivalence class 
[x] has a non-empty intersection with U: 


U={xeX| [x]rnu #0}. 


¢ For x =a, [alr = {a,b} NU = {a, b} # : Include a and b. 
¢ For x =c, [c]r = {c,d} NU = {c} # @: Include c and d. 
° For x =e, [e]r = {e, f} NU = 90: Do not include e or f. 


Thus, the upper approximation is: _ 
U = {a, b,c, d}. 


Boundary Region: The boundary region, representing the uncertainty in membership of U, is given by: 


Boundary Region = U \ U = {c, d}. 


Result: The rough set approximation of U is: 


U={a,b}, 0 ={a,0, 60>. 
Interpretation: 
¢ The elements a and b definitely belong to U as their equivalence class is entirely contained in U. 


¢ The elements c and d possibly belong to U as their equivalence class intersects U, but they cannot be 
definitively included. 


¢ The elements e and f do not belong to U as their equivalence class does not intersect U. 
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Visualization: 


Equivalence Class | Relationship with U | Conclusion 
[alr = {a, b} CU a,b €U,U 
[clr = {c,d} NU #0,Z£U c,d€U\U 
lelr = te, fh Aw =0 e,f ¢U 


This example illustrates how a rough set captures both definitive and uncertain memberships of a subset relative 
to an equivalence relation. 


Remark 3.3. The lower approximation provides a conservative estimate of U, including only those elements 
that can be definitively classified as part of U. Conversely, the upper approximation provides a liberal estimate, 
encompassing all elements that might potentially belong to U. The difference between U and U, known as the 
boundary region, characterizes the uncertainty or vagueness in the membership of U: 


Boundary Region = U \ U. 
If the boundary region is empty (U = U), the set U is said to be crisp with respect to R. Otherwise, U is a 


rough set, reflecting uncertainty due to the granularity imposed by R. 


A related concept is the Rough Graph, which is well-known (cf. [41/5|[49|/53)). Its definition is provided below. 


Definition 3.4. Let G = (V, E) bea graph, where V = {v1, v2,..., Vn} is the set of vertices and FE C VxV 
is the set of edges. Additionally, let R be an equivalence relation over some attribute space associated with the 
vertices, creating equivalence classes of edges. 


1. Rough Vertex Set: For each vertex v; € V, we define its lower approximation v; and upper approximation 
yj, representing the subsets of V in terms of their certainty of inclusion based on relation R. 


2. Rough Edge Set: For each edge e = (v;,v;) € E, the lower and upper approximations are defined similarly. 
Specifically, we form the following: 


- Lower Approximate Edge Set E: 
E = {e= (vj, vj) | Re) ¢ E} 


representing edges that certainly exist between vertices based on R. 
- Upper Approximate Edge Set E: 

E={e= (vi, v;) | R(e) NE # OF 
representing edges that possibly exist. 


The Rough Graph Gr = (V, V, E, E) is thus described by its lower and upper approximations of vertices and 
edges, enabling the representation of uncertainty in network structures. 


3.2 HyperRough Set 


The HyperRough Set is a concept that adapts the framework of the HyperSoft Set to Rough Set theory. Its 
formal definition is provided below. 


Definition 3.5 (HyperRough Set). Let X be a non-empty finite universe, and let 7), 7>,..., 7, be n distinct 
attributes with respective domains J), J2,...,J,. Define the Cartesian product of these domains as: 


J=JI,X Jn X03 X Sy. 
Let R C X x X be an equivalence relation on X, where [x] denotes the equivalence class of x under R. 


A HyperRough Set over X is a pair (F, J), where: 
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° F : J — P(X) is a mapping that assigns a subset F(a) € X to each attribute value combination 
a= (a1, 42,...,4n) € J. 


¢ For each a € J, the rough set (F(a), F(a)) is defined as: 


Fla) = {xX | fxleCF(@}, Fla) = (xe X| [x]e F(a) #0. 


The lower approximation F(a) represents the set of elements in X whose equivalence classes are entirely 


contained within F(a), while the upper approximation F (a) includes elements whose equivalence classes have 
a non-empty intersection with F(a). 


Additionally, the following properties hold: 


¢ F(a) € F(a) forallae J. 


¢ If F(a) = @, then F(a) = F(a) =@. 


* If F(a) = X, then F(a) = F(a) = X. 


Example 3.6 (HyperRough Set Approximation). Let X = {a,b,c,d,e, f} be the universe of discourse, and 
let 7; and 7, be two attributes with respective domains: 


J; = {Red, Blue}, J = {Small, Large}. 
The Cartesian product of these domains forms the set of attribute value combinations: 


J = J, X Jo = {(Red, Small), (Red, Large), (Blue, Small), (Blue, Large) }. 


Let R C X x X be an equivalence relation that partitions X into the following equivalence classes: 


lalr = {a, b}, [clr — 1G} d}, lelr = {e, Eye 


Consider a mapping F : J — P(X) that assigns subsets of X to each attribute value combination in J: 


F (Red, Small) = {a,b,c}, F (Red, Large) = {c,d,e}, F (Blue, Small) = {b,e}, F (Blue, Large) = {d, f}. 
For each attribute value combination a € J, we compute the lower and upper approximations of F(a): 


¢ Lower Approximation F(a): The lower approximation includes all elements x € X whose equivalence 
class [x] is entirely contained within F(a): 


F(a) = {x € X | [de & F(@}. 


¢ Upper Approximation F(a): The upper approximation includes all elements x € X whose equivalence 
class [x] has a non-empty intersection with F(a): 


F(a) ={xe X | [x]rN F(a) # O}. 
Detailed Calculations: 
¢ For (Red, Small): 


F (Red, Small) = {a, b,c}. 
— [alr = {a,b} C F(Red, Small): Include a, b in F(a). 
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— [c]r = {c, d} N F(Red, Small) = {c} # O: Include c, d in F(a). 
— [elr = {e, f} N F(Red, Small) = @: Do not include e, f. 


Results: 
F (Red, Small) = {a,b}, F (Red, Small) = {a, b,c, d}. 


¢ For (Red, Large): 
F (Red, Large) = {c, d, e}. 


- [alr = {a,b} N F(Red, Large) = @: Do not include a, b. 
— [c]r = {c,d} C F(Red, Large): Include c, din F(a). 


- [ele = {e, f} N F(Red, Large) = {ce} # 0: Include e, f in F(a). 


Results: 
F (Red, Large) = {c,d}, F (Red, Large) = {c, d,e, f}. 


Boundary Region: The boundary region represents the uncertainty in the membership of F(a) and is given by: 


Boundary Region = F(a) \ F(a). 


For (Red, Small): 
Boundary Region = {c, d}. 


For (Red, Large): 
Boundary Region = {e, f}. 


The HyperRough Set framework allows the computation of rough approximations for subsets F(a) associated 
with multi-attribute combinations. This generalization extends classical rough set theory by incorporating 
attribute-dependent mappings and is particularly useful for handling multi-dimensional data. 


Theorem 3.7. Every Rough Set is a special case of a HyperRough Set when the number of attributes n = 1. 


Proof. Refer to |18] for details. o 


Theorem 3.8 (Monotonicity of Approximations). For any a,b € J, if F(a) © F(b), then: 


F(a) € F(b), F(a) ¢ F(b). 


Proof. 1. For the lower approximation: 
F(a) ={xe X | [x]r € F(a)}. 
If F(a) € F(b), then for any x € F(a), we have [x]r € F(a) © F(b), implying x € F(b). Thus: 


F(a) ¢ F(b). 


2. For the upper approximation: 
F(a) ={xeX | [x]rN F(a) # OF. 
If F(a) ¢ F(b), then [x]a N F(a) # O implies [x]r N F(b) # 0, sox € F(b). Hence: 


F(a) C F(b). 
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Theorem 3.9 (Stability Under Intersection and Union). For any a,b € J, the following hold: 


F(a) 0 F(b) = F(a) F(b), F(a) U F(B) = F(a) U FO). 


Proof. 1. For the lower approximation under intersection: 
F(a) F(b) = {x € X | [x]r € F(a) N F(b)}. 
By definition, [x]x € F(a) N F(b) if and only if [x] © F(a) and [x]x € F(b). Hence: 
F(a) N F(b) = F(a) 0 F(d). 


2. For the upper approximation under union: 
F(a) U F(b) = {x € X | [x]R N (F(a) U F(b)) £ O}. 
Since [x] 9 (F(a) U F(b)) # 0 if and only if [x]r A F(a) # 0 or [x]r N F(b) # O, we have: 


F(a) U F(b) = F(a) U F(b). 


Theorem 3.10 (Boundary Region). For any a € J, the boundary region of F(a) is given by: 


Boundary(F (a)) = F(a) \ F(a). 


Proof. The boundary region consists of elements in the upper approximation but not in the lower approximation: 


Boundary(F(a)) = {x € X | [x]rN F(a) #0} \ {x € X | [x]r C F(a}. 


From the definitions of F(a) and F(a), this simplifies to: 


Boundary(F(a)) = F(a) \ F(a). 


Oo 
Theorem 3.11 (Special Cases). If F(a) = X or F(a) = @, then: 
F(a) = F(a) = F(a). 
Proof. 1. If F(a) = X, then for all x € X, [x]r © F(a) and [x]r MN F(a) # 0. Hence: 
F(a) = F(a) =X. 
2. If F(a) = @, then no x € X satisfies [x]r © F(a) or [x]p N F(a) # 0. Hence: 
F(a) =F(a)=@. 
Oo 


Theorem 3.12 (Additive Property of Approximations). For disjoint subsets F(a) and F(b), the following 
holds: 


F(a) UF(b) = F(a) UF(b), F(a) F(b) = F(a) n F(). 


Proof. The disjoint property ensures that [x]r € F(a) U F(b) if and only if [x]r © F(a) or [x]r € F(D). 
Hence: 
F(a) U F(b) = F(a) U F(b). 


For the upper approximation: 
[x]JRN F(a) ON F(b)=S = [x]RO F(a) #Oand [x]rN F(b) #9. 


Thus: ee ee 
F(a) F(b) = F(a) F(b). 
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3.3. SuperHyperRough Set 


Alongside the HyperRough Set, the SuperHyperRough Set is also considered. The definitions are provided 
below. It is hoped that further exploration of their mathematical structures and the validity of these definitions 
will be advanced in future studies. This is defined based on the SuperHyperSoft Set [23]/34|/47|/89]. 


Definition 3.13 (n-SuperHyperRough Set). Let X be a non-empty finite universe, and let 7), 7>,...,T;, 
be n distinct attributes with respective domains J), J2,...,J,. For each attribute T;, let P(J;) denote the power 
set of J;. Define the set of all possible attribute value combinations as the Cartesian product of these power 
sets: 

J=P(Ji) XP (Jz) X +++ xX P (Jn). 


Let R C X x X be an equivalence relation on X, where [x] denotes the equivalence class of x under R. 


An n-SuperHyperRough Set over X is a pair (F, J), where: 


* F : J — P(X) is a mapping that assigns a subset F(A) € X to each attribute value combination 
A = (A), A2,...,An) € J, where A; C J; for all i. 


¢ For each A ¢€ J, the rough set (F(A), F(A)) is defined as: 


F(A) = {xe X| [x]e C F(A}, F(A) = {x € X | [x] eM F(A) 4 0}. 


The lower approximation F(A) represents the set of elements in X whose equivalence classes are entirely 


contained within F(A), while the upper approximation F(A) includes elements whose equivalence classes 
have a non-empty intersection with F(A). 


Properties: 


* F(A) C F(A) forall A € J. 
° If F(A) =, then F(A) = F(A) =@. 


° If F(A) = X, then F(A) = F(A) =X. 


¢ Forany A, Be J: 
F(ANB) C F(A) F(B), F(AUB) 2 F(A) U F(B). 


Example 3.14 (Example of an n-SuperHyperRough Set). Let X = {a, b,c, d} be a finite universe, and suppose 
we have two attributes 7), 7) (so n = 2) with the following domains: 


J, = {Red, Blue}, Jz = {Small, Large}. 
We consider all subsets of these domains in the power set sense: 
P(J\) = {2, {Red}, {Blue}, {Red, Blue}}, P (Jo) = {2, {Small}, {Large}, {Small, Large}}. 
Hence, the set of all attribute-value combinations is: 
J=P(si) x P(J2). 
For brevity, denote an element of J as A = (Aj, Az), where Ay C J; and Az € Jo. 
Step 1: Define an Equivalence Relation on X. 


Let R C X x X be an equivalence relation that partitions X into two equivalence classes: 


la]r = {a, b}, Ic]r = {c, d}. 
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Thus, 

{a,b}, x € {a,b}, 
[x]r= 

{c,d}, x € {c,d}. 
Step 2: Define a Mapping F : J > P(X). 


We assign to each combination (A, Az) € J asubset of X. For illustration, let us define F for four representative 
elements of J: 


* F({Red}, {Small}) = {a,c}. 

* F({Blue}, {Small}) = {b}. 

* F({Red, Blue}, {Large}) = {b, d}. 
* F(, {Small, Large}) = {a, b,c}. 


(Other combinations in J can be similarly assigned subsets of X if needed.) 
Step 3: Compute Rough Approximations for Each F(A). 


Recall that = 
F(A) = {xe X | [Ix]r © F(A)}, F(A) ={xe€ X | [x]R N F(A) #9}. 


¢ A = ({Red}, {Small}): 
F(A) = {a,c}. 


— Lower Approximation F(A): 
[a]r = {a,b} € {a,c}, [clr = {c,d} £ {a,c}. 
Hence, F(A) = 2. 
— Upper Aepesnaten F(A): 
[alr N{a,c} ={a} #0 = a,be F(A), [c]lrn{aclh={c} #9 = c,dé F(A). 
Hence, F(A) = {a, b,c, d} = X. 


Therefore, 
F(A)=@, F(A)=X. 


¢ A = ({Blue}, {Small}): 
F(A) = {b}. 


— Lower Approximation F(A): 
[blr = {a,b} £ {b}, [clr = {c,d} ¢ {b}. 
Thus, F(A) = @. 
- isshe NonroRination F(A): 
[blr = {a,b} N{b} ={b} #9 = abe F(A), [c]rN{b}=o = c,d¢ F(A). 
Hence, F(A) = {a, b}. 


Therefore, 
F(A)=@, F(A) = {a,b}. 
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e A = ({Red, Blue}, {Large}): 
F(A) = {b, d}. 


— Lower Approximation F(A): 
[alr = {a,b} C {b,d}? No, sincea ¢ F(A), [clr = {c,d} C {b,d}? No, since c ¢ F(A). 


Hence, F(A) = @. 


Upper Approximation F(A): 
lal; n{b,d}={b} #@ = a,be F(A), [c]rn{b,d}={d}#@ = c,dé F(A). 
Thus, F(A) = {a,b,c,d} =X. 


Therefore, 
F(A)=@, F(A)=X. 


° A 


(@, {Small, Large}): 
F(A) = {a, b,c}. 


— Lower Approximation F(A): 
[alr = {a,b} © {a,b,c}? Yes. [c]r = {c,d} € {a, b, c}?No (since d ¢ F(A)). 
Hence, a, b € F(A) but c,d ¢ F(A). Thus, 


F(A) = {a, b}. 


— Upper Approximation F(A): 
[alr = {a,b} N {a,b,c} = {a,b} #@ = a,bé€ F(A), 


[clr ={c,d}N {a,b,c} ={c} #@ = c,dé F(A). 


Therefore, 
F(A) = {a,b,c,d} =X. 


Hence, — 
F(A) = {a,b}, F(A) =X. 


For each multi-attribute subset A € J, the pair (F (A), F(A)) describes its rough approximation. In many of 
these illustrative cases, the lower approximation is empty because the chosen sets F(A) fail to include entire 
equivalence classes. Whenever an equivalence class partially intersects F(A), the entire class belongs to the 
upper approximation. 


Theorem 3.15. Every HyperRough Set is a special case of an n-SuperHyperRough Set. 
Proof. A HyperRough Set corresponds to the situation where each attribute T; has a domain J; consisting of 
single values, rather than arbitrary subsets. Consequently, the Cartesian product 
J=HI xX In X++ X Ip 
in a HyperRough Set is replaced in an n-SuperHyperRough Set by 
J=P(Ji) XxX P(J2) X+++X Pn), 


which strictly includes singleton sets as a subset of each P (J;). Hence, any configuration of a HyperRough Set 
can be embedded in an n-SuperHyperRough Set by restricting each A; C J; to singleton subsets. Therefore, 
the n-SuperHyperRough Set generalizes the HyperRough Set. Oo 
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Theorem 3.16. For any A, B € J in an n-SuperHyperRough Set (F, J), the rough approximations satisfy: 


F(ANB) © F(A) N F(B), F(AUB) 2 F(A) U F(B). 


Proof. By definition, 
F(A) = {x | [x]r ¢ F(A)}, 


If [x]r € F(AN B), then [x]r € F(A) and [x]x © F(B) simultaneously, implying x € F(A) N F(B). Thus, 


F(B) = {x | [x]e ¢ F(B)}. 


F(ANB) C F(A)N F(B). 


A similar argument holds for upper approximations, using the fact that 


[Ix]IRNF(AUB)#@ = [x]rNF(A)#®@ or [x]RNF(B) #@. 


Hence, F(A U B) 2 F(A) U F(B). Oo 


3.4 Multirough Set 


The definition of a Multirough Set is provided below. 


Definition 3.17. Let U be a universal set, and let R1, Ro, ..., Ry, be equivalence relations (indiscernibility 
relations) on U. For any subset X C U, the Multirough Set of X is defined by the collection of lower and upper 
approximations with respect to each equivalence relation R;. 


For each i = 1,2,...,n, we define: 


¢ The Lower Approximation of X with respect to R;: 
X,={xeU| [x]r, CX} 
where [x]pr, denotes the equivalence class of x under Rj. 
¢ The Upper Approximation of X with respect to R;: 


X;={xeU| [x]r, NX # OF. 
The Multirough Set of X is then the collection: 


MR(X) = {(x,-%/] ize d Diecsanll 


Example 3.18 (Multirough Set Approximation). Let U = {a,b,c,d,e, f} be the universal set, and consider 
two equivalence relations R; and R2 on U, defined as follows: 


R, : {a, b}, {c, d}, {e, f}, Ro : {a,c}, {b, d}, {e, f}. 


These relations partition U into equivalence classes: 


{a,b} ifx € {a,b}, 
[x]r, =} {c,d} ifx € {c,d}, 
{e,f} ifxe fe, f}, 
{a,c} ifx € {a,c}, 
[x]r, =} {b,d} if x € {b,d}, 
{e, f} ifxe {e, f}. 


Now, let X = {a,c, e}. We compute the lower and upper approximations of X with respect to R; and Ro. 


1. Lower Approximation X ,: 
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° With respect to Ry: 
X, ={x €U| [x]r, © X}. 


- [a]r, = {a,b} ¢ X: Exclude a, b. 
- [c]r, = {c,d} ¢ X: Exclude c, d. 
- [elr, = fe, f} Z X: Exclude e, f. 


Result: 


¢ With respect to R2: 
X, = {x €U| [x]r, € X}. 


- [a]r, = {a,c} C X: Include a,c. 
— [b]r, = {b, d} ¢ X: Exclude b, d. 
- [elr, ={e, f} Z X: Exclude e, f. 


Result: 
X, = {a, e}s 


2. Upper Approximation X ;: 
¢ With respect to Ry: 


Xi={xeU| [x]r, AX # O}. 


- [a]r, = {a,b} NX = {a} # O: Include a, b. 
- [c]r, = {c,d} NX = {c} # O: Include c, d. 
- [elr, = fe, f} NX = fe} # O: Include e, f. 


Result: _ 
X, = {a,b,c,d,e, f}. 


¢ With respect to R2: = 
X2 = {x €U| [x]x, NX # O}. 


- [a]r, = {a,c} NX = {a,c} # O: Include a,c. 
- [b]r, = {b,d} NX =O: Exclude b, d. 
- [elr, ={e, f} NX = {fe} # O: Include e, f. 


Result: = 
X = {a,c,e, f}. 
Multirough Set: The Multirough Set of X is: 
MR(X) = {(X,,X1), (Xp, X2)}, 


where: _ 
X, =9, X, = {a,b,c,d,e, f}, 


X> sy {aye}; Xo = {a, Cc, e, f}. 


The Multirough Set captures uncertainty across multiple equivalence relations, generalizing the classical Rough 
Set concept by considering distinct indiscernibility relations simultaneously. 


Theorem 3.19. A Multirough Set generalizes a Rough Set. 


Proof. The statement is evident because a Rough Set is a special case of a Multirough Set when there is only 
one equivalence relation. oO 
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Theorem 3.20. An n-SuperHyperRough Set generalizes a Multirough Set. 


Proof. A Multirough Set considers multiple equivalence relations on auniverse X, while an n-SuperHyperRough 
Set further extends this concept by associating rough approximations with attribute value combinations derived 
from the Cartesian product of power sets. Therefore, the n-SuperHyperRough Set subsumes the Multirough 
Set as a special case when each attribute subset corresponds to a single equivalence relation. oO 


3.5 Treerough Set 


The Treerough Set is a concept that extends the Rough Set by incorporating the idea of a tree structure. It is 
known to generalize the Multirough Set. This concept can also be regarded as an adaptation of the Treesoft Set 
framework to Rough Set theory. Its formal definition is provided below. 


Definition 3.21. [18] Let U be a universe of discourse, and let Tree(A) be a hierarchical tree of attributes, 
where each node represents an attribute a;. The tree has levels from 1 up to m, where m > 1. Each attribute 
a; in the tree is associated with an equivalence relation R,, on U. 


For any subset X C U, we define the Treerough Set J R(X) as the collection of lower and upper approximations 
of X with respect to the equivalence relations Ra, associated with all attributes a; in Tree(A). 


For each attribute a; in Tree(A), the lower and upper approximations of X are defined as: 


¢ The Lower Approximation of X with respect to Ra,: 
X,, = {x €U| Lr, © X} 
where [x]r,, denotes the equivalence class of x under Ra;. 
¢ The Upper Approximation of X with respect to Rg,: 


Xa, ={x EU | [x]r,, OX # O}. 


The Treerough Set of X is then the collection: 
TR(X) = cemees la; Tree(A)} 


Theorem 3.22. If the attribute tree Tree(A) has exactly two levels (i.e., primary attributes and their sub- 
attributes), then the Treerough Set T R(X) generalizes the Multirough Set MR(X). 


Proof. Refer to for details. o 


3.6 New Concepts: Tree-HyperRough Set 


The concept of the Tree-HyperRough Set is introduced for the first time in this paper. The Tree-HyperRough 
Set combines the ideas of the HyperRough Set and the Treerough Set into a unified framework. Its formal 
definition and related theorems are provided below. 


Definition 3.23 (Tree-HyperRough Set). Let X be a non-empty finite universe, and let 7), 7>,...,7, be n 
distinct attributes with respective domains J), J2,...,Jn. Let 


J =I, xXJoX-++X In. 


Furthermore, let 
Tree(A) 


be a hierarchical (tree) structure organizing these attributes {7|,...,7;,}. For each attribute (or node) a; € 
Tree(A), there is an associated equivalence relation Rz, C X x X. 
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A Tree-HyperRough Set over X is defined as a triple 
(F, J, Tree(A)), 


where 
F:J — P(X) 


is a mapping that, for each combination a € J, assigns a subset F(a) € X. For each node a; € Tree(A), we 
associate the lower and upper approximations: 


F(a), = {x eX | Ix]r,, © F(a}, F(a) g, = {x ex | [x]e,, 0 Fla) # a}, 
where [x]p,, denotes the equivalence class of x under Ra,. 
Hence, the full Tree-HyperRough Set structure can be viewed as 


THR(X) = \(F(@) , Fl) a) | aed, ai € Tree(A)}. 


Intuitively, a Tree-HyperRough Set allows: 


¢ Multiple attributes (as in HyperRough Sets) through the Cartesian product J. 
* Hierarchical organization of attributes (as in Treerough Sets) via Tree(A). 
Theorem 3.24 (Tree-HyperRough Set generalizes the HyperRough Set). [fTree(A) is restricted to a single level 
of attributes {T,, ..., Tn} (i.e., no further hierarchy), then the Tree-HyperRough Set reduces to the HyperRough 
Set. 
Proof. Ina HyperRough Set, we have n distinct attributes T,,...,7,, with domains Jj, ..., Jn, and 
J = IX XIn. 


There is a single equivalence relation R or one equivalence relation R7z, per attribute (depending on the precise 


definition), and the rough approximations F(a) and F(a) are defined for each attribute-value combination 
aceJ. 


In the Tree-HyperRough Set framework (F,J,Tree(A)), if Tree(A) has only one level (no parent-child 
relationships among attributes), then each a; € Tree(A) is just a single attribute 7;. Consequently, the 
lower and upper approximations 

F(a), F(@)a, 


match precisely those of the HyperRough Set for attribute-value combination a. There is no additional 
hierarchical constraint to differentiate it from the original HyperRough definition. Thus, setting Tree(A) to a 
single-level attribute collection recovers the HyperRough Set. oO 


Theorem 3.25 (Tree-HyperRough Set generalizes the Treerough Set). [f the attribute set {T,...,T,} ina 
Tree-HyperRough Set is used only to define a hierarchical tree (with each node corresponding to one attribute 
equivalence Rg,) without introducing multiple domains in J, then the Tree-HyperRough Set reduces to the 
Treerough Set. 


Proof. \n a Treerough Set, one organizes a universe U under a tree of attributes Tree(A). Each attribute a; at 
a node of the tree has its equivalence relation R,,. For each subset X C U, the Treerough Set J R(X) is 


TR(X) = {(X,,> Xa;) | aj € Tree(A)}, 


where 


X,,={xeU: [x] Ra, Cc X}, Xa, ={x EU: [x]r,, 1X # O}. 


a 
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Now consider a Tree-HyperRough Set (F, J, Tree(A)). If we omit multiple attributes’ domains in the product 
J and simply let J be a singleton (or identify each a € J with a single event X C U), then F(a) = X. The 
definitions 


Fa), = {x€U:[e]r,, SF(@)}, Fla)a, = {x€U: La], VF (a) #2} 


are exactly 


Thus, the entire collection 
(F(a) ai? F(a) Ne: €Tree(A) 


matches 7 R(X). Hence, by restricting J to a single subset (thereby omitting multi-attribute values) and 
identifying F(a) with X, the Tree-HyperRough Set collapses to the Treerough Set. Oo 


4 Additional Result: HyperInformation System 


The concept of Rough Sets is often discussed alongside the notion of an Information System (IS), a mathematical 


framework used for organizing and analyzing data [32 68) . In this paper, we extend this concept to 
define the HyperInformation System and SuperHyperInformation System. The relevant definitions and details 


are provided below. 


Definition 4.1 (Information System). An Information System (IS) is amathematical structure for organizing 
and analyzing data, defined as a pair: 
S=(U,<A), 


where: 


* HU is a non-empty finite set of objects, also referred to as the universe. 


¢ A is a non-empty finite set of attributes describing the objects in U/. For each attribute a € A, there 
exists a value set V,, and a function: 
a:UuU—-Va, 


which assigns a value from V, to every object x € UW. 
Classification of Information Systems: 


* Complete Information System: Every attribute a € A has a defined value a(x) € V, for allx «UW. 


¢ Incomplete Information System: There exist x € U and a € A such that a(x) is undefined or takes a 
special null value, denoted by «. 


Example 4.2 (Information System of Cars). (cf. (39) Let U = {1,2,3,4,5,6} be a set of cars, and let 
A = {Price, Mileage, Size, Max-Speed} be a set of attributes. Each attribute a € A has a value set V, defined 
as follows: 


bd Vperice = {High, Low, *}, 
. Veileage = {High, Low, *}, 
* Vsize = {Compact, Full, *}, 


* Veax-Speed = {High, Low, *}, 
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where * represents an undefined or missing value. 


The Information System is represented as a relation S between U and A, often visualized as a table: 


Car ID | Price | Mileage Size Max-Speed 
1 High | High Full Low 
2 Low * Full Low 
3 * * Compact High 
4 High * Full High 
5 ** ** Full High 
6 Low High Full * 


This table illustrates an incomplete information system, as some attribute values are undefined (denoted by *). 


Definition 4.3 (Hyperinformation System). A Hyperinformation System is a generalization of a classical 
Information System that uses the powerset of attributes to capture complex relationships and uncertainties. It 
is formally defined as: 


HIS = (U,P(A), {Va | A € P(A)}, {fa | A € P(ADS), 


where: 


* U is a non-empty finite set of objects (the universe). 

¢ Ais a non-empty finite set of attributes. 

* P(A) is the powerset of A, representing all subsets of attributes. 
¢ Foreach A € P(A), Vy is the value domain associated with A. 


¢ Foreach A € P(A), fa: U — Vz is a function that assigns a value from V, to each object in YU based 
on the attributes in A. 


Example 4.4 (Hyperinformation System). Let U/ = {1,2,3} bea set of objects and A = {Price, Size} be a set 
of attributes. The powerset of attributes is: 


P(A) = {0, {Price}, {Size}, {Price, Size}}. 


For each A € P(A), let the value domains V4 and the functions f,4 be defined as follows: 


¢ For A = {Price}, V4 = {Low, Medium, High}, and f4(1) = High, f4(2) = Medium, f4(3) = Low. 
¢ For A = {Size}, V4 = {Small, Large}, and f4(1) = Small, f4(2) = Large, f4(3) = Small. 


¢ For A = {Price, Size}, V4 = {(High, Small), (Medium, Large)}, and f4(1) = (High, Small), f4(2) = 
(Medium, Large), f4(3) = (Low, Small). 


Definition 4.5 (n-SuperHyperinformation System). An n-SuperHyperinformation System extends the concept 
of a Hyperinformation System by employing the n-th powerset of attributes, allowing for a hierarchical 
representation of attribute relationships. It is formally defined as: 


SHI Sn = (U, Pu(A), {VA, | An € Pn(A)}; {fan | An € Pn(A)}), 


where: 


* HU is a non-empty finite set of objects (the universe). 
¢ Ais a non-empty finite set of attributes. 


¢ P(A) is the n-th powerset of A, defined iteratively as: 


P(A) =P(A),  Pnsi(A) = P(Pa(A)). 
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* For each A, € P(A), Va,, is the value domain associated with An. 


¢ For each Ay € Pn(A), fa, :U — V4, is a function that assigns a value from V4, to each object in U, 
based on the hierarchical attributes represented by Ay. 


Example 4.6 (2-SuperHyperinformation System). Let U = {1,2} and A = {Color,Speed}. The second 
powerset of attributes is: 


P2(A) = P(P(A)) = {O, {0}, {{Color}},...,P(A)}. 


For each Ay € P2(A), let the value domains V4, and the functions f4, be defined as: 


* For A> = {{Color}, {Speed}}, V4, = {{Red}, {Fast}}, and: 
fa,(1) = {Red, Fast}, f4,(2) = {Blue, Slow}. 
Theorem 4.7. The concept of an n-SuperHyperinformation System generalizes both the HyperInformation 


System and the traditional Information System. 


Proof. To show that the n-SuperHyperinformation System generalizes the other systems, consider the following: 


1. Traditional Information System: An Information System JS = (U, A) consists of a universe U and a set of 
attributes A. Each attribute a € A maps objects to values via fy : U — Va, where Vz is the domain of a. 


2. HyperInformation System: A HyperInformation System HIS = (U,P(A)) extends 7S by replacing A 
with P(A), the powerset of A. This allows composite mappings for subsets of attributes S C A, such that 
fs :U > P(Vs), where Vs = [ges Va- 
3. n-SuperHyperinformation System: An n-SuperHyperinformation System SH/S, = (U,P,,(A)) further 
extends HIS by using the n-th powerset P,,(A). For each S € P,,(A), mappings fs : U — P,,(Vs) are defined, 
where P, (Vs) is the n-th powerset of Vs. 


4. Reduction to Special Cases: 


¢ When n = 1, SHIS,, reduces to HIS, as P(A) = P(A). 
¢ When n = 0, SHIS,, reduces to JS, as Po(A) = A. 


Since SHJS,, includes both H/S and JS as special cases, it generalizes both. oO 


5 Future Tasks of this Research 


This section outlines the future directions for this research. One promising direction for further investigation is 
the extension of the concepts presented in this paper by incorporating frameworks such as fuzzy sets [944100], 


soft sets |48|/52], hypersoft sets (76), plithogenic sets (75\(77\[88}, hyperfuzzy sets (25}/36}. and neutrosophic 
sets [|70} : 

As a future direction, the application of Rough Neural Networks [[3}/9|/46|/54], Rough Set-based Data Mining 
27||42|/44]|45], and Decision-Making frameworks could be explored. Additionally, other potential 


applications and concepts leveraging Rough Set theory present intriguing opportunities for further research. 
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Chapter 14 


Expanding Horizons of Plithogenic SuperHyperStructures: Applications in 
Decision-Making, Control, and Neuro Systems 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


This study explores advanced frameworks for modeling uncertainty and complexity, including fuzzy sets, 
neutrosophic sets, and plithogenic sets. Plithogenic sets, which generalize fuzzy and neutrosophic sets by 
incorporating multi-attribute and contradictory properties, provide a flexible tool for representing complex 
systems. 


To formalize these ideas, we utilize hyperstructures and superhyperstructures, enabling hierarchical and multi- 
layered relationships. Applications in decision-making and control systems are examined, with a focus on 
superhyperdecision-making and extending neuro-fuzzy systems to plithogenic systems within superhyperstruc- 
ture frameworks. 


Finally, we propose future research directions, such as applying plithogenic sets to lattice theory and blockchain 
technology, along with integrating superhyperstructures to enhance these fields. 


Keywords: Hyperstructure, Fuzzy Control, Fuzzy Set, Neutrosophic set, Power set 
MSC 2010 classifications: 03B52 - Fuzzy logic; logic of vagueness, 91B06 - Decision theory 


1 Introduction 


1.1 Fuzzy Set, Neutrosophic Set, and Plithogenic Set 


Numerous concepts for handling uncertainty have been developed. Among them, this paper focuses on fuzzy 
sets, neutrosophic sets, and plithogenic sets. A fuzzy set assigns a membership degree (ranging from 0 to 1) 
to each element, capturing uncertainty or vagueness [397}{401|/404]. A neutrosophic set extends fuzzy sets by 
introducing three degrees for each element: truth, indeterminacy, and falsity (314}/318][341]. A plithogenic 
set further generalizes classical, fuzzy, and neutrosophic sets by incorporating contradictory and multi-valued 
attributes (123][136][325]/326]/342). These sets—fuzzy, neutrosophic, and plithogenic—have been extensively 
studied for their applications in diverse fields such as weather forecasting (16]280}, traffic control (66]104/354], 
social network systems (285), and many other domains. 


Uncertain concepts can be applied to various mathematical structures such as graphs [286], matroids [134/206], 
algebra [185], and many others. To summarize the relationships among these concepts, an overview is provided 
in Figure 


1.2. Hierarchical structures 


Hierarchical structures are prevalent in many real-world concepts. Examples include hierarchical organization 
(35][275|276}, hierarchical classification [94306], and hierarchical clustering (174237), all of which are well- 
established across various fields. To mathematically represent such structures, the concepts of hyperstructure 
and superhyperstructure have been introduced (221]336}338]. This paper explores decision-making and control 
systems through the lens of hyperstructures and superhyperstructures. 


A structure, in general, refers to an arrangement or organization of components, often defined by specific 
relationships or rules. A Hyperstructure extends the al powerset, providing a flexible mathematical 
framework for modeling and analyzing complex systems [221) (22 1||336H338). gare have found appli- 
cations in numerous mathematical domains, particularly in group theory and algebra {10]{11|{21]/53]|82|[83} 
91|/288}/371|/372]. This study focuses on a set-theoretic perspective, emphasizing the connection between 
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Figure 1: Relationships between uncertain structures and specific concepts. 


hyperstructures and powerset theory while exploring their unique foundational properties. Additionally, alge- 
braic research has introduced concepts such as Weak Hyperstructures (Hv-structures), which extend classical 


operations to broader contexts [18 . 


Expanding on the concept of hyperstructures, the notion of a Superhyperstructure is introduced as a higher- 
level abstraction. This framework employs n-th powersets to construct iterative and hierarchical extensions 
of hyperstructures, enabling more comprehensive analysis of increasingly complex systems (336}{338}. For 
further details on superhyperstructures, refer to [337|[338}. 


Hyperstructures and superhyperstructures can be applied to various concepts. For instance, consider graph 
theory (87). A graph is a mathematical structure consisting of vertices and edges that represent relationships 
or connections. A Hypergraph serves as an example of a hyperstructure by generalizing traditional graphs 
with hyperedges that can connect multiple vertices. This flexibility makes hypergraphs a powerful tool for 


modeling intricate relationships . Building upon this idea, the SuperHypergraph introduces 
advanced elements such as superedges and supervertices, providing a more abstract and flexible framework 


for hierarchical modeling . A SuperHypergraph can 
thus be viewed as a hierarchical and iterative extension of the hypergraph, making it ideal for representing 
multi-layered systems. 


Additionally, the frameworks of hyperstructures and superhyperstructures provide fertile ground for exploring 
various mathematical concepts, thereby broadening their applicability and scope. For an overview, Figure [2] 
illustrates the relationships between superhyperstructures and related mathematical constructs. It should be 
noted that Figure[2]is cited from the reference [110], with slight modifications. 


1.3. Decision-Making and Control 


Decision-making is the process of selecting the best option among alternatives based on criteria, objectives, 


or preferences, often within certain constraints 364]. Related concepts, such as 


social choice [30 , decision quality , decision-making software [|1|}96) , decision-making 
units , and choice architecture |173}}186], have been widely studied. Moreover, decision-making 
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Figure 2: Relationships between Superhyperstructures and specific concepts. This figure is cited from the 


reference (110). 


has been extended and applied using frameworks that handle uncertainty, including fuzzy sets 22}103 


350], neutrosophic sets [79 , vague sets , intuitionistic fuzzy sets 3851387], 
fuzzy graphs , and neutrosophic graphs [13 . These extensions have been the 


subject of numerous studies and publications. 


In recent years, hyperconcepts and superhyperconcepts have led to the definition of advanced models such 
as HyperDecision-Making, SuperHyperDecision-Making, and Generalized SuperHyperDecision-Making, as 
outlined in |110]. These frameworks offer the potential for modeling hierarchical decision-making processes. 


A control system is a mechanism that manages, regulates, or directs system behavior to achieve desired 


outputs based on inputs 244]. Similar to decision-making, control systems have also been 
studied in extended forms, such as fuzzy control systems [198| and neutrosophic control systems 


(9|[31|[85||169|[291}, to address uncertainty in system regulation. 


Furthermore, research on Neuro-Fuzzy Systems has advanced significantly. A Neuro-Fuzzy System seamlessly 
integrates neural networks and fuzzy logic, combining adaptive learning with human-like reasoning to address 
decision-making under uncertainty [6363] 105) 187]. Neuro-Fuzzy Systems are closely related to the field 


of neural networks [145] : 


1.4 Our Contribution in This Paper 
This subsection provides a comprehensive overview of the contributions made in this paper. 


In this study, we investigate and reconsider models that apply fuzzy sets, neutrosophic sets, and plithogenic sets 
to decision-making. Additionally, we examine the application of these sets in the context of superhyperdecision- 
making, exploring their relationships. While these applications can be defined within the framework of 
Generalized SuperHyperDecision-Making, we deliberately provide explicit definitions to enhance mathematical 
clarity and applicability, and analyze their structures in detail. 


Furthermore, we study and reconsider models that apply fuzzy sets, neutrosophic sets, and plithogenic sets to 


control systems and Neuro-control system. In the final Future Research section of this paper, we will consider the 
application of plithogenic sets to lattices and blockchains, as well as the incorporation of superhyperstructures. 
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We hope this research will inspire further studies and broaden the applications of these advanced concepts in 


the future. 


Specifically, this refers to applying the structure shown in Figure B3]to areas such as decision-making, control 


systems, and neuro-control systems. 
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Figure 3: Relationships between Superhyper structures and Uncertain structures. 


2 Preliminaries and Definitions 


This section outlines the essential preliminaries and definitions required for the paper. While we aim to cover 
the core concepts, it is beyond the scope of this work to exhaustively define every term. Readers seeking further 
clarification are encouraged to consult the relevant literature for additional details. 


2.1 Basic Set Theory 


This subsection provides an overview of fundamental principles in set theory. For an in-depth exploration, we 


recommend referring to established references | 153) : 


Definition 2.1 (Set). A set is a precisely defined collection of unique objects, known as elements. For 
any object x, it is always possible to determine definitively whether x is an element of the set. If A represents 
a set and x is an element within A, this is denoted as x € A. Sets are typically written with curly braces. For 
instance, A = {1,2,3} denotes a set containing the elements 1, 2, and 3. 


Example 2.2 (Set). Consider the set A = {a, b,c}, where a, b,c are distinct objects. 


¢ a€ A: ais anelement of the set A. 
¢ d¢ A: dis not an element of the set A. 


Definition 2.3 (Subset). [171] Given two sets A and B, A is defined as a subset of B, written A C B, if every 
element of A is also an element of B. Formally: 


ACB = Vx(xEA = xeEB). 


When A C B but A ¥ B, A is referred to as a proper subset of B, denoted by A Cc B. 
Example 2.4 (Subset). Let B = {1,2,3, 4} and A = {1, 2}. 


¢ A CB: Every element of A (i.e., | and 2) is also an element of B. 
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¢ AC B: Aisa proper subset of B because A # B. 
° C = {3,4,5}: C ¢ B because 5 ¢ B. 


Definition 2.5 (Empty Set). [171] The empty set, denoted by @, is the unique set that contains no elements. 
Formally: 
Vx (x € 0). 


For example, 0 = {}. 


Definition 2.6 (Universe Set). [171] The universe set, denoted by U, is the set that contains all objects under 
consideration within a given context. Every set being studied is a subset of U. Formally: 


ACU forall sets A. 


2.2 Hyperstructure and Superhyperstructure 


This subsection introduces the concepts of Hyperstructure and Superhyperstructure. A Hyperstructure is a 
mathematical framework built upon the structure of a powerset, while a Superhyperstructure generalizes this 
concept by incorporating the n-th powerset. This extension facilitates the representation of multi-layered hierar- 
chical systems (335|[337|[338}, providing a robust foundation for modeling increasingly complex relationships. 
For a clear understanding of the basic ideas, readers are encouraged to refer to (337 as needed. 


2.2.1 n-th powerset 


We begin by introducing the definition of the n-th powerset. This concept can be understood as an iterative 
application of the powerset operation. The formal definition of the n-th powerset is provided below. 


Definition 2.7 (Base Set). [113] A base set is a primary set S$ from which more elaborate constructs, such as 
powersets and hyperstructures, are generated. Formally, it is defined as: 


S = {x | x is a member of the specified domain}. 


All elements of derived structures like P(S) or P,,(S) are ultimately drawn from the elements of S. 


Definition 2.8 (Powerset). [109) The powerset of a set S, denoted by P(S), is the collection of all subsets 
of S, including the empty set and S itself. Formally, it is defined as: 


P(S)={A|AC S}. 
Example 2.9 (Powerset). Let S = {1,2}. The powerset of S, P(S), is: 
P(S) = {6, {1}, {2}, (1, 2}. 


Definition 2.10 (n-th Powerset). (cf. |109| 337]) The n-th powerset of a set H, denoted by P,(H), is 
defined iteratively, starting with the standard powerset. Specifically: 


Pi(H) =P(A), Pnii(H)=P(Pr(A)), forn>1. 

Similarly, the n-th non-empty powerset of H, denoted by P; (#4), is defined recursively as: 

Pr(H)=P*(H), Pi1(H) =P" (P,(H)). 
Here, #*(#) represents the powerset of H excluding the empty set. 
Example 2.11 (n-th Powerset). Let H = {a,b}. The 1-st powerset P| (H) is: 

P(A) = {0, {a}, {b}, {a, b}}. 
The 2-nd powerset P2(H) is: 
P2(H) = {0, {0}, {fat}, {{D}}. {{a, bh}, (0, {ah}, {0, {D}},...,Pi(AD}. 


Similarly, higher-order powersets P,,(H) can be constructed iteratively. 
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Proposition 2.12. (cf 337) The n-th powerset generalizes the concept of a standard powerset 


through iterative applications. 


Proof. The proof follows the same approach as in [110}/113]. By definition, the n-th powerset is constructed 
through repeated applications of the standard powerset operation. For n > 1: 


Pr(S) =P(Pr-i(S)), 


where f(S) = P(S), the standard powerset of S. This iterative process extends the standard powerset into 
higher-order constructs, thereby generalizing it. oO 


2.2.2 Hyperstructures and Superhyperstructures 


Building upon the discussion of the n-th powerset, we define Hyperstructures and Superhyperstructures as 
follows. To formally define Hyperstructures and Superhyperstructures, we proceed as outlined below. For 
additional details, please refer to |313| as needed. 


Definition 2.13 (Classical Operation). A Classical Operation is a function defined as: 
#): H” — H, 


where m > | is an integer, and H” represents the m-fold Cartesian product of the set H. Examples of classical 
operations include addition and multiplication in algebraic structures such as groups, rings, and fields. 


Definition 2.14 (Classical Structure). (cf. [313}|337]) A Classical Structure is a mathematical framework 
constructed on a non-empty set H. It consists of one or more Classical Operations and satisfies a specific set 
of Classical Axioms. 


Definition 2.15 (Hyperoperation). (cf. (279]/368}370]) A hyperoperation is a generalization of a binary 
operation where the result of combining two elements is a set, not a single element. Formally, for a set S, a 
hyperoperation o is defined as: 

o:SxS—>P(S), 


where P(S) is the powerset of S. 


Proposition 2.16. Hyperoperations are a generalization of classical operations. 


Proof. The result is self-evident. Oo 


Definition 2.17 (Hyperstructure). (cf. ||109| ) A Hyperstructure is a mathematical framework defined 
on the powerset of a base set. It is formally expressed as: 


H = (P(S),°), 
where S is the base set, P(S) is the powerset of S, and o is an operation defined on elements of P(S). 


Example 2.18 (Hyperstructure based on Integer Sets). Let S = {1,2}, and consider the powerset P(S) = 
{O, {1}, {2}, {1,2}}. Define a binary operation o on P(S) as follows: 


AoB={x+y|xeA,ye Bh, 
where A, B C S, and addition is performed in the integers. 


For example: 


¢ If A= {1} and B = {2}, then Ao B= {1 +2} = {3}. 
° If A = {1,2} and B = {1}, then Ao B= {141,241} = {2,3}. 
-IfA=@orB=90,thenAoB=9. 
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This operation satisfies the hyperstructure property, as Ao B C P(S). 


Example 2.19 (Hyperstructure in Graph Theory). (cf. (38|/46]) Let S = {v1, v2, v3} be a set of vertices in a 
graph (cf. (87). The powerset  (S) represents all subsets of vertices, including the empty set and the entire 
vertex set. 


Define a hyperoperation 0 as: 


Ao B= {v; | v; is connected to any vertex in A U B}. 


For instance: 


° If A = {v,} and B = {v9}, and v; and v2 are connected in the graph, then A o B = {v1, v2}. 


° If A = {v1, v3} and B = {v3}, the result A o B includes all vertices reachable from A U B. 


This operation models connectivity relationships in graphs and satisfies the hyperstructure framework. 


Proposition 2.20. Every hyperstructure serves as a generalization of a classical structure. 


Proof. The proof follows the same approach as in |110) . A classical structure operates on elements of a 
set H, while a hyperstructure extends this concept to operate on subsets of S through the powerset P(S). Thus, 
every hyperstructure generalizes the classical structure by incorporating the powerset framework. oO 


Proposition 2.21. A hyperstructure is inherently characterized by the structure of a powerset. 


Proof. The proof follows the same approach as in |]1 10! . This property follows directly from the definition 
of a hyperstructure, which is constructed on P(S), the powerset of S. oO 


Definition 2.22 (SuperHyperOperations). (cf. [337]) Let H be a non-empty set, and let P(H) denote the 
powerset of H. The n-th powerset P” (H) is defined recursively as follows: 


P(A) =H, P*'(H) =P(P*(H)), fork > 0. 


A SuperHyperOperation of order (m,n) is an m-ary operation: 
of"). H™ _, P(A), 
where P/’(H) represents the n-th powerset of H, either excluding or including the empty set, depending on the 


type of operation: 


* Ifthe codomain is P?’ (#) excluding the empty set, it is called a classical-type (m, n)-SuperHyperOperation. 


* Ifthe codomain is P” (7) including the empty set, it is called a Neutrosophic (m, n)-SuperHyperOperation. 


These SuperHyperOperations are higher-order generalizations of hyperoperations, capturing multi-level com- 
plexity through the construction of n-th powersets. 


Proposition 2.23. SuperHyperOperations generalize both Hyperoperations and Classical Operations. 
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Proof. Let H be a non-empty set. 


A Hyperoperation is defined as: 
o:HxH—P(H), 


where the result is a subset of H. A SuperHyperOperation of order (2, 1) is given by: 
oD : A? 5 P(H). 


Clearly, this aligns with the definition of a Hyperoperation when m = 2 and n = 1, demonstrating that 
Hyperoperations are a specific case of SuperHyperOperations. 


A Classical Operation is defined as: 
#): H” — H, 


where the result is a single element of H. A SuperHyperOperation of order (m, 0) is defined as: 
of™0) » HH” 5 P9(H) = H. 


This matches the definition of a Classical Operation when n = 0, as the codomain is the set H itself. 


Therefore, by choosing appropriate values for m and n, SuperHyperOperations encompass both Hyperoperations 
and Classical Operations, generalizing these concepts. oO 


Definition 2.24 (n-Superhyperstructure). (cf. [313| ) An n-Superhyperstructure is a higher-level general- 
ization of a hyperstructure achieved through n-fold iterations of the powerset operation. It is formally defined 
as: 


SH, = (Pn(S), 9), 
where S is the base set, P;,(S) is the n-th powerset of S, and o is a general operation defined on P,(S). 


Proposition 2.25. An n-Superhyperstructure is characterized by the structure of the n-th powerset. 


Proof. The proof follows the same approach as in [110 . This property arises directly from the definition 
of an n-Superhyperstructure, which is constructed using the n-th powerset P,,(S). The iterative application of 
the powerset operation defines its structure. oO 


Proposition 2.26. Every n-Superhyperstructure serves as a generalization of a hyperstructure. 


Proof. The proof follows the same approach as in [110/113]. A hyperstructure is based on the powerset P(S), 
which corresponds to the 1-th powerset P\(S). An n-Superhyperstructure, using the n-th powerset P,,(S) 
where n > 1, naturally extends this framework, making it a generalization of a hyperstructure. oO 


Corollary 2.27. Every n-Superhyperstructure is a generalization of a classical structure. 
Proof. The result is self-evident based on the definitions provided. oO 


Here, we describe the concept of Hierarchical Reduction in Superhyperstructure. This involves concretizing 
abstract superhyperstructure concepts into more general and practical frameworks. Such an approach is likely 
to be relevant in both mathematical theory and real-world applications. We hope that future research will 
further explore and develop these kinds of operations. 


Definition 2.28 (Hierarchical Reduction in Superhyperstructure). Let SH, = (Pn (S), 0) be an n-Superhyperstructure, 
where S is a base set, P,(S) is the n-th powerset of S, and o is a superhyperoperation defined on P,(S). Hi- 
erarchical reduction is the process of systematically simplifying the n-Superhyperstructure from higher-order 

levels (1) to lower-order levels (n — 1,n — 2,...,0) while maintaining critical structural properties. 


e At each level k, the reduced superhyperstructure is defined as: 
SH = (Px(S), ok); 


where: 
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1. £x(S) is the k-th powerset of S, constructed recursively as: 
Po(S) =S, Prri(S) =P (Px(S)). 


2. ox is the induced operation at level k, derived from the higher-order operation 0,4). For all 
A, B € Px(S), the operation o, is defined as: 


ox (A, B) = {CO Px(S) | C € oK+1(A, B)}. 


This ensures that the operation is restricted to P,(S) while preserving the relationships established 
in the higher-order levels. 


3. ox satisfies closure within P;,(S), ensuring that the reduced structure at level k remains valid. 


¢ The reduction process is applied iteratively until the base level k = 0, at which point the original set S 
and its classical operations are recovered: 


SHo = (S, 00), 
where 09 is a classical operation defined on S. 
¢ Hierarchical reduction ensures the following properties: 


1. Consistency: The operations o, at each level k are consistent with those at higher levels, ensuring 
that the reduction process faithfully represents the original n-Superhyperstructure. 


2. Completeness: Every element of Px (S) at level k is derived from higher-order levels 
Pr+i(S), Pks2(S),..-,Pn(S) 


, preserving the integrity of the structure. 


For reference, the relationships between Superhyperstructures and the nth powerset are illustrated in Figure[4] 


It should be noted that Figure lis cited from the reference [110]. 
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Figure 4: Relationships between Superhyperstructures and the nth powerset. This figure is cited from the 


reference (110). 


2.3 Classical Decision-Making and Hyperdecision-Making 


This subsection provides an explanation of Classical Decision-Making, Hyperdecision-Making, and SuperHyperdecision- 


Making. 
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Decision-making is the process of selecting the most suitable option from a set of alternatives based on 


specified criteria, constraints, and desired objectives (cf. 374]). Closely related theories, 


such as Social Choice Theory , have been extensively studied in the contexts of both 
collective and individual decision processes. Hyperdecision-Making extends traditional decision-making by 


employing Hyperstructures and Superhyperstructures |110\. These advanced frameworks enable the modeling 
of hierarchical decision processes, where higher-level or earlier decisions influence those at lower levels or 
later stages. 


Relevant definitions and theorems are provided below. For additional details, refer to [110] as needed. 


Definition 2.29 (Decision-Making). (cf. ) Decision-making is the process of iden- 
tifying the optimal choice from a set of alternatives A = {a,,d2,...,an}, subject to constraints C = 
{c1,C2,..-,€m} and evaluated against criteria K = {k,,kz,...,k,}. Formally, it is defined as: 


a” = argmaxU(a,C,K), 
acA 
where U : AXCXK — Ris autility function that quantifies the desirability of each alternative a, considering 
the given constraints and criteria. 


Example 2.30 (Medical Diagnosis with Decision-Making). (cf. 391]) Medical Diagnosis is 
the process of identifying diseases or conditions based on symptoms, medical history, physical exams, and 
diagnostic tests [|146)251]. Applying this example to the definition results in the following. 


¢ Alternatives (A): Possible diagnoses such as Flu,” *COVID-19,” or ’Allergy.” 
* Constraints (C): Symptoms present, patient history, and available diagnostic tests. 
* Criteria (K): Accuracy of diagnosis, cost of tests, and time required for results. 


* Utility Function (U): A function balancing diagnostic accuracy, cost, and speed to determine the most 
likely diagnosis. 


Example 2.31 (Job Selection with Decision-Making). (cf. 274]) Job Selection involves evaluating 
candidates based on skills, experience, and fit for specific job requirements []132 . Applying this example 
to the definition results in the following. 


¢ Alternatives (A): Job offers {A, Az, A3}. 
* Constraints (C): Required qualifications, location, and availability. 
* Criteria (K): Salary, work-life balance, and career growth opportunities. 


* Utility Function (U): A weighted sum of criteria to select the most suitable job. 


Example 2.32 (Investment Portfolio with Decision-Making). (cf. [196| 412]) Investment Portfolio is 
a collection of financial assets, such as stocks, bonds, and funds, designed to achieve specific investment 


goals [213) 277). Applying this example to the definition results in the following. 


¢ Alternatives (A): Investment options {StockA, Stock B, BondC}. 
* Constraints (C): Budget, risk tolerance, and liquidity requirements. 
* Criteria (K): Expected return, risk level, and time horizon. 


* Utility Function (U): A function optimizing return while minimizing risk and adhering to constraints. 


Example 2.33 (Route Planning with Decision-Making). (cf. [204 356]) Applying this example to the 
definition results in the following. 


¢ Alternatives (A): Possible routes {Routel, Route2, Route3}. 
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* Constraints (C): Traffic conditions, road closures, and fuel efficiency. 
* Criteria (K): Travel time, distance, and fuel cost. 


¢ Utility Function (U): A function minimizing travel time and cost while accounting for constraints. 


Example 2.34 (Product Recommendation with Decision-Making). (cf. (65]/406]) Product Recommendation 
suggests personalized products to users by analyzing preferences, behaviors, and trends using algorithms and 
data-driven techniques 298]. Applying this example to the definition results in the following. 


¢ Alternatives (A): Products {Product1, Product2, Product3}. 
* Constraints (C): User budget and availability of items. 
* Criteria (K): Customer reviews, price, and brand reputation. 


* Utility Function (U): A scoring system based on customer preferences to recommend the best product. 


Based on the above, the definition and related concepts of Hyperdecision-making are provided below. 


Definition 2.35 (Hyperdecision-making). Hyperdecision-making describes a scenario where a decision- 
maker (a person, group, or system) must choose from a highly complex or extensive set of options. Unlike 
traditional decision-making, which involves a manageable number of independent alternatives, hyperdecision- 
making is characterized by: 


* Choice Overload: The decision-maker faces an overwhelming number of possible alternatives, often 
in the hundreds or thousands. This abundance can lead to decision fatigue, where the sheer volume of 
choices hinders effective decision-making or results in suboptimal outcomes. 


¢ Interconnected Choices: The options are not independent; selecting one alternative may affect the 
feasibility, desirability, or outcomes of other options. For example, a decision in one domain (e.g., 
resource allocation) might impose constraints or offer opportunities in another (e.g., scheduling or 
priorities). 


¢ Dynamic Relationships: The relationships among choices evolve based on external factors or prior 
decisions, creating layers of dependencies that must be considered. This makes the decision space 
dynamic and complex, requiring iterative analysis and adaptation. 


¢ Multidimensional Criteria: Decision options are evaluated against multiple, often conflicting, criteria 
such as cost, risk, efficiency, and fairness. The interdependencies between criteria further complicate 
the evaluation process. 


Hyperdecision-making arises in contexts where the decision space is vast, interconnected, and influenced by 
multiple layers of constraints and criteria. After completing the hyperdecision-making phase, a traditional 
decision-making process is triggered to select the optimal alternative(s) from the refined and reduced set of 
choices. Traditional decision-making tools are applied at this stage to finalize the choice effectively. 


Example 2.36 (Urban Development Planning in Hyperdecision-making). (cf. [97|159]177]) City planners face 
a complex web of decisions, such as allocating land for housing, commercial use, parks, and infrastructure. 
These choices are interconnected: 


¢ Building a new road influences public transport options and future zoning policies. 


¢ Balancing environmental sustainability, economic feasibility, and public preferences adds additional 
layers of complexity. 


¢ Dynamic factors, such as changes in population growth or funding, further complicate planning. 
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Through hyperdecision-making, planners explore thousands of potential scenarios. Once refined, a traditional 
decision-making process selects the optimal development plan. 


Example 2.37 (Resource Allocation in Crisis Management in Hyperdecision-making). (cf. 361)) 
During a natural disaster, emergency managers must quickly allocate resources like food, water, and medical 
supplies. Key complexities include: 


¢ Transportation constraints (e.g., damaged roads) and storage limitations. 
¢ Evolving conditions, such as worsening weather or emerging needs in underserved areas. 


¢ Multiple criteria, such as minimizing response time while maximizing aid distribution. 


Hyperdecision-making helps prioritize critical actions and reduce complexity, enabling traditional decision- 
making methods to finalize the resource allocation plan. 


Example 2.38 (Energy Grid Management in Hyperdecision-making). (cf. (72193) Energy Grid Management 
involves balancing energy supply and demand while integrating renewable sources, ensuring reliability, cost- 
effectiveness, and environmental sustainability [27|{184|/351]. Managing a national energy grid involves 
balancing supply and demand while integrating renewable energy sources. Complexities include: 


¢ Dynamic factors, such as weather conditions affecting solar and wind energy availability. 
¢ Dependencies between regions, where energy allocation in one area impacts another. 


* Criteria such as cost, reliability, and environmental impact. 


Hyperdecision-making enables energy managers to evaluate large-scale scenarios, reducing them to a manage- 
able subset. Traditional decision analysis techniques are then applied to determine specific energy distribution 
strategies. 


Proposition 2.39. Hyperdecision-making generalizes classical decision-making. 


Proof. This is evident. Refer to [110] as needed. Oo 


Proposition 2.40. Hyperdecision-making possesses a Hyperstructure. 


Proof. This is evident. Refer to [110] as needed. Oo 


Definition 2.41 (Superhyperdecision-making). [110] Superhyperdecision-making takes the complexity of 
hyperdecision-making a step further. Instead of dealing with just one level of a complicated decision space, 
we consider multiple layers or levels, known as (7)-Superhyperstructures. This involves: 


¢ n-Superhyperstructures: Imagine starting with a basic set of options (level 0). At level 1, you might 
consider groups or patterns formed from these options. At level 2, you examine patterns of patterns, and 
so forth. Each new level introduces another layer of structure, complexity, and uncertainty. By the time 
you reach level n, you’re dealing with an incredibly rich and multi-dimensional decision landscape. 


* Context Adaptation: Decision-making does not happen in a vacuum. External factors, changing goals, or 
new information might alter the relevance or desirability of certain choices. Superhyperdecision-making 
frameworks let you adapt at different levels. For instance, a shift in market conditions at a high level 
might trickle down to change how you evaluate specific sets of options at a lower level. 


In simpler terms, superhyperdecision-making addresses situations where decisions are not only numerous and 
interconnected (as in hyperdecision-making), but also organized into multiple hierarchical layers. Each layer 
adds another dimension of complexity, and the decision-maker must consider how changes at one level affect 
decisions at another. This approach helps structure and manage extremely complex decision problems, ensuring 
that the decision process remains coherent and adaptive across multiple scales and contexts. 


427 


Example 2.42 (n-SuperHyperDecision-Making in Global Climate Governance). (cf. (110}) Global climate 
governance offers a clear example of a hierarchical decision-making process, where decisions cascade 
from the foundational level n = 0 upward through increasingly complex layers. This structure aligns with 
n-SuperHyperDecision-Making principles, emphasizing interconnectedness, interdependencies, and dynamic 
feedback loops: 


¢ Level n = 0 (Local Implementation): At the foundational level, local or regional authorities execute 
specific climate initiatives, such as constructing renewable energy facilities, promoting electric vehicles, 
or managing forests. Decision-making here involves: 


— Fuzzy Local Criteria: Factors like population density, resource accessibility, and local economic 
conditions introduce ambiguity, requiring flexible decision-making. 
-— Community Feedback: Input from local populations and continuous environmental monitoring 


inform adjustments to strategies. 


¢ Level n = | (National Adaptation): National governments adapt global strategies into tailored policies 
for their contexts. Examples include implementing carbon taxes, renewable energy incentives, and 
conservation programs. This level features: 


— Evaluation of Criteria: Policies are evaluated on cost-effectiveness, political feasibility, and public 
acceptance. 


— Interdependencies: Policies interact dynamically; for instance, renewable energy incentives can 
affect carbon tax impacts. 


— Dynamic Constraints: Changing energy demands and resource availability continuously shape 
policy decisions. 


¢ Level n = 2 (Global Coordination): At the global level, international organizations like the United 
Nations Framework Convention on Climate Change (UNFCCC) [269] establish overarching strategies. 
These strategies include setting emission reduction goals, managing global carbon markets, and creating 
international agreements. Key features include: 
— Uncertainty: Climate projections involve incomplete or contradictory data. 
— Balancing Interests: Economic disparities among nations necessitate adaptable agreements. 


-— Global Consensus: Maintaining agreement among diverse stakeholders is a dynamic and ongoing 
challenge. 


Dynamic Feedback Across Levels: Information flows bidirectionally: 


¢ New scientific findings or global policy trends (n = 2) may prompt updates in national strategies (n = 1) 
and local actions (n = 0). 


¢ Feedback from regional projects (n = 0)—such as cost overruns or community resistance—can inform 
national policies (n = 1) and global revisions (n = 2). 


Key Features of n-SuperHyperDecision-Making: This example highlights several principles of n-SuperHyperDecision- 
Making: 


¢ Multi-Level Integration: Decisions span three levels (n = 0 to n = 2), each with unique complexities and 


interdependencies. 


¢ Top-Down and Bottom-Up Interactions: Higher levels provide guidance, while lower-level feedback 
informs adjustments. 


¢ Uncertainty Management: Techniques such as fuzzy, neutrosophic, and plithogenic methods address 
uncertainty and complexity at all levels. 
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This framework demonstrates how global climate governance uses n-SuperHyperDecision-Making to achieve 
cohesive, adaptive solutions for complex, multi-scale challenges. 


Theorem 2.43 (Hierarchical Reduction in n-Superhyperdecision-making). In n-Superhyperdecision- 
making, achieving a final decision requires sequential reduction from the highest hierarchical level n to the 
base level n = 0. Formally: 


n 
Final Decision = LJ Optimal Choices at Level k. 
k=0 


Each reduction step n — n— 1 resolves dependencies and constraints imposed by the higher levels, ensuring 
consistency and coherence across all levels. 


Proof. Details are omitted. Refer to [110] as needed. Oo 


2.4 Fuzzy Decision Making 
This subsection provides an explanation of Fuzzy Decision Making. 


In a fuzzy decision-making framework, the goal is to evaluate and rank a set of alternatives based on certain 
criteria (203). The evaluation of each alternative with respect to each criterion is expressed using fuzzy 
membership degrees instead of precise numerical values. This approach enables the modeling of uncertainty, 
vagueness, and partial truth. 


Fuzzy Decision Making is widely recognized as a useful concept for modeling various real-world phenomena. 


It has been extensively studied and applied in numerous fields 278}. 


To begin, we provide an explanation of the concept of Fuzzy Sets. Fuzzy Sets are a well-established mathematical 
tool used to manage uncertainty within the framework of set theory. The formal definition, as introduced by 
Zadeh, is presented below [397]. 


Definition 2.44 (Fuzzy Set). [397 A fuzzy set T in a non-empty universe Y is a mapping: 
tT: Y — [0,1]. 


A fuzzy relation on Y is defined as a fuzzy subset 6 of Y x Y. If r is a fuzzy set in Y and 6 is a fuzzy relation 
on Y, then 6 is called a fuzzy relation on T if: 


6(y,z) < min{t(y),T(z)}, forall y,zeY. 


Example 2.45 (Fuzzy Set: Room Temperature Control). (cf. (410}) Consider the task of determining whether 
the temperature in a room is ’comfortable.” The universe of discourse Y represents the range of possible 
temperatures, say Y = [10°C,35°C]. A fuzzy set t is defined to represent the degree of comfort for each 
temperature in Y: 


T:Y —> [0,1]. 
For example: 
0 ifT < 15°C orT > 30°C, 
(T-15)/5 if IS°C <T < 20°C, 
t(T) = ; 
1 if 20°C < T < 25°C, 


(= 1)/s force<T <30c, 


Here, the membership value t(7’) represents how ”comfortable” the temperature T is, on a scale from 0 (not 
comfortable) to 1 (perfectly comfortable). 


For instance: 
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¢ 7(12°C) =0: 12°C is not comfortable. 

¢ 7(18°C) = 0.6: 18°C is somewhat comfortable. 
* t(23°C) = 1: 23°C is perfectly comfortable. 

© 7(28°C) = 0.4: 28°C is mildly uncomfortable. 


This fuzzy set allows for a more nuanced representation of comfort compared to a binary classification (e.g., 
*comfortable” or ’not comfortable’’), enabling more flexible and realistic decision-making in applications such 
as smart thermostats. 


Based on the above, Fuzzy Decision-Making is defined. As an overview, we will first explain The Process of 
Fuzzy Decision-Making and then provide various mathematical definitions below. 


Remark 2.46 (The process of fuzzy decision-making). The process of fuzzy decision-making can be summa- 
rized as follows: 


1. Identify the Set of Decision Alternatives (X ): Define the set of all feasible alternatives under consideration, 
X = {x1,X2,...,Xn}, where each x; represents a possible choice. 


2. Specify the Set of Criteria (C): Determine the criteria C = {cj,c2,...,Cm} used to evaluate the 
alternatives. Each criterion reflects a specific aspect of the decision problem. 


3. Evaluate Alternatives Using Fuzzy Membership Degrees: For each alternative x; and criterion c ;, assign 
a membership degree y;; € [0,1] representing the degree to which x; satisfies c;. These evaluations 
form the fuzzy evaluation matrix R. 


4. Assign Weights to Criteria (W): Define the relative importance of each criterion using a weight vector 
W = {w1,W2,...,Wm}, where w; € [0,1] and bs wal. 


5. Aggregate Scores for Each Alternative: Combine the membership degrees u;; and weights w,; using an 
aggregation method (e.g., additive weighted sum or max-min composition) to compute an overall score 
S; for each alternative x;. 


6. Select the Optimal Alternative: Identify the alternative x* with the highest aggregated score: 


x* = arg max S;. 
XE 


If necessary, apply tie-breaking procedures or further analysis to finalize the selection. 
Definition 2.47 (Set of Decision Alternatives). Let 
x = {X1,X2, san Xn} 


be the set of all feasible decision alternatives under consideration. Each x; represents a distinct option or 
solution candidate among which a decision-maker aims to choose the best one. For example, if we are choosing 
a supplier, x; could be “Supplier A’, x2 could be “Supplier B”, and so on. 


Definition 2.48 (Set of Criteria). Let 
C = {c1,C2,...,Cm} 


be the set of decision criteria used to evaluate the alternatives. Each criterion c; represents a particular aspect, 
attribute, or performance indicator relevant to the decision. For instance, in a supplier selection problem, c; 
might represent “Cost’, cp might represent “Quality”, and c3 might represent “Delivery Time”. 
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Definition 2.49 (Fuzzy Sets for Criteria Evaluation). For each pair (x;,c;), we define a fuzzy set that 
expresses the degree to which the alternative x; satisfies the criterion c;. This is given by a membership 


function: 
Mij : X XC [0, 1], 


where 4; ; = 4i;(%;,c;) indicates the degree of satisfaction of x; with respect to c;. A value of u;; close to 1 
means that x; strongly meets the requirements of criterion c;, while a value close to 0 means it poorly meets 
those requirements. Intermediate values reflect partial or uncertain satisfaction levels. For example, if c; is 
“Quality” and x; is a product, y;; = 0.8 might indicate that the product’s quality is perceived as fairly high, 
though not perfect. 


Definition 2.50 (Weighted Fuzzy Evaluation Matrix). (cf. [192|[230}) In many decision-making problems, not 
all criteria are equally important. We therefore assign weights to criteria to reflect their relative significance. 
Let 

W = {w1,W2,...,Wm} 


be a set of weights, where each w; € [0, 1] corresponds to the importance of criterion c;, and 
m 
» wj= 1. 
j=l 


Using these weights and the membership functions, we construct a fuzzy evaluation matrix: 


Hil Hi2 77+) Him 

H21 H22 ++: Ham 
R=]. < % : 

Eni Hn2 sue Hnm 


In this matrix: 
Mij = Mij Xi, cj) € [0, 1] 
represents how well alternative x; satisfies criterion c;. Each row corresponds to a particular alternative, and 


each column corresponds to a particular criterion. For example, if n = 3 and m = 4, the entry ju23 is the 
membership degree of how well alternative x2 meets criterion c3. 


Definition 2.51 (Aggregation Operations). (cf. [225||226]) Once we have the weighted fuzzy evaluation 
matrix, we must aggregate the membership values and weights to compute an overall evaluation score S; for 
each alternative x;. Several aggregation methods are used in fuzzy decision-making. Two common approaches 
are: 


(a) Additive Weighted Model: In the additive weighted approach, we use a weighted sum of the membership 
degrees: 


Here, S; can be interpreted as a composite score representing the overall performance of alternative x;. A larger 
S; indicates better performance across the criteria, taking into account their relative importance. 


(b) Max-Min Composition: Another approach uses max-min type aggregation: 
Si = max min(w;, Hij)- 
j= 


In this model, for each criterion c;, we look at the minimum of w; and y;;, and then take the maximum of 
these minima over all criteria. This approach emphasizes the weakest link in the evaluation weighted by the 
criterion’s importance and then chooses the alternative with the strongest weakest link”. 


Both approaches can be useful depending on the decision-making context. The additive model provides a 
smooth averaging effect, while the max-min composition is more conservative, focusing on ensuring that each 
criterion meets a certain standard. 
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Definition 2.52 (Selection of the Optimal Alternative). (cf. |182| ) After computing the overall scores 
S; for each alternative x; € X, the final step is to select the best alternative. Define: 


x* = arg max S;. 
xpeX 


The alternative x* is thus the one with the highest aggregated score under the chosen aggregation method, 
indicating that it best fulfills the criteria set C with respect to the weights W and membership degrees jy; ;. 


If multiple alternatives achieve similar scores, further analysis or tie-breaking procedures can be applied. This 
final selection reflects a fuzzy decision-making process that accommodates imprecision and uncertainty in 
evaluating how each alternative meets each criterion. 


Example 2.53 (Fuzzy Decision Making in Employee Recruitment). (cf. [61| 366]) Consider a company 
that needs to hire a new software engineer. The set of candidates is: 


X = {x, = Candidate A, x. = Candidate B, x3 = Candidate C}. 
The criteria might be: 
C = {c, = Technical Skills, cp = Communication Skills, cz; = Adaptability to New Technologies}. 
In acrisp scenario, the HR team might try to assign strict scores or ranks, but this often fails to capture nuanced 


opinions. Using fuzzy sets, each candidate x; is evaluated by a membership function j1;; with respect to each 
criterion c;. For example: 


¢ For Candidate A (x1), @11(41,¢1) = 0.9 might indicate very strong technical skills, while 43(%1,¢3) = 
0.6 suggests only moderate adaptability. 


¢ For Candidate B (x2), W22(x2, C2) = 0.7 could indicate fairly good communication, while j121 (x2, c1) = 
0.5 shows only average technical proficiency. 


¢ For Candidate C (x3), 432(x3, c2) = 0.8 might mean strong communication, and j133(x3, c3) = 0.9 shows 
excellent adaptability, but perhaps 131 (x3, c1) = 0.4 suggests weaker technical skills. 


Assigning weights W = {w; = 0.4,w2 = 0.3,w3 = 0.3} to reflect the company’s priorities (e.g., technical 
skills are most important), we aggregate these fuzzy memberships. Using the additive weighted model: 
S; =0.4-0.94+0.3 -0.5 +0.3 - 0.6 = some value for Candidate A, 


So = 0.4-0.54+0.3 -0.7+0.3 - 0.5 = some value for Candidate B, 
S3 =0.4-0.44+0.3- 0.8 +0.3 - 0.9 = some value for Candidate C. 


After computing S$), 52,53, the company chooses the candidate with the highest score. The fuzzy approach 
allows the HR team to handle uncertainty, such as partially good technical skills or somewhat adequate 
communication, leading to a more nuanced and arguably fair selection process. 


Example 2.54 (Fuzzy Decision Making in Project Portfolio Selection). (cf. ) A city government 
needs to select which infrastructure improvement projects to fund this year. Suppose: 


X = {x; = Road Expansion, x2 = Green Park, x3 = Community Center}. 
The criteria might include: 


C = {c, = Cost, cz = Environmental Benefit, cz = Public Support, cg = Long-Term Sustainability}. 


Instead of making hard judgments, the city uses fuzzy logic: 


* {411(%1,c,) = 0.7 might mean the road expansion is moderately cost-effective. 
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* 12(x1, 2) = 0.3 could indicate low environmental benefit for the road project. 


¢ For the green park (x2), f122(x2,C2) = 0.9 might indicate a very high environmental benefit, and 
M2a(X2, C4) = 0.8 suggests good long-term sustainability. 


¢ For the community center (x3), 433(x3,¢3) = 0.75 might show reasonably strong public support, and 
H34(x3, C4) = 0.6 indicates moderate sustainability. 


Weights could be W = {w; = 0.3, w2 = 0.3, w3 = 0.2, w4 = 0.2}, slightly favoring cost and environmental 
benefit. Using a max-min composition: 


S; = max(min(0.3, 0.7), min(0.3, 0.3), min(0.2, ?), min(0.2, ?)) 
(Where ’?’ are membership values for x; on c3 and c4 that we would also specify.) 


Similarly, $2 and $3 are computed. The project with the highest S; is chosen. The fuzzy approach allows the city 
to handle partial environmental benefits, somewhat adequate cost savings, and uncertain public support levels, 
rather than forcing binary decisions. This leads to a more flexible and realistic selection process, especially 
when data and opinions are imprecise or incomplete. 


2.5 Generalized n-Superhyperdecision-making 


In this subsection, we explore the concept of Generalized n-Superhyperdecision-making based on the framework 
of the Generalized n-th Powerset. This approach establishes a foundation for decision-making processes 
where each decision step incorporates considerations such as Fuzzy, Neutrosophic, or Weighted criteria. 
Fuzzy Decision-Making and Neutrosophic Decision-Making 
are well-studied, making it a natural extension to examine the behavior of these concepts 
within the n-Superhyperdecision-making framework. 


This framework aims to enhance the precision and adaptability of decision-making in complex, multi- 
dimensional environments. Future research is expected to focus on applying these concepts across various 
domains. Definitions and related concepts are provided below. 


Definition 2.55 (Generalized n-th Powerset). Let H be a set or a mathematical structure, and 
let P(H) denote the classical powerset of H. Define the n-th generalized powerset of H, denoted G,(H), 
recursively as: 

G\(H) = G(A), 


Gnii(H) =G(G,(H)) forn> 1, 


where G(#) is a generalized powerset operator incorporating additional constraints, properties, or structures. 
Examples of G(H) include: 


Labeled subsets: G(H) = {(A, €4) | A C H, €4 € L}, where L is a set of labels. 


Weighted subsets (388): G(A) = {(A,wa) | A © H,wa € R}, where weights w, are assigned to 
subsets. 


Soft subsets : Let U be a universe and E a set of parameters. A soft subset over U is a pair (F, A), 
where A C E and F : A > P(U). For each e € A, F(e) € U represents the set of elements satisfying 
parameter e. 


Graph subsets: G(H) = {(G, VG, Eg) | Vg € V(A), Eg © E(A)}, where G = (Vg, Eg) is a subgraph 
of H. 


Structured subsets: Subsets with internal structures, such as orderings, multisets, or graph-like properties. 


Filtered subsets: Subsets satisfying a predicate P(A), such that G(H) = {A C H | P(A)}. 


Fuzzy subsets : G(A) = {(A, ua) | A C Aya: A — [0,1]}, where wa, defines the degree of 
membership for each element in A. 
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Rough subsets : Defined in terms of lower and upper approximations, G(H) = {(A, A, A)|AC 
H}, where: 


A= {x € H| P(x) is definitely true}, A = {x € H | P(x) is possibly true}. 


Neutrosophic subsets : G(A) = {((A, Ta, 14, Fa) | A C A,T4, 14, Fa: A — [0,1]}, where: 
0 < Ta(x) + JA(x) + Fa(x) $3 forallxe€ A, 
and T(x), a(x), and F(x) represent the degrees of truth, indeterminacy, and falsity, respectively. 


Plithogenic subsets : G(A) = {(A, v, Pv, pdf, pCF) | A © H}, where: 


— vis an attribute. 

— Pv is the range of possible values for v. 

-— pdf: Ax Pv — [0, 1]* is the Degree of Appurtenance Function (DAF). 

— pCF: Pvx Pv = [0,1]! is the Degree of Contradiction Function (DCF) satisfying: 


pCF(a,a)=0, pCF(a,b)=pCF(b,a) foralla,b € Pv. 


Proposition 2.56. A Generalized n-th Powerset generalizes a n-th Powerset. 


Proof. It is evident from the definition. Oo 


Definition 2.57 (Generalized n-Superhyperdecision-making). Let D be a (non-empty) set of decision options. 
The set G,,(D) represents the n-th generalized powerset of D, as introduced in (113). Intuitively, starting from 
D (when n = 0), we construct higher-level sets by repeatedly taking powersets, forming increasingly complex 
structures as n grows. 


A Generalized n-Superhyperdecision-making framework is defined as: 


Gn = (Gr(D), on, Ch). 


where: 


G,,(D) : At level n = 0, we have the original set of decisions D. At n = 1, we have G,(D) which could 
be the powerset of D (i.e., all subsets of D). For larger n, G,(D) might represent, for example: 


— Fuzzy structures over D, where each element of D has a membership degree between 0 and 1. 


— Neutrosophic structures, where each element of D is described by truth, indeterminacy, and falsity 
values. 


— Plithogenic structures that incorporate multiple criteria and contradictions. 


Thus, G,,(D) provides a flexible, multi-layered representation of decisions where each level n can encode 
more complex or richer forms of information about the original decision set D. 


©, : The hyperoperation 
1: Gn(D) X Gp(D) > P(Gy(D)) \ {0} 


takes two elements from G,,(D) and combines them to produce a non-empty family of elements in 
G,(D). Unlike a standard binary operation that yields a single result, this hyperoperation can produce 
multiple possible outcomes. In other words, ©,, models situations where combining two complex decision 
entities does not lead to a unique conclusion, but rather a set of potential conclusions. This captures 
the idea that at higher decision levels, outcomes can be multi-valued, reflecting uncertainty, multiple 
objectives, or conflicting criteria. 


C,, : The set C, consists of constraints or criteria that guide the decision-making at the n-th level. These 
constraints can vary depending on the type of enriched structure you are dealing with. Some examples: 


— Fuzzy constraints: A fuzzy membership function p : D — [0, 1] assigns each decision option a 
degree of suitability or preference. 
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— Weighted criteria: Real-valued weights w : D — R can prioritize certain options over others, 
helping to balance or aggregate multiple criteria. 


— Neutrosophic criteria: For each d € D, assign three values T(d),1(d), F(d) in [0,1]. These 
represent the truth, indeterminacy, and falsity degrees of selecting d. Such criteria allow for a 
richer expression of uncertainty than fuzzy sets alone. 


— Plithogenic criteria: Suppose each decision d € D has attributes v1, v2,...,Vv,, and each attribute 
v; can take values in P(v;). We define: 


pdf : Dx P(v) > [0,1]°, 


where pdf gives a multi-dimensional membership vector indicating how well d matches a certain 
attribute value combination. Additionally: 


pCF : P(v) x P(v) = [0, 1]* 


measures how contradictory two attribute values are. Plithogenic criteria thus integrate multiple 
dimensions of membership and contradiction, providing an even more nuanced framework for 
decision analysis. 


The Decision Process: In a Generalized n-Superhyperdecision-making framework, the decision process often 
involves starting from the highest level n and working downwards to simpler levels (eventually down to n = 0 
if desired). At each step: 


1. Consider the current level k (starting from k = n). 
2. Apply the hyperoperation ©, to combine decision entities and explore possible outcomes. 
3. Use the criteria C; at level k to filter, rank, or refine the resulting sets of decisions. 


4. Reduce the complexity by moving from level k to k — 1, carrying forward only those decision sets or 
options that meet the desired criteria. 


By iterating this process, you successively simplify and refine the decision universe until you reach a manageable 
decision set at a lower level (e.g., nm = 1 or even n = 0), where making a final choice or a small set of best 
options is straightforward. 


In summary, the Generalized n-Superhyperdecision-making framework provides a structured, hierarchical way 
to handle increasingly complex decisions, incorporating fuzzy, neutrosophic, plithogenic, or other specialized 
criteria. It captures multi-level uncertainty, complexity, and interdependencies in a single unified framework, 
guiding the decision-maker through a systematic reduction and selection process. 


Example 2.58 (Global Supply Chain Management in Generalized n-Superhyperdecision-making). Supply 
Chain Management (SCM) involves coordinating production, logistics, and distribution processes to efficiently 
deliver goods or services while optimizing costs and resources [158|[197|[224]. Consider a multinational 
corporation managing a complex global supply chain. At the base level (n = 0), the decision set D might 
simply be the selection of a single supplier from a list. However, as 7 increases, the sets G,,(D) incorporate 
more complex structures: 


¢ Atn = 1, the company considers all subsets of suppliers and possible combinations of contracts. Criteria 
C, could include basic factors such as cost, lead time, or minimum order quantities. 


e At n = 2, the framework might introduce fuzzy attributes, assigning membership degrees to represent 
uncertainties like fluctuating shipping times or partial reliability. Here, G2(D) consists of fuzzy sets 
capturing the uncertain quality and responsiveness of different supplier combinations. The hyperopera- 
tion ©2 could merge these fuzzy sets, and criteria C7 might involve fuzzy thresholds for acceptable delays 
or risk. 
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¢ At higher levels (e.g., n = 3), neutrosophic or plithogenic structures come into play. Now, each decision 
entity might carry not only truth-values (like “supplier A can reliably deliver 90% of the time’’) but also 
indeterminacy and falsity measures, or multi-dimensional membership vectors from different attributes 
(e.g., cost stability, geopolitical risks, environmental impact). The hyperoperation o3 combines these 
enriched sets, producing multiple possible future supply chain configurations. Criteria C3 might require 
balancing cost-effectiveness, sustainability, and resilience against contradictory attributes like political 
instability or currency fluctuations. 


By iteratively applying the framework and reducing complexity from higher 7 to lower n, the company gradually 
narrows down to a manageable set of promising supplier networks. Ultimately, at a low level (n = Oorn = 1),a 
final decision—such as selecting a stable, cost-effective set of suppliers—is made using conventional decision- 
making tools. 


Example 2.59 (Long-Term Urban Infrastructure Planning in Generalized n-Superhyperdecision-making). A 
city is planning its infrastructure decades into the future. At the simplest level (n = 0), the decision D might 
be choosing between a set of proposed projects, such as building a bridge or a new rail line. 


* At n = 1, G,(D) includes all combinations of these projects. Criteria C; could incorporate basic 
cost-benefit analyses, population projections, or immediate environmental regulations. 


e At n = 2, the city introduces fuzzy elements to model uncertainties like climate change impacts, varying 
economic growth rates, or partial compliance with sustainability goals. Thus, G2(D) holds fuzzy sets 
representing how well each infrastructure combination meets projected needs. The hyperoperation o 
may combine different fuzzy scenarios (e.g., “moderate climate scenario” and “high growth scenario’), 
and criteria C2 might require a minimum membership degree of resilience and adaptability. 


¢ At n = 3 or beyond, the framework might include neutrosophic or plithogenic layers to handle con- 
tradictory policy objectives or multidimensional evaluations, such as balancing historical preservation 
with urban expansion. G3(D) could represent neutrosophic sets where each infrastructure plan is asso- 
ciated with truth (it addresses known future needs), indeterminacy (uncertain future technologies), and 
falsity (it fails to meet certain sustainability targets). Criteria C3 could involve assigning neutrosophic 
weights to health outcomes, cultural values, and economic diversity, while o3 explores multiple complex, 
interdependent strategies. 


By working top-down through these levels, city planners can filter out unrealistic or undesired infrastructure 
combinations early on. As complexity reduces, they eventually settle on a small selection of feasible, robust 
strategies and finalize their infrastructure plan using traditional decision-making techniques at a lower level. 


3 Uncertain Decision Making 


In this section, we examine Neutrosophic Decision Making and Plithogenic Decision Making. 


3.1 Neutrosophic Decision Making (Revisited) 


Neutrosophic Decision Making, a concept discussed in (2}[7][25}[70][86}[125][194][228][250]/389}, has been 


extensively studied, much like Fuzzy Decision Making. Notably, the Neutrosophic Set is recognized as a more 
flexible framework than the Fuzzy Set, as it can handle parameters reflecting “indeterminacy [341].” This 
characteristic allows it to model situations where outcomes are neither fully true nor false. Relevant definitions 
and theorems are provided below. 


Definition 3.1 (Neutrosophic Set). [314 Let & be a universe of discourse. A neutrosophic set a in & is 
characterized by three functions: 


Ta (x), Tq(x), Fo(x) : € — [0, 1], 


where T, (x) is the truth-membership degree, Iq (x) is the indeterminacy-membership degree, and F(x) is the 
falsity-membership degree for each element x € €. These values satisfy: 


0 < Tg (x) +1q(x) + Fo(x) < 3. 
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If Ta (x) is close to 1, it indicates a high degree of truth or acceptance for x being in a. If Fa(x) is close 
to 1, it indicates a high degree of falsity or rejection. If /_(x) is close to 1, it reflects a significant level of 
indeterminacy, capturing uncertainty or incomplete information about x’s membership in a. 


Example 3.2 (Real-life Example of Neutrosophic Set). (cf. |165]) Consider a hiring process where candidates 
x € & are evaluated for a job. For each candidate x, the following neutrosophic values are assigned: 


* Ta(x): The degree of truth that the candidate is suitable based on qualifications and experience (e.g., 
To (x) = 0.8). 


* I_(x): The degree of indeterminacy due to incomplete information such as references or personality fit 
(e.g., L(x) = 0.5). 


* F(x): The degree of falsity that the candidate is unsuitable based on past performance or lack of skills 
(e.g., Fa (x) = 0.2). 
For a specific candidate x, if: 
Ta (*1) = 0.7, Tq(*1) = 0.3, Fo(x1) = 0.4, 


this means the candidate has a 70% suitability (truth), 30% indeterminacy due to lack of information, and 40% 
unsuitability (falsity). The hiring committee can use this neutrosophic evaluation to make a balanced decision 
considering all uncertainties. 


The above defines the Neutrosophic Set. Using this as a reference, we will first explain The process of 
neutrosophic decision-making and then proceed to present its mathematical definition. 


Remark 3.3 (The process of neutrosophic decision-making). The process of neutrosophic decision-making 
can be summarized as follows: 


1. Identify the Set of Decision Alternatives (X): Define the set of feasible alternatives X = {x,,x2,...,Xn}, 
where each x; represents a possible choice. 


2. Specify the Set of Criteria (C): Determine the criteria C = {c1, C2, ..., Cm} for evaluating the alternatives. 


3. Evaluate Alternatives Using Neutrosophic Components: Assign a neutrosophic triple (7;;, /i;, Fi;) for 
each alternative x; and criterion c ;, representing truth, indeterminacy, and falsity. 


4. Assign Weights to Criteria (W): Specify a weight vector W = {w1, w2,..., Wm} to reflect the importance 
of each criterion, ensuring pain wy=l. 


5. Aggregate Neutrosophic Evaluations: Combine T;;,[;;,F;; and w; for each alternative x; using an 
aggregation method to compute a score Sj. 


6. Select the Optimal Alternative: Choose the alternative x* with the highest aggregated score: 


x* = arg max S;. 
xpex 


Apply tie-breaking if necessary. 
Definition 3.4 (Set of Decision Alternatives for neutrosophic decision-making). Let 
X = {x1,X2,-.-,Xn} 


be the set of all possible decision alternatives. Each x; represents a distinct option, scenario, or candidate 
solution. 


Definition 3.5 (Set of Criteria for neutrosophic decision-making). Let 
C = {c1,€2,.--,Cm} 


be the set of decision criteria used to evaluate the alternatives. Each criterion c ; represents an aspect or attribute 
that is important for making a decision. For example, in supplier selection, c; might be “Cost”, cz might be 
“Quality”, and so forth. 
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Definition 3.6 (Neutrosophic Evaluation of Alternatives). For each pair (x;,c;), we assign a neutrosophic 
triple: 
(Ti; Tij, Fij) € (0,1]°, 


where 7;;, /;;, and F;; represent the degrees of truth, indeterminacy, and falsity, respectively, associated with 
alternative x; under criterion c;. For instance, if T;; = 0.7, [;; = 0.1, and F;; = 0.2, this suggests that under 
criterion c ;, x; is somewhat satisfactory (with truth 0.7), has a small uncertainty portion (indeterminacy 0.1), 
and is partially unsatisfactory (falsity 0.2). 


Definition 3.7 (Neutrosophic Weight Assignment). As in fuzzy decision making, not all criteria are equally 
important. Assign a weight w; to each criterion c;, where: 


W = {w1,W2,...,Wm}, wy € [0,1], and yw; =1. 
j=l 


These weights indicate the relative importance of the criteria. For example, if c; is cost, one might assign a 
higher weight to it if minimizing cost is crucial. 


Definition 3.8 (Neutrosophic Evaluation Matrices). We can arrange the neutrosophic evaluations for all 
alternatives and criteria into three matrices corresponding to truth, indeterminacy, and falsity: 


Ty Ti2 +++ Tim Ty tig tt Lim Fy, Fiz +++) Fim 

To, 122 +++) Thm In Ip +++) Lom Fo, Foo +++ Fom 
T = a F ‘ ’ I = is m . 5 F —; . . ; 

Ty Taye Oe Dagan Tay Tee Tae Fit Fu «+: Fam 


Each row corresponds to an alternative x;, and each column corresponds to a criterion c;. In the T matrix, T;; 
represents the truth-membership of x; under c;; similarly, /;; and F;; are elements of the J and F matrices, 
respectively. 


Definition 3.9 (Aggregation of Neutrosophic Evaluations). To determine the overall performance of each 
alternative, we must aggregate the truth, indeterminacy, and falsity values across all criteria, taking into 
account their relative importance. Several aggregation strategies exist. For example, we can define a weighted 
aggregation of the neutrosophic components as follows: 


m m m 
5g = \i wy Ty, sv? =) i wy: hy. ee = \)wj: Fi. 
j=l j=l j=l 


This produces three aggregated scores for each alternative x;: se (overall truth), sy (overall indeterminacy), 
and sy (overall falsity). 


In other neutrosophic aggregation methods, special operators may combine (T,/,F) values into a single 
representative measure of performance. For instance, one could define a combined score: 


SSFG Se Se) 


where f is a neutrosophic aggregation function designed to handle uncertainty and partial indeterminacy. One 
simple approach might be a weighted difference measure, such as: 


5, = s'? —(s sas), 


where A > 0 is a parameter that reflects how strongly indeterminacy penalizes the evaluation. 
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Definition 3.10 (Selection of the Optimal Alternative). After computing an aggregated neutrosophic score S; 
for each alternative, we select the optimal alternative as: 


x* = arg max S;, 
xXTE 


where S; is the final neutrosophic evaluation score obtained after aggregation. The alternative x* is the one that 
best satisfies the criteria when truth, indeterminacy, and falsity are all taken into account, and when criteria are 
weighted according to their importance. 


If there are multiple alternatives with similar S; values, the decision-maker may need to apply tie-breaking 
rules, sensitivity analysis, or adjust parameters in the neutrosophic aggregation function f to distinguish among 
them. 


Example 3.11 (Neutrosophic Decision Making in Supplier Selection for a Manufacturing Company). (cf. 
(3) ) Consider a large manufacturing firm that needs to choose a supplier for a critical component. Let: 


X = {x1,x2,x3} 
be three potential suppliers. The criteria might include: 


C = {c; = Cost, cz = Quality, cz; = Delivery Time}. 
For each supplier x; and criterion c;, we assign neutrosophic values (7; ;, li;, Fi): 


¢ T;; reflects how truly the supplier meets the criterion. For example, if 723 = 0.8, supplier x2 is quite 
reliable in delivery. 


¢ J;; represents the uncertainty or indeterminacy. For instance, [}2 = 0.4 may indicate incomplete quality 
data from supplier x;, causing uncertainty. 


° F;; indicates falsity or failure. For example, F3; = 0.3 might show that supplier x3 occasionally fails to 
offer a competitive cost. 


Suppose the manufacturing firm weights the criteria as (w1 = 0.5, w2 = 0.3, w3 = 0.2), placing high importance 
on cost, moderate on quality, and lower on delivery time. 


After constructing the T, 7, and F matrices and computing aggregated scores S$ - aN) fe 5 Ne for each supplier, 


the firm uses a neutrosophic aggregation function $; = Nae = is + as), For a chosen A, say A = 0.5, the 
firm finds: 


S| =some computed value, Sz = some computed value, $3 = some computed value. 


If Sz is the largest, the firm selects supplier x2 despite some indeterminacy in their quality data. The neutrosophic 
framework allows the decision-maker to explicitly acknowledge and quantitatively handle the uncertainty (J;;) 
and partial failures (F;;) in the selection process. 


Example 3.12 (Neutrosophic Decision Making in Urban Infrastructure Planning). (cf. 301]) A 
metropolitan city aims to select an infrastructure project to improve its transportation system. Let: 


X = {x,; = New Metro Line, x2 = Bus Rapid Transit (BRT), x3 = Cycle-Share Network} 
be three proposed projects. The criteria might be: 


C = {c, = Cost Feasibility, c2 = Environmental Impact, c3 = Public Acceptance}. 


Assign neutrosophic values (7;;, /i;, Fij) to each pair (x;, c;): 
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° T;;: For x; (New Metro Line), Tz = 0.9 might indicate strong evidence that it significantly reduces 
carbon emissions. 


° J;;: For x2 (BRT), Jo3 = 0.5 could reflect uncertainty about long-term public acceptance due to limited 
surveys. 


° F;;: For x3 (Cycle-Share), F3; = 0.4 might indicate a moderate risk of cost overruns or budget failures. 


The city assigns weights (w; = 0.4,w2 = 0.3, w3 = 0.3) to emphasize cost feasibility while still consider- 
ing environmental impact and public acceptance. After forming the neutrosophic evaluation matrices and 
computing as ; ee , (ae. , the city applies a chosen aggregation function. Suppose: 


8, = 5 -(s +0.78) witha =0.7. 


If S, (for the Metro Line) turns out to be the highest score, the city selects the metro project. This decision 
accounts not only for straightforward pros and cons but also for uncertainties in data, public opinion, and future 
conditions captured by the neutrosophic indeterminacy and falsity degrees. 


By using neutrosophic decision making, urban planners explicitly acknowledge partial truths (e.g., the project 
may be good for the environment), uncertainties (incomplete data on future population growth), and potential 
failures (overestimation of benefits or underestimation of costs), leading to more robust and well-informed 
infrastructure choices. 


Theorem 3.13. Neutrosophic decision making generalizes fuzzy decision making. 


Proof. In fuzzy decision making, each element (alternative) x; under criterion c; is evaluated by a single 
membership value y;; € [0,1]. This membership degree indicates how strongly x; meets the requirements 
of c;. No explicit representation of uncertainty or potential failure is included; the degree ju;; simply reflects 
partial satisfaction. 


In neutrosophic decision making, each pair (x;,c;) is assigned a triple (Tj;, ij, Fiz) € [0, 1]3, where: 


¢ 7;; is the truth-membership degree, indicating how truly x; satisfies c;. 
¢ J;; is the indeterminacy-membership degree, capturing uncertainty or incomplete information. 


* F;; is the falsity-membership degree, reflecting how much x; fails to meet c;. 


These three values satisfy: 
0 <7Tjj+lij+Fij < 3. 


To recover the fuzzy scenario from the neutrosophic one, we can proceed as follows: 


1. Set J;; = 0 and F;; = 0 for all i, 7. This eliminates indeterminacy and falsity, leaving only the truth 
component. 


2. Interpret 7;; as the fuzzy membership degree p;;. Since 7;; € [0,1], it directly corresponds to a fuzzy 
membership value. 


With J;; = F;; = 0, the neutrosophic framework reduces to a single-valued degree of membership for each 
alternative-criterion pair, exactly replicating the fuzzy decision-making scenario. 


Thus, by simply choosing /;; = 0 and F;; = 0, the neutrosophic model collapses into a fuzzy model. Since we 


can obtain the fuzzy case from the neutrosophic case through these restrictions, neutrosophic decision making 
is more general than fuzzy decision making. oO 
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3.1.1 Plithogenic Decision Making 


Plithogenic Decision Making is a concept that incorporates the principles of Plithogenic Sets into the decision- 
making process. It generalizes both Fuzzy Decision Making and Neutrosophic Decision Making. 


We begin by introducing the definition of a Plithogenic Set. A Plithogenic Set generalizes fuzzy, intuitionis- 
tic, and neutrosophic sets by incorporating multi-attribute membership degrees and contradictions, enabling 


complex decision modeling [325} 340]. 


Related concepts to the Plithogenic Set [325}/349], such as the Intuitionistic Plithogenic Set [115} 312), 
Plithogenic Bipolar Set [325], Plithogenic Multipolar Set [325], Plithogenic Complex Set [310\/325], and 
Refined Plithogenic Set [325], have also been extensively studied. Due to its highly flexible nature, the 


Plithogenic Set has attracted significant attention, resulting in numerous studies 


Definitions and related details are provided below. 


Definition 3.14 (Plithogenic Set |325) ). Let S be a universal set, and let P C S be a set of elements 
(e.g., potential solutions or objects). A Plithogenic Set PS is defined as: 


PS = (P,v, Pv, pdf, pCF), 


where: 


v is an attribute associated with elements in P. For example, if P is a set of products, v might be “quality” 
or “color”. 


Py is the range of possible values for the attribute v. For instance, if v = “color”, then Pv might be {red, 
blue, green}. 


pdf : Px Pv — [0,1]° is the Degree of Appurtenance Function (DAF). Given p € P anda € Pv, 
pdf (p,q) returns an s-tuple representing multiple membership-related degrees. For s = 1, pdf behaves 
similarly to a fuzzy membership function; for s = 3, it can represent truth, indeterminacy, and falsity as 
in a neutrosophic framework. 


pCF : Pvx Pv — [0,1]* is the Degree of Contradiction Function (DCF), measuring how much two 
attribute values a, b € Pv contradict each other. If t = 1, it returns a single contradiction degree. 


The functions pdf and pCF must satisfy: 


1. Reflexivity of the Contradiction Function: 
pCF(a,a)=0€ [0,1]’, Vae Pv. 
This means that no element contradicts itself. 
2. Symmetry of the Contradiction Function: 
pCF(a,b) = pCF(b,a), Va,be¢ Pv. 
Example 3.15. (cf. (121)) The following examples of Plithogenic sets are provided. 


¢ When s =¢ = 1, PS is called a Plithogenic Fuzzy Set. 

¢ When s = 2,t = 1, PS is called a Plithogenic Intuitionistic Fuzzy Set. 

¢ When s = 3,t = 1, PS is called a Plithogenic Neutrosophic Set. 

¢ When s = 4,t = 1, PS is called a Plithogenic quadripartitioned Neutrosophic Set (cf. [161}[273|/305}). 
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When s = 5,t = 1, PS is called a Plithogenic pentapartitioned Neutrosophic Set (cf. [4 1|[80|[216)). 
When s = 6,t = 1, PS is called a Plithogenic hexapartitioned Neutrosophic Set (cf. (253}). 

When s = 7,t = 1, PS is called a Plithogenic heptapartitioned Neutrosophic Set (cf. [48]/238}). 
When s = 8,t = 1, PS is called a Plithogenic octapartitioned Neutrosophic Set. 


When s = 9,t = 1, PS is called a Plithogenic nonapartitioned Neutrosophic Set. 


The above concept of Plithogenic Sets can be applied to Decision-making as follows. 


Remark 3.16 (The process of plithogenic decision-making). The process of plithogenic decision-making can 
be summarized as follows: 


. Identify the Set of Decision Alternatives (X ): Define the feasible alternatives X = {x,,x2,...,xXn,}, where 


each x; represents a potential choice. This follows a definition similar to that of the Fuzzy Set case. 


. Specify the Set of Criteria (C): Determine the criteria C = {c1,c2,..., Cm}, each associated with possible 


attribute values. This follows a definition similar to that of the Fuzzy Set case. 


. Evaluate Alternatives Using Plithogenic Membership Degrees: Assign a membership vector pdfj(x;, 4;) 


for each alternative x; under criterion c;, where a; € Pv; represents a criterion value. 


. Assign Weights to Criteria (W): Use a weight vector W = {w1, w2,..., Wm} to reflect the importance of 


each criterion, ensuring page w,=l. 


. Aggregate Plithogenic Evaluations: Compute scores 3) = payer W;- a”. where a is the k-th 


ij ij 
component of pdf; (x;,a;). Adjust scores using contradictions pC F; if needed. 


. Select the Optimal Alternative: Combine aggregated scores into a final score S; and choose the alternative 


x* = arg maxx,cx S;. Apply tie-breaking if necessary. 


Definition 3.17 (Plithogenic Decision Making). Consider a decision-making problem with: 


X = {x1,X2,...,Xn} 


as the set of alternatives to be evaluated, and 


C = {c1,€2,...,€m} 


as the set of criteria used to judge these alternatives. Each criterion c; is associated with its own attribute and 
possible values Pv ;, forming a plithogenic set: 


Here: 


PS; = (X,c;, Pv;, pdf;, pCF;). 


X is the set of elements under evaluation (in this case, the alternatives). 


Py; is the range of possible values for criterion c;. For example, if c; is a quality attribute, Pv; might 
be a set of quality levels or states. 


pdf; : X x Pv; — [0,1]* gives a vector of membership-related degrees for each pair (x;, a), where x; 
is an alternative and a € Pv; is a value of the criterion c;. 


pCF; : Pv; x Pv; — [0,1]' measures the pairwise contradictions between criterion values. 


To draw a parallel with fuzzy decision making, consider that in a simple fuzzy decision making scenario, each 
(x;, c;) is associated with a single membership degree y;; € [0, 1]. In plithogenic decision making, this single 


(1) (2) 


. (s) s ae a 
membership can be replaced by an s-tuple ( Miz Miz oe Haj ye ; [0, 1]*, providing aricher and more nuanced 
evaluation. Similarly, while fuzzy sets do not include a contradiction measure, plithogenic sets incorporate 
pCF, to quantify how different possible criterion values might conflict or contradict one another. 
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Example 3.18 (Plithogenic Decision-Making Example). (cf. [121]) The following examples demonstrate the 
application of Plithogenic Sets in Decision-Making scenarios: 


¢ When s = ft = 1: Consider a Plithogenic Fuzzy Decision-Making framework where the degree of 
membership of alternatives x; with respect to criteria c; is represented by a single value in [0, 1]. 
Contradictions between attribute values are minimal or absent. 


¢ When s = 2,f = 1: For a Plithogenic Intuitionistic Fuzzy Decision-Making framework, each alternative 
x; is evaluated with a membership tuple ( ee ; jie ), where ee represents the degree of membership 
and _ represents the degree of non-membership. Contradictions remain limited. 

¢ When s = 3,t = 1: Ina Plithogenic Neutrosophic Decision-Making framework, the membership of each 
alternative x; under criterion c ; is characterized by a triple (7;;, /i;, Fi;), where 7;;, /;;, and Fj; represent 
truth, indeterminacy, and falsity, respectively. 


¢ When s = 4,t = 1: A Plithogenic Quadripartitioned Neutrosophic Decision-Making framework intro- 
duces an additional dimension for evaluations. Each alternative is characterized by (7;;, ij, Fij,Ci;), 
where C;; denotes confidence. 


¢ When s = 5,t = 1: The Plithogenic Pentapartitioned Neutrosophic Decision-Making framework adds 
another layer of evaluation. Membership is given as (7;;, [i;, Fij, Cij, Rij)- 


¢ When s = 6,¢ = 1: In a Plithogenic Hexapartitioned Neutrosophic Decision-Making framework, 
additional components, such as ”uncertainty metrics,” expand the evaluation process. 


¢ When s = 7,t = 1: A Plithogenic Heptapartitioned Neutrosophic Decision-Making framework accom- 
modates even more attributes, capturing highly detailed evaluations for complex decisions. 


¢ When s = 8,f = 1: Ina Plithogenic Octapartitioned Neutrosophic Decision-Making framework, eight- 
dimensional evaluations refine the assessment of alternatives, capturing diverse and intricate criteria 
interactions. 


¢ When s = 9,f = 1: A Plithogenic Nonapartitioned Neutrosophic Decision-Making framework represents 
a highly advanced evaluation system with nine membership components, enabling highly granular 
decision analysis. 


Definition 3.19 (Plithogenic Weight Assignment and Evaluation Matrix). As in fuzzy decision making, we 
assign weights to criteria to reflect their relative importance: 


W = {w1,W2,...,Wm}, with w; € [0,1], Siweal 
j=l 


For each criterion c; and alternative x;, we can focus on a particular a; € Pv; that best represents the 
chosen criterion value for evaluation. Then, from pdf; (x;,a;) we obtain the s-dimensional membership tuple 
characterizing how x; measures up under c;. 


Arranging all these pdf;(x;,a;) values into matrices (one for each dimension, if s > 1) and applying weights 
will give a plithogenic evaluation analogous to the fuzzy evaluation matrix, but enriched with multiple mem- 
bership dimensions and a contradiction structure. 


Definition 3.20 (Aggregation of Plithogenic Evaluations). In fuzzy decision making, we often aggregate 
membership degrees using operations like weighted sums or max-min compositions. In plithogenic decision 
making, we must handle s-dimensional memberships and possibly incorporate information from pCF;. 


A simple approach might be to first select the attribute value a; € Pv, that best matches the desired profile for 
criterion c;, then extract pdf; (x;,a;) for each alternative. Suppose pdf; (xi,a;) = (e ie Ones i). We 


could aggregate across criteria using a weighted scheme: 
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yielding s aggregated scores for each alternative x;. A final decision score could then be derived by combining 
these s scores into a single index, possibly adjusting for contradictions indicated by pC F; values. For example, 
a contradiction-aware aggregation might reduce the final score of an alternative if the chosen attribute values 
a; are highly contradictory according to pC F; functions. 


Alternatively, specialized plithogenic aggregation operators can be used, which take into account both pdf; 
and pC F; simultaneously to produce a comprehensive evaluation score for each alternative. 


Definition 3.21 (Selection of the Optimal Alternative). After aggregating the plithogenic evaluations into a final 
composite score or a set of indices that reflect both the multidimensional membership and any contradictions, 
we choose the alternative: 
x* = arg max S;, 
xpEeX 
where Sj is the resulting plithogenic composite score. If multiple alternatives have similar scores, tie-breaking 
rules, sensitivity analyses, or further consideration of pC F; values can be employed to reach a final decision. 


This selection step is analogous to the fuzzy decision-making process of choosing the alternative with the 
highest aggregated fuzzy score, but here it is enhanced by the additional complexity and information encoded 
in the pdf; (for multiple membership dimensions) and pC F; (for contradictions). 


Theorem 3.22. Based on the definitions provided above, the following statements hold: 


1. Plithogenic decision making with (s = 3,t = 1) generalizes Neutrosophic decision making. 


2. Plithogenic decision making with (s = 1,t = 1) generalizes Fuzzy decision making. 
Proof. First, we recall the relevant frameworks: 


* Neutrosophic Decision Making: Each alternative-criterion evaluation is a triple (7;;, Ji;, Fi) € [0, 1]3, 
representing the degrees of truth, indeterminacy, and falsity. The decision process aggregates these 
triples and selects the best alternative. 


° Fuzzy Decision Making: Each alternative-criterion evaluation is a single membership value p4;; € 
[0,1] expressing how well the alternative meets the criterion. The decision process aggregates these 
memberships into a final score and selects the best alternative. 


¢ Plithogenic Decision Making: Each criterion is associated with a plithogenic set (X,c;, Pv;, pdf;, pCF;). 
The function 
pdf; : X x Pv; — [0,1]° 


provides s-dimensional membership-like evaluations, and 
pCF; : Pv; x Pv; > [0,1]' 


quantifies contradictions between criterion values. By appropriately choosing s and f, we can represent 
various known frameworks. 


Part (1): From Plithogenic (s = 3, t = 1) to Neutrosophic 


Assume a plithogenic decision making scenario as per Definition ??, and let s = 3 and t = 1. For each criterion 
cj, we have: 
pdf; : X x Pv; > [0,1]?. 


This means that for each alternative x; and each possible attribute value a € Pv;, the evaluation pdf; (x;, a) is 
a triple (7;;, /:;, Fi;), naturally interpreted as neutrosophic components (truth, indeterminacy, falsity). 


In neutrosophic decision making, for each pair (x;,c;) we require a triple (7;;, /i;, Fi;). To reproduce this 


from the plithogenic framework, fix for each criterion c; a particular attribute value a; € Pv; that represents 
the criterion’s chosen attribute for evaluation. Then define: 


pdf; (x;,a;) = (Ti, ij, Fij)- 
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If necessary, for all other a € Pv;, we can set pdf;(x;, a) to zero or some neutral value so as not to affect the 
neutrosophic interpretation. 


The contradiction function pCF; : Pv; x Pv; — [0,1] can be chosen as: 
pCF,;(a,b)=0 Va,b€ Pv;, 


ensuring no additional complexity arises and that the structure does not contradict the standard neutrosophic 
setting. 


Thus, every neutrosophic evaluation (7;;,/;;, Fi;) can be obtained from pdf;(x;,a;), and the contradiction 
measure can be neutralized. Therefore, plithogenic decision making with (s = 3,f = 1) can replicate any 
neutrosophic decision making scenario, making neutrosophic decision making a special case of this plithogenic 
configuration. 
Part (2): From Plithogenic (s = 1,t = 1) to Fuzzy 
Now consider s = | and t = 1. In this case: 
pdf; : X x Pv; — [0,1] 

returns a single membership-like value for each pair (x;, a), and 

pCF; : Pv; X Pv; - [0, 1] 


gives a single contradiction degree. 


In fuzzy decision making, each (x;,c;) evaluation is just a single value y;; € [0, 1]. To embed fuzzy decision 
making into the plithogenic framework, choose for each criterion c; a single attribute value a; €¢ Pv,;. Define: 


pdf j(x;,a;) = Hij- 


For other values in Pv;, we can set pdf; (x;, a) to 0 or ignore them if the problem only focuses on a chosen 
attribute value. We then define the contradiction function trivially: 


pCF,(a,b) =0, Va,be€ Py;. 


This configuration effectively reduces plithogenic decision making to a standard fuzzy evaluation: each pair 
(x;, ¢;) now corresponds to a single membership degree ju;;, and there is no non-trivial contradiction measure. 
Thus, plithogenic decision making with (s = 1,¢ = 1) can represent any fuzzy decision making scenario, 
making fuzzy decision making a special case of this particular plithogenic configuration. 


In conclusion, we have shown that by selecting appropriate parameters (s,ft) and by choosing the attribute 
values and pC F; functions suitably, we can recover both neutrosophic and fuzzy decision making frameworks 
from the plithogenic decision making model. Hence, plithogenic decision making generalizes these well-known 
decision frameworks. Oo 


Theorem 3.23. Plithogenic Decision Making possesses the structure of a Plithogenic Set. 


Proof. This follows directly from the definition. oO 


4 Uncertain n-Superhyperdecision-making 


In this section, we introduce three specific forms of Uncertain n-Superhyperdecision-making: Fuzzy n- 


Superhyperdecision-making, Neutrosophic n-Superhyperdecision-making, and Plithogenic n-Superhyperdecision- 


making. These frameworks generalize the concept of n-Superhyperdecision-making by incorporating specific 
types of uncertainty. They can be viewed as modifications of the Generalized n-Superhyperdecision-making 
framework, where only a particular form of uncertain set is employed. We hope that future research will further 
explore the applications and implications of these frameworks. 
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4.1 Fuzzy n-Superhyperdecision-making 


Fuzzy n-Superhyperdecision-making is a concept that integrates the idea of Fuzzy Sets into n-Superhyperdecision- 
making. Definitions and related concepts are presented below. 


Remark 4.1 (The process of Fuzzy n-Superhyperdecision-making). The process of Fuzzy n-Superhyperdecision- 
making can be summarized as follows: 


1. Initialization at Level n: Start with the n-th level fuzzy decision set G,,(D), where elements are fuzzy 
subsets of the previous level G,_1(D). Define fuzzy criteria cw MzzY) for evaluating and ranking these 
fuzzy entities. 


2. Application of Fuzzy Criteria: Apply fuzzy membership functions and constraints from C\/“**”) to 


evaluate elements of G,,(D). Use fuzzy aggregation operators to compute overall suitability scores for 
each fuzzy decision entity. 


3. Reduction via Fuzzy Hyperoperation (©,,): Use the fuzzy hyperoperation ©, to combine and filter elements 
of G,(D) based on their suitability scores. This step generates a refined fuzzy decision set for level n— 1. 


4. Iterative Refinement (n — n— 1): Repeat the reduction process at each level, moving from G,,(D) to 
Gn-1(D), then Gy-2(D), and so forth. At each level, apply the corresponding fuzzy criteria ce veee) 
and hyperoperation © x. 


5. Final Decision at Level n = 0: At the base level Go(D) = D, the remaining fuzzy subset represents the 
most suitable decision options. If necessary, apply a defuzzification method to select a crisp decision or 
rank the top alternatives. 


This hierarchical process extends classical fuzzy decision-making by incorporating multi-level fuzzy structures 
and operations, enabling a comprehensive handling of uncertainty and interactions across multiple layers of 
decision-making complexity. 


Definition 4.2 (Fuzzy n-Superhyperdecision-making). Let D be a non-empty set of decision options. We start 
from the base level n = 0 with the original set D. For each n > 1, let G,(D) denote the n-th generalized 
powerset of D as introduced in [113]. Intuitively: 


Atn =0: Go(D) = D. We have the original set of decisions. 


Atn = 1: G,(D) might be the fuzzy powerset of D, i.e., the collection of all fuzzy subsets F C D where 
each element d € D has a membership degree up (d) € [0, 1]. 


At n = 2: G2(D) consists of fuzzy sets whose elements are drawn from G,(D). Thus, each element 
of G2(D) is a fuzzy set of fuzzy subsets of D. For each element X € G2(D), we have a membership 
function “x : G;(D) — [0, 1]. 


In general, at any level n, G,(D) contains fuzzy sets whose elements belong to G,_1(D), with a 
membership function wy : Gp_1(D) — [0,1] for each element Y € G,,(D). 


This construction yields a hierarchical structure of fuzzy decision entities, where each level n incorporates 
fuzziness both in the objects considered and in their membership degrees. 


A Fuzzy n-Superhyperdecision-making framework is defined as: 
Fn = (G,(D), Ons Cre), 


where: 


1. G,(D): As described, G,(D) is an n-level fuzzy-structured set of decision entities. 
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2. %,: This is an n-th level fuzzy hyperoperation, 
1: Gn(D) X Gp(D) > P(Gy(D)) \ {0}. 


Given two elements X,Y € G,,(D), ©,(X, Y) produces a non-empty fuzzy hyperimage in G,(D). That 
is, rather than a single result, we obtain a fuzzy collection of possible outcomes. Each potential outcome 
Z € ©, (X,Y) has a membership function wz : G,_;(D) — [0, 1], capturing the inherent uncertainty at 
this level. The operation ¢,, generalizes common fuzzy set operations (e.g., fuzzy union, intersection) to 
a multi-valued, hierarchical context. 


3. C F “2z2Y). This is a set of fuzzy constraints or criteria at level n. Each criterion assigns fuzzy membership 
degrees that reflect how well an element of G,,(D) meets certain conditions. For instance: 


° Fuzzy Constraints on Elements of D: At n = 0, a fuzzy membership function uc : D — [0, 1] 
might indicate how suitable each base-level option d € D is. 


¢ Fuzzy Weights and Aggregations: As we progress to higher n, each element of G,,(D) can be 
evaluated against multiple fuzzy criteria. We may assign fuzzy weights to these criteria and use 
fuzzy aggregation operators (e.g., t-norms, t-conorms, fuzzy integrals) to produce an overall fuzzy 
suitability score for each element of G,(D). 


These fuzzy criteria guide the selection or ranking of fuzzy decision entities at level n. 


Decision Process: The decision process in a Fuzzy n-Superhyperdecision-making framework typically proceeds 
top-down: 


1. Initialization at Level n: Start with the complex fuzzy collection G,(D) and apply the fuzzy criteria in 
(fuzzy) 
Ch 


to identify or refine promising elements. 

2. Reduction Step (n > n— 1): Use o, to combine and filter fuzzy sets at level n according to C\"**?, 
The outcome is a (possibly reduced) fuzzy set of elements in G,,(D) that aligns with the given criteria. 
These selected elements and their fuzzy memberships then inform the decision entities at level n — 1. 


3. Iterative Refinement: Repeat the reduction from n — 1 down to n — 2, and so forth, until n = 0. At each 
stage k, you have a triple F, = (Gx(D), ox, eu, and you apply the same logic of fuzzy filtering 
and aggregation. 


4. Final Decision at n = 0: Once you reach the base level n = 0, you have a fuzzy subset of D representing 
the best options according to all integrated criteria and interactions. If a crisp choice is required, a 
defuzzification step can be applied to select the single most suitable option or a small set of top-ranked 
options. 


Thus, a Fuzzy n-Superhyperdecision-making framework extends classical fuzzy decision-making into a hier- 
archy of fuzzy structures, allowing complex multi-level reasoning. The fuzzy hyperoperation ©, and fuzzy 
criteria cy “22) ensure that uncertainty, partial preferences, and complex interactions are handled consistently 
at every level, resulting in a coherent final decision. 


Example 4.3 (Fuzzy n-Superhyperdecision-making in Real-World Applications). We illustrate the use of a 
Fuzzy n-Superhyperdecision-making framework in two complex scenarios: supply chain management and 
urban infrastructure planning. In both cases, we start from the base level n = 0 with a set D of fundamental 
decision options and build upward to more abstract decision levels. 


Supply Chain Management Example (cf. ) 


Scenario: A global manufacturer “GlobalTech” needs to select and manage suppliers to produce a new 
electronic device. The decision set at n = 0 is: 


Go(D) =D, 
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where D is the set of all candidate suppliers worldwide. 


Level n = 1 (Base Fuzzy Sets): At n = 1, we consider fuzzy subsets of D: 
G,(D) = {fuzzy subsets of D}. 


Here, each element of G,(D) is a fuzzy set F € D where ur(d) € [0,1] quantifies how well each supplier 
d € D meets criteria like cost, quality, and reliability. For example, wr(d) = 0.8 might indicate supplier d is 
quite suitable. 


Level n = 2 (Configurations of Suppliers): Atn = 2, we consider fuzzy sets of fuzzy subsets of D: 
G2(D) = {fuzzy sets of elements in G;(D)}. 


Each element of G2(D) can be viewed as a fuzzy collection of “configurations” of suppliers. For instance, one 
configuration might be a fuzzy set of top suppliers for critical components, another might represent backup 
suppliers for emergencies. A membership function jig,(F;) at this level might measure how well a given 
configuration F; € G;(D) aligns with strategic objectives such as cost stability or delivery reliability. 


Level n = 3 (Strategic Supply Portfolios): At n = 3, we deal with even more abstract decisions: 
G3(D) = {fuzzy sets of elements in G2(D)}. 


Here, each element of G3(D) is a fuzzy set representing complex, long-term procurement strategies, each 
composed of multiple supplier configurations from G2(D). The membership degrees now capture how well 
these high-level strategies meet long-range goals (e.g., global sustainability, geopolitical risk mitigation, or 
compliance with future regulations). 


Decision Process: Starting from G3(D), we apply the fuzzy hyperoperation ©3 and fuzzy criteria oY UEEY) 465 
filter and refine the strategic options. After selecting the most promising strategies, we move down to G2(D) 
and use ©2 and cy “22Y) + choose the best configurations that support the selected strategies. Next, at G\(D), 


we refine the actual supplier sets via o; and C - "2)) Th the end, we obtain a fuzzy subset of suppliers at 
n = | that best meets the criteria propagated down from higher levels. A defuzzification step can yield a final 
concrete supplier choice. 


Urban Infrastructure Planning Example (cf. 405}) 
Scenario: A metropolitan city plans to improve its infrastructure. The base set at n = 0 is: 
Go(D) = D, 


where D is the set of all potential projects (roads, public transport systems, green spaces, renewable energy 
installations, etc.). 


Level n = 1 (Fuzzy Evaluation of Projects): Atn = 1: 
G,(D) = {fuzzy subsets of D}. 


Each project d € D is assigned a fuzzy membership degree Mpase(d) reflecting its desirability based on 
immediate criteria (cost feasibility, environmental benefit, public approval). 


Level n = 2 (Fuzzy Portfolios of Projects): Atn = 2: 
G2(D) = {fuzzy sets of elements in G;(D)}. 


An element of G2(D) is a fuzzy set of project portfolios. Each portfolio, itself a fuzzy subset of D, might 
combine various projects to achieve integrated goals such as improving traffic flow and reducing carbon 
emissions. The membership at this level zg,(P;) indicates how well each portfolio P; € G;(D) fulfills 
broader city objectives. 
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Level n = 3 (Long-Term Strategic Plans): If we consider n = 3: 
G3(D) = {fuzzy sets of elements in G2(D)}, 


each element represents a fuzzy set of multi-portfolio strategies spanning decades. These long-term plans are 
evaluated using fuzzy criteria os “22Y) that consider sustainability, adaptability, and intergenerational equity. 


Decision Process: Begin at G3(D) with large-scale strategic visions and apply o3 and Ce “22Y) 9 identify 
strategies aligning with long-term city goals. After selecting promising strategies, proceed to G2(D) and use 


2 and Ce “22Y) to refine project portfolios. Move down to G;(D) and apply 0 and C . “22Y) t¢ choose the 
best projects. Finally, a defuzzification step at the lowest level picks a concrete set of projects to implement 
immediately. 


In both the supply chain and urban infrastructure examples, the Fuzzy n-Superhyperdecision-making framework 
handles complexity and uncertainty at multiple hierarchical levels. Starting from n (e.g., n = 3) and proceeding 
downward to n = 1, the hyperoperations ©, and fuzzy criteria C Mi “22Y) at each level refine the decision space. 
The final outcome is a fuzzy (or, if needed, crisp) selection of options at the base level that embodies the 
constraints, goals, and uncertainties considered at all higher levels. 


Thus, Fuzzy n-Superhyperdecision-making provides a mathematically coherent and flexible approach to making 
informed, adaptive decisions in highly complex, multi-layered real-world scenarios. 


The following theorem holds for Fuzzy n-Superhyperdecision-making. 


Theorem 4.4. A Fuzzy n-Superhyperdecision-making framework conforms to the structural principles of the 
Generalized n-Superhyperdecision-making framework. In other words, a Fuzzy n-Superhyperdecision-making 
scenario can be viewed as a particular instantiation of the Generalized n-Superhyperdecision-making frame- 
work, where the sets G,(D), the hyperoperation ©, and the criteria Cy, specialize to their fuzzy counterparts. 


Proof. Recall the definition of a Generalized n-Superhyperdecision-making framework: 
Gn = (Gn(D),%n, Cn), 
where: 


* G,,(D) represents the n-th generalized powerset of D, potentially enriched with various membership or 
evaluation structures. 


* oy : Gn(D) X G;(D) — P(G,(D)) \ {@} is an n-level hyperoperation that allows multiple outcomes 
from combining two decision entities. 


* C,, is a set of constraints or criteria that guide the selection and refinement of decisions at level n. 
The Generalized framework is very flexible. For example, it can represent: 


¢ Pure set-based decisions (no membership functions). 
* Fuzzy decisions, where each element d € D has a membership degree p(d) € [0, 1]. 
¢ Neutrosophic decisions, where each d € D is described by (T(d), I(d), F(d)). 


e Plithogenic decisions, involving multi-dimensional memberships and contradictions. 


Now consider a Fuzzy n-Superhyperdecision-making framework: 
Fa = (Ga(D), en”), 


where: 
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¢ Each level n involves fuzzy sets built from the previous level. Specifically, at n = 0, we have the original 
set D. Atn = 1, G;(D) is the set of all fuzzy subsets of D. At n = 2, G2(D) consists of fuzzy sets of 
fuzzy subsets of D, and so forth. 


¢ The hyperoperation ©, at each level combines fuzzy sets in a way that yields a non-empty fuzzy 
hyperimage in G,,(D). 


* The criteria C\‘"**”) assign fuzzy degrees of suitability at each level n, guiding the selection of fuzzy 
sets that best meet the given criteria. 


To show that the Fuzzy n-Superhyperdecision-making framework fits into the Generalized n-Superhyperdecision- 
making structure, we align their components: 


1. Alignment of G,,(D): In the Generalized framework, G,,(D) is the n-th generalized powerset, which can 
represent any form of membership or evaluation structure. In the fuzzy case, G,(D) is chosen to be the set of 
fuzzy sets of fuzzy sets (and so on), perfectly fitting the notion that G,,(D) encapsulates increasingly complex 
decision structures. Here, the complexity is measured by fuzzy memberships at multiple levels. 


2. Alignment of o,: The Generalized framework’s hyperoperation ©, is defined abstractly to produce a non- 
empty family of outcomes from the combination of two decision entities at level n. In the fuzzy scenario, ©), is 
chosen to implement fuzzy combination operations (like fuzzy unions, intersections, or other t-norm/t-conorm 
based aggregations) extended to a multi-valued, hierarchical context. Thus, ©, in the fuzzy case is a special 
instance of the hyperoperation in the Generalized framework. 


3. Alignment of C,,: The Generalized framework allows arbitrary constraints C,, at level n. For the fuzzy case, 
cy MzzY) are fuzzy constraints that assign membership values to decision elements at level n, thus providing 
a fuzzy criterion for selection. This is a direct specialization of the general constraint set C,, where we now 
focus on fuzzy memberships and fuzzy weighting/aggregation operators. 


4. Iterative Reduction and Decision Process: The Generalized framework suggests starting from a high-level 
n and iteratively applying the hyperoperation ©, and constraints C,, to reduce complexity until reaching a 
manageable level (often n = | or n = 0). The Fuzzy framework does exactly this, using fuzzy criteria to filter 
out less suitable decisions at each level and eventually arriving at a fuzzy subset of D that can be defuzzified 
if a crisp decision is needed. 


Since all the components (G,(D), on, Cn) of the Fuzzy n-Superhyperdecision-making framework can be 
naturally interpreted as specializations of their counterparts in the Generalized n-Superhyperdecision-making 
framework, it follows that the fuzzy scenario is encompassed by the general scenario. 


Therefore, the Fuzzy n-Superhyperdecision-making framework conforms to and is fully captured by the Gen- 
eralized n-Superhyperdecision-making framework. Oo 


Theorem 4.5. Fuzzy n-Superhyperdecision-making generalizes classic n-Superhyperdecision-making. 


Proof. Consider a Fuzzy n-Superhyperdecision-making framework: 
Fn = (Gn(D), en, Gil"), 


where each G,,(D) consists of fuzzy sets defined over the previous level, and ¢,, is a fuzzy hyperoperation that 
combines fuzzy entities to produce fuzzy hyperimages. 


To recover a classic n-Superhyperdecision-making scenario from the fuzzy one, we proceed as follows: 


¢ Replace each fuzzy membership function uw : X — [0,1] by a characteristic function y : X — {0, 1}, 
where y(d) = 1 if d is included and y(d) = 0 otherwise. 


¢ This conversion turns every fuzzy subset into a crisp subset, eliminating partial membership and reducing 
fuzzy operations to classical set operations. 
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¢ The hyperoperation ©, now reduces to producing crisp sets of outcomes (no graded memberships), and 


the criteria C\‘“**”), if chosen to distinguish only between membership or non-membership, become 


classical constraints C,,. 


Thus, by restricting the fuzzy membership functions to characteristic functions and simplifying the criteria 
accordingly, we obtain the classic n-Superhyperdecision-making framework. Since we can move from fuzzy 
to classic by such a specialization, the fuzzy framework is a generalization of the classic one. oO 


Theorem 4.6. Fuzzy n-Superhyperdecision-making possesses the structure of a superhyperstructure. 


Proof. This is evident. oO 


Theorem 4.7. When n = | in Fuzzy n-Superhyperdecision-making, it reduces to Fuzzy Hyperdecision-making. 


Proof. This is evident. oO 


Theorem 4.8. Fuzzy n-Superhyperdecision-making reduces to Fuzzy decision-making. 


Proof. This is evident from the definition. oO 


Theorem 4.9. At each level n, a Fuzzy n-Superhyperdecision-making framework inherits the structure of fuzzy 
sets. 


Proof. By definition, at n = 0 we have the original decision set D. At n = 1, Gi(D) consists of fuzzy subsets 
of D. Each element F € G;(D) is a fuzzy set characterized by a membership function zr : D — [0, 1]. 


At n = 2, the elements of G2(D) are fuzzy sets of elements from G,(D). Since each element of G;(D) is 
itself a fuzzy set, each element at level 2 is a fuzzy set of fuzzy sets. In general, at level n, the elements of 
G,,(D) are fuzzy sets whose universe of discourse is G,_;(D). Because G,_;(D) was constructed similarly, 
it also consists of fuzzy sets (or fuzzy sets of fuzzy sets, etc.). Hence, by induction, each level n is composed 
of entities that are fuzzy sets built over the previous level. 


Therefore, each G,,(D) possesses the structure of a family of fuzzy sets, ensuring that at every hierarchical 
stage, uncertainty is represented using standard fuzzy membership functions that take values in [0, 1]. oO 


Theorem 4.10. Jn a Fuzzy n-Superhyperdecision-making framework, iterative reduction from level n to 0 yields 
a fuzzy subset of D representing the best decision options under given fuzzy criteria. 


Proof. The decision-making process in Fuzzy n-Superhyperdecision-making involves: 


1. Starting at the highest level n with a fuzzy-structured set G,(D). 


2. Applying the fuzzy hyperoperation ©, and fuzzy criteria C\/“**” to refine or filter the elements in 
G,,(D). 


3. Reducing complexity by proceeding to level n — 1, now informed by the filtered fuzzy sets from level n. 


Repeating this process, at each stage k, we use o, and er “22) tg obtain progressively more concrete and 


better-defined fuzzy subsets that meet all integrated criteria established at the higher levels. 


Ultimately, at n = 0, we arrive at a fuzzy subset of D that aggregates all the constraints and preferences 
expressed through the entire hierarchy. This final fuzzy subset represents the best decision options with 
respective membership degrees indicating their suitability. If a crisp choice is necessary, a defuzzification step 
can then be applied to pick the single most appropriate option or a small set of top-ranked choices. oO 
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Corollary 4.11. Since each level n in Fuzzy n-Superhyperdecision-making is a fuzzy set structure, the hierar- 
chical decision-making process encodes preferences and uncertainties through fuzzy memberships. As a result, 
the final fuzzy subset at level n = 0 reflects all complex preferences, uncertainties, and criteria considered at 
higher levels. 


Proof. This corollary follows directly from Theorems and Each step of the iterative reduction 
preserves and translates fuzzy preferences and uncertainties, ensuring that the final outcome encodes the 
entirety of the decision-maker’s complex multi-level considerations. oO 


4.2 Neutrosophic n-Superhyperdecision-making 


Neutrosophic n-Superhyperdecision-making is a concept that incorporates the idea of Neutrosophic Sets into 
n-Superhyperdecision-making. Definitions and related theorems are presented below. 


Remark 4.12 (The process of Neutrosophic n-Superhyperdecision-making). The process of Neutrosophic 
n-Superhyperdecision-making can be summarized as follows: 


1. Initialization at Level n: Begin with the n-th level neutrosophic decision set G,,(D), where each element 
is a neutrosophic set or a neutrosophic set of neutrosophic sets from the previous level G,_1(D). Define 
neutrosophic criteria C("°“""°°°?""©) for evaluating and ranking these elements. 


2. Application of Neutrosophic Criteria: Evaluate each element X € G,,(D) using neutrosophic mem- 
bership functions T(X), [(X), and F(X). Combine these evaluations with neutrosophic aggregation 
operators and weights to compute overall truth, indeterminacy, and falsity scores for each element. 


3. Reduction via Neutrosophic Hyperoperation (,,): Apply the neutrosophic hyperoperation ©, to combine 
and filter elements of G,,(D) based on their scores. This step produces a refined neutrosophic decision 
set for level n — 1. 


4. Iterative Refinement (n — n — 1): Repeat the reduction process at each level, descending from G,,(D) 
to G,_,(D), then G,_2(D), and so on. At each stage, apply the corresponding neutrosophic criteria 
C ica "¢) and hyperoperation ox. 

5. Final Decision at Level n = 0: At the base level Go(D) = D, the remaining neutrosophic subsets 
represent the best decision options. If necessary, apply a deneutrosophication method to select a crisp 
decision or rank the top alternatives. 


This hierarchical process extends classical neutrosophic decision-making into a multi-layered framework, 
enabling the systematic handling of truth, indeterminacy, and falsity at every level. The use of neutrosophic 
hyperoperations and criteria ensures consistency and adaptability in complex decision-making scenarios. 


Definition 4.13 (Neutrosophic n-Superhyperdecision-making). Let D be a non-empty set of decision options. 
We start from the base level n = 0 with Go(D) = D. For each n > 1, let G,(D) be the n-th generalized 
powerset of D as introduced in |113]. Each level n forms an n-layered hierarchy of sets derived from D. 


In a Neutrosophic n-Superhyperdecision-making framework, each element at level n is a neutrosophic set (or a 
neutrosophic set of neutrosophic sets, etc.), capturing three types of membership for each element: truth (T), 
indeterminacy (1), and falsity (F). Formally: 

INA = (G,(D), ons ceria). 


where: 


1. G,(D): 


¢ Atn=0: Go(D) = D is just the original set of decision options. 
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¢ Atn= 1: Each element of G;(D) is a neutrosophic subset N € D, with functions: 
Ty (d), In (d), Fy(d): D— [0,1], Vd eD, 


satisfying: 
0 < Tn(d) + In (d) + Fn(d) < 3. 


e At n = 2: Each element of G2(D) is a neutrosophic set of neutrosophic sets from G;(D). Thus, 
for each N; € G,(D), we have: 


TG, (M1),16,(N1), Fe, (M1) € [0, 1]. 


* In general, at any level n, each element X € G,,(D) is a neutrosophic set whose elements belong 
to Gy-\(D). For each X € G,(D): 


TG, (X), 1G, (X), Fe, (X) € [0, 1]. 


This construction creates a hierarchy of neutrosophic sets, allowing each level n to represent increasingly 
complex decision structures while tracking truth, indeterminacy, and falsity at every stage. 


2. ,: The operation: 
on: Gn(D) X Gn(D) > P(Gn(D)) \ {0} 


is an n-th level neutrosophic hyperoperation. Given X,Y € Gy(D), >n(X,Y) produces a non-empty 
family of neutrosophic sets in G,,(D). Each resulting element Z € ©,(X,Y) is a neutrosophic set with 
its own triple (7, Z,1,Z, F, Z). 


Unlike classical or fuzzy operations, ©, can yield multiple possible outcomes (hyperresults), reflecting 
various combinations of truth, indeterminacy, and falsity. This allows ©, to capture complex, uncertain 
interactions in neutrosophic decision-making. 


t hi zo i : of ae q 
3. rea rosophic). This is a set of neutrosophic constraints or criteria at level n. Each criterion assigns 


triple-valued (T, I, F) assessments to elements of G,,(D). For example: 
Tc (X), Ic(X), Fe(X) € [0, 1] 


might represent how truly X satisfies a criterion, how indeterminate the evaluation is, and how false it 
is that X meets the criterion. At higher levels, these neutrosophic criteria can also be applied to sets of 
neutrosophic sets, and so forth. 


Neutrosophic weights and aggregation operators allow combining multiple criteria. For instance, we can 
assign a neutrosophic weight (Tw. Jw... Fw,.) to a criterion c and use neutrosophic integrals to aggregate 
criteria, aiming to maximize truth, control indeterminacy, and minimize falsity. 


Decision Process in Neutrosophic n-Superhyperdecision-making The decision process typically goes as 
follows: 


1. Initialization at level n: Start at the highest considered level n with a complex neutrosophic structure 
G,(D). 


2. Refinement (n — n—1): Apply ©, and use the neutrosophic criteria C"“"°?" to filter or select ele- 
ments in G,(D). This step integrates higher-level uncertainties, converting large, complex neutrosophic 
sets into more manageable ones. The results at level n impose conditions on level n — 1. 


3. Iterative Reduction: Repeat the refinement process at each level k = n-1,n—-2,...,1 using o, and 
Cineutrosophic) at each step, decisions become more concrete, and uncertainties are reduced as we 
descend the hierarchy. 


4. Final Decision atn = 0 orn = 1: After processing down through the levels, we ultimately reach n = 1, 
where we have neutrosophic subsets of D. From here, we can choose the elements of D that have 
high truth-membership, acceptable indeterminacy, and low falsity. If needed, a deneutrosophication 
procedure translates the neutrosophic outcomes into a crisp decision or ranking. 


453 


A Neutrosophic n-Superhyperdecision-making framework generalizes classical neutrosophic decision-making 
to an n-layered structure, enabling the representation and handling of uncertainty, partial truths, and falsi- 
ties at multiple hierarchical levels. By applying neutrosophic hyperoperations ©, and neutrosophic criteria 
cirewrosophic) throughout the hierarchy, this framework ensures that complex, multi-level decisions remain 
consistent, informed, and adaptable to various forms of uncertainty. 


Example 4.14 (Global Environmental Policy Planning via Neutrosophic n-Superhyperdecision-making). Con- 
sider an international consortium of nations aiming to develop policies to combat climate change. We begin 
from a base level and build upward: 


Decision Set and Hierarchy Let D be the set of potential policy actions (e.g., carbon taxes, renewable energy 
incentives, international emission reduction treaties, reforestation programs, climate adaptation measures, and 
innovative green technologies). 


We set: 
Go(D) =D. 
At this base level (n = 0), we simply have the original decision options. 
For n > 1, the set G,(D) denotes the n-th generalized powerset of D, following [113]. As 1 increases, each 


element of G,,(D) is a neutrosophic set whose elements lie in G,_,(D). This creates a hierarchy of decision 
structures: 


e Atn=1: 
G,(D) = {neutrosophic subsets of D}. 


Each element N € G,(D) assigns to each policy d € D a triple (Ty(d), In(d), Fn(d)) € [0,1]?, 
representing the policy’s truth, indeterminacy, and falsity membership degrees. 


e Atn=2: 
G2(D) = {neutrosophic sets of elements from G,(D)}. 


Each element of G2(D) is a neutrosophic set of neutrosophic policy subsets, i.e., collections of policy 
portfolios. For a portfolio N; € G;(D), we now have: 


TG(N1),16.(M1), Fe,(N1) € [0, 1]. 


These values might indicate how well a portfolio of policies works together under certain criteria, how 
uncertain or disputed the combined effect is, and how likely it is that the portfolio fails to achieve its 
intended goals. 


e At higher levels (n = 3,4,...): 
G,,(D) = {neutrosophic sets whose elements lie in G,,_,(D)}. 


At these levels, we may consider strategic long-term climate plans composed of multiple portfolios. Each 
plan receives neutrosophic evaluations (T, /, F) that reflect large-scale uncertainties: 
— T might capture global consensus or effectiveness in stabilizing the climate. 


— I might represent the indeterminacy due to unknown future emissions, uncertain political commit- 
ments, or incomplete climate models. 


— F might reflect the falsity or failure potential if certain policies prove ineffective or harmful. 
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Neutrosophic Hyperoperation ¢,, and Criteria At any level n: 
on: Gn(D) X Gn(D) > P(Gn(D)) \ {9} 


is a neutrosophic hyperoperation. Given two neutrosophic decision entities X,Y € G,(D), o,(X, Y) produces 
a non-empty family of neutrosophic sets in G,(D). This hyperoperation can combine or compare strategies, 
portfolios, or policies, taking into account their truth, indeterminacy, and falsity values. 

Neutrosophic criteria CU"“"” 80?" 
instance: 


at level n assign triple-valued evaluations to elements of G,(D). For 


¢ Ata high level (n = 3), criteria might include: 


— Long-term climate stabilization truth (is the long-term strategy truly effective?). 
— Indeterminacy from uncertain future socioeconomic conditions. 
— Falsity from possible global coordination failures. 


e Applying these criteria filters out strategies with high falsity or unacceptable indeterminacy, leaving 
more plausible climate action plans. 


Iterative Refinement Process The international consortium might start at a high level n (e.g., = 3 orn = 4) 
to consider broad, long-term strategic visions. The decision process proceeds downward: 


1. At level n: Use oy and C("*"""°5P™©) t9 select or refine sets of strategies. This step narrows down the 
vast uncertainty and filters out strategies that fail critical criteria. 


2. At level n— 1: Now consider portfolios of policies (elements of G,-1(D)) influenced by the chosen 
higher-level strategies. Again use o,_; and Cee ") t9 refine these portfolios, weeding out those 
that do not fit the reduced uncertainty and falsity conditions set at level n. 


3. Continue until n = 1: Eventually, at n = 1, we deal directly with individual policies as neutrosophic 
subsets of D. By now, many uncertainties have been resolved or mitigated. The final choice involves 
picking policies that have high truth membership (truly effective and well-supported), low falsity (minimal 
risk of harmful side effects or failure), and manageable indeterminacy. A deneutrosophication step can 
produce a crisp set of policy decisions. 


Real-World Benefits This hierarchical, neutrosophic approach models the complexity and uncertainty of 
global environmental policy planning: 


e At high levels, abstract and long-term strategies face large indeterminacies due to unknown futures. 


¢ Moving down the hierarchy refines these strategies into more concrete portfolios and eventually individual 
policies, gradually reducing uncertainties. 


¢ The triple-valued neutrosophic representation (J, 7, F’) ensures that truth, uncertainty, and potential 
failures are explicitly considered at each stage. 


In conclusion, by applying Neutrosophic n-Superhyperdecision-making principles, the consortium can navigate 
multi-layered uncertainties and complex interdependencies, ultimately arriving at a coherent, well-founded 
selection of climate policies. 


Theorem 4.15. A Neutrosophic n-Superhyperdecision-making framework adheres to the structural principles 


of the Generalized n-Superhyperdecision-making framework. 


Proof. The proof follows in a similar manner to that of Fuzzy n-Superhyperdecision-making. oO 
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Theorem 4.16. Neutrosophic n-Superhyperdecision-making generalizes classical Neutrosophic decision- 
making. 


Specifically, when n = 1 in the Neutrosophic n-Superhyperdecision-making framework, it reduces to the 
classical Neutrosophic decision-making framework, where each decision option d € D is evaluated by a triple 
(T(d), 1(d), F(d)) at a single hierarchical level. 


Proof. The Neutrosophic n-Superhyperdecision-making framework is defined as: 
No = (G,(D), on, EiperosoRtie)y. 


where: 


* G,,(D) represents the n-th generalized powerset of D, forming an n-layered hierarchical structure. 
* ©, is the n-th level neutrosophic hyperoperation. 


© CineutrosoPhic) +. the set of neutrosophic constraints applied at level n. 


When n = |, the structure simplifies as follows: 


* G,(D) represents neutrosophic subsets of D. Each element N € Gj (D) is characterized by three 
membership functions: 
Ty (d), In (d), Fx (d) : D = [0, 1], 


where Ty (d) denotes the truth-membership, Jj (d) the indeterminacy-membership, and Fy (d) the 
falsity-membership for each d € D. 


¢ The hyperoperation ¢, reduces to operations on these first-level neutrosophic sets, such as neutrosophic 
union, intersection, or aggregation. 


* The constraints C ere ") are directly applied to the neutrosophic subsets of D, evaluating them 


against criteria defined in terms of truth, indeterminacy, and falsity. 


These definitions align exactly with the standard Neutrosophic decision-making framework, where each decision 
element d € D is evaluated using the triple (T(d), 1(d), F(d)), and selection is based on aggregating these 
values under the given criteria. 


Thus, the Neutrosophic n-Superhyperdecision-making framework, for n = 1, is equivalent to classical Neu- 
trosophic decision-making. As n increases, the framework generalizes to incorporate additional hierarchical 
levels, allowing for more complex decision structures and interdependencies. oO 


Theorem 4.17. Neutrosophic n-Superhyperdecision-making generalizes Fuzzy n-Superhyperdecision-making. 


Proof. Consider a Fuzzy n-Superhyperdecision-making framework: 
Fa = (GnlD);, on, Cy), 


where each level n involves fuzzy sets built from the previous level, and ¢,, is a fuzzy hyperoperation that takes 
two fuzzy entities and produces a fuzzy hyperimage. The membership functions yn : X — [0,1] represent 
degrees of suitability or preference. 


Now, consider the Neutrosophic n-Superhyperdecision-making framework: 
Nn = (G,,(D), oe CC PeereseRie): 


In a neutrosophic set, each element d € D is assigned three values (T(d), I(d), F(d)) € [0, 1]°. To recover a 
fuzzy scenario from a neutrosophic one, we can proceed as follows: 
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* Set J(d) = 0 and F(d) = 0 for all d € D, thereby eliminating indeterminacy and falsity. This leaves 
T(d) as the sole membership-like measure. 


¢ Interpret T(d) as the fuzzy membership p(d). 


* With I(d) = 0 and F(d) = 0, the neutrosophic criteria C(""""8°?"©) that depend on (T, I, F) reduce 
to criteria depending solely on T, mimicking fuzzy criteria that depend on a single membership degree. 


¢ The neutrosophic hyperoperation ¢,,, which can combine truth, indeterminacy, and falsity, now simplifies 
to operations involving just T (since J and F are zero). This replicates fuzzy operations extended to a 
multi-valued hyperoperation context. 


Thus, by choosing J = F = 0 for all elements, we transform neutrosophic sets into fuzzy sets, and the 
neutrosophic framework reduces to the fuzzy framework. Since the neutrosophic scenario can emulate the 
fuzzy scenario by such a specialization, the neutrosophic framework is more general, thereby generalizing 
Fuzzy n-Superhyperdecision-making. oO 


Theorem 4.18. At each level n, a Neutrosophic n-Superhyperdecision-making framework inherits the structure 
of neutrosophic sets. 


Proof. By definition, at n = 0, we have the original decision set D. At n = 1, elements of G,(D) are 
neutrosophic subsets of D. Eachelement N € G,(D) is characterized by three functions Ty (d), In (d), Fn (d) : 
D — (0, 1], satisfying 0 < Ty (d) +_ In (d) + Fy (d) < 3. 


At n = 2, elements of G2(D) are neutrosophic sets of neutrosophic sets from G,(D). Thus, each element 
at level 2 is a neutrosophic set whose universe is G1(D), with triple-valued membership for each element 
Nié€ G,(D). 


Inductively, at level n, each element of G,,(D) is a neutrosophic set whose elements are drawn from G,_;(D). 
Since G,_1(D) was similarly constructed, it too is composed of neutrosophic sets (or neutrosophic sets of 
neutrosophic sets, etc.). Thus, by induction, each G,,(D) possesses the structure of a family of neutrosophic 
sets. 


Hence, at every hierarchical level n, we have a neutrosophic set structure, ensuring that truth, indeterminacy, 
and falsity are consistently represented throughout the hierarchy. oO 


Theorem 4.19. Jn a Neutrosophic n-Superhyperdecision-making framework, iterative reduction from level n 
to 0 yields a neutrosophic subset of D representing the best decision options under the given neutrosophic 
criteria. 


Proof. The decision process involves: 


1. Starting at the highest level n with a neutrosophic structure G,(D). 


cineutrosophic) 
n 


2. Applying the neutrosophic hyperoperation ©, and criteria to filter or refine elements in 


G,(D). 
3. Proceeding to level n — 1, now informed by the filtered neutrosophic sets from level n. 


4. Repeating this reduction until eventually reaching n = 0, the base level. 


At each step, we combine and select decision entities based on triple-valued (T,I,F) criteria. As we move down 
the hierarchy, complexities and uncertainties are filtered and distilled into simpler, more concrete neutrosophic 
sets at lower levels. 


Ultimately, at n = 0, we have a neutrosophic subset of D that integrates all the constraints, uncertainties, 
and considerations expressed at the higher levels in terms of truth, indeterminacy, and falsity. If desired, a 
deneutrosophication procedure can produce a crisp set of final decisions from this triple-valued representation. 

Oo 
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Corollary 4.20. Since each level n in Neutrosophic n-Superhyperdecision-making is neutrosophic in nature, the 
final neutrosophic subset at level n = 0 captures all complex multi-level uncertainties and criteria considered 
throughout the hierarchy. This ensures a rich and nuanced final representation of the best decision options. 


Proof. This follows directly from Theorems and Each step and level preserves and transforms 
the triple-valued (T,I,F) information, ensuring that the final result at n = 0 is a faithful representation of all 
higher-level considerations. oO 


Theorem 4.21. When n = 1 in Neutrosophic n-Superhyperdecision-making, it reduces to Neutrosophic 
Hyperdecision-making. 


Proof. This is evident. oO 


4.3 Plithogenic n-Superhyperdecision-making 


This subsection provides an explanation of Plithogenic n-Superhyperdecision-making. Plithogenic n-Superhyperdecision- 
making extends n-Superhyperdecision-making by incorporating the concept of Plithogenic Sets. Definitions 
and related theorems are presented below. 


Remark 4.22 (The process of Plithogenic n-Superhyperdecision-making). The process of Plithogenic n- 
Superhyperdecision-making can be outlined as follows: 


1. Initialization at Level n: Begin with the n-th level plithogenic decision set G,(D), where each element 
represents a plithogenic set from the previous level Gn_(D). Define plithogenic criteria CV7"""°8¢"™ 


to evaluate and rank these elements. 


2. Application of Plithogenic Criteria: Evaluate each element X € G,,(D) using multi-dimensional mem- 
bership functions pdf and contradiction functions pCF’. Compute suitability scores by aggregating the 
criteria while considering both membership and contradiction degrees. 


3. Reduction via Plithogenic Hyperoperation (°,,): Apply the plithogenic hyperoperation ©, to refine the 
decision set G,(D). This operation combines elements while factoring in contradictions and multi- 
dimensional memberships, producing a refined set for level n — 1. 


4. Iterative Refinement (n — n — 1): Repeat the reduction process at each level, descending from G,,(D) 
to Gn-1(D), then Gy-2(D), and so forth. At each step, apply the corresponding plithogenic criteria 
CPlithogenic) and h ti 

; yperoperation ox. 

5. Final Decision at Level n = 1: At level n = 1, work directly with plithogenic sets derived from D. Use 
aggregated scores to identify the most suitable decision options. If necessary, apply defuzzification or 
contradiction resolution techniques to finalize a crisp decision or rank alternatives. 


This hierarchical process allows for a structured and systematic approach to decision-making, integrating fuzzy, 
neutrosophic, and contradiction-based criteria within a plithogenic framework. The iterative application of 
plithogenic hyperoperations and criteria ensures that multi-dimensional uncertainty and conflict are effectively 
managed across all levels, ultimately yielding robust and informed decisions. 


Definition 4.23 (Plithogenic n-Superhyperdecision-making). Let D be a non-empty set of decision options. 
Define: 
Go(D) =D. 


For each integer n > 1, let G,(D) be the n-th generalized powerset of D as introduced in [113]. Each 


level n represents an n-layered structure derived from D, where each element of G,(D) can encode complex 
membership and contradiction information. 


A Plithogenic n-Superhyperdecision-making framework is defined as: 
P, = (Gn(D), on, oN ales al 9 


where: 
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1. G,(D): 


e Atn =0, we have Go(D) = D, the base set of decision options. 
* Atn = 1, elements of G;(D) are Plithogenic Sets defined on D. A plithogenic set is a tuple: 


PS = (D,v, Pv, pdf, pCF), 


where: 


v is an attribute. 


Py is the set of possible values for v. 


pdf : Dx Pv — [0,1]* is the degree of appurtenance function, returning an s-tuple repre- 
senting multi-dimensional membership degrees. For example: 


* If s = 1, we recover a fuzzy-like scenario. 


* If s = 3, we can interpret the three components as truth, indeterminacy, and falsity, 
resembling a neutrosophic scenario. 


— pCF : PvxPv = [0,1]! is the degree of contradiction function, returning a t-tuple indicating 
the level of contradiction between two attribute values. 


¢ Forn > 1, elements of G,,(D) are plithogenic sets whose elements come from G,_|(D). This con- 
struction allows hierarchical, multi-level structures where each level n has its own multi-dimensional 
membership (from pdf) and contradiction (from pC F) measures. Thus, G,,(D) encapsulates an n- 
layered plithogenic decision universe, generalizing fuzzy and neutrosophic concepts and potentially 
integrating other types of logic and criteria. 


e The operation 
on: Ga(D) X Gy(D) > P(Gp(D)) \ {9} 
is an n-th level plithogenic hyperoperation. 


* Given X,Y € G,(D), %n(X,Y) produces a non-empty set of elements in G,,(D). Each result 
may have different attribute values, affecting both the pdf (membership) and pC F (contradiction) 
outcomes. 


¢ By choosing specific forms of pdf and pCF, ©, can emulate or generalize: 
— Fuzzy operations (e.g., if s = 1,f = 1 and pCF = 0, we get a fuzzy-like scenario). 


— Neutrosophic operations (e.g., if s = 3,¢ = 1 and interpret the three membership values as 
truth, indeterminacy, and falsity). 


q ciplinosente ) . 


lithogenic) . ; oie 
2 Ciplithosenic) +. 4 set of plithogenic constraints or criteria at level n. 


¢ These constraints may impose conditions on membership tuples (from pdf) and contradiction 
values (from pC F). 


e Examples include: 


— Assigning weights or priorities to certain attributes, influencing the membership degrees in 
pdf. 
— Setting thresholds on pCF to exclude excessively contradictory attribute combinations. 


— Using plithogenic aggregation operators to integrate multiple criteria from pdf and pCF 
values for ranking or selecting the best decisions at level n. 


Decision Process: 


¢ Start at level n with a complex plithogenic structure G,(D). 
* Apply o, and C(?!""8¢"©) tg refine or filter decisions at level n. 


¢ Move sequentially down through the levels: n > n-1—---—> 1. 
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e At each stage k, a similar approach is applied, reducing complexity and integrating constraints until 
reaching n = 1. 


e At n = 1, we deal with basic plithogenic sets directly related to D, allowing a final selection of decision 
options. 


This iterative reduction ensures that multi-level plithogenic decision-making is systematically handled, ul- 
timately producing a final decision or set of decisions that integrates fuzzy, neutrosophic, or other logical 
structures within a single plithogenic framework. 


Theorem 4.24. At each level n, a Plithogenic n-Superhyperdecision-making framework inherits the structure 
of plithogenic sets. 


Proof. By definition, at n = 0, we have the original set D. At n = 1, elements of G;(D) are plithogenic sets 
defined on D, characterized by: 
PS = (D,v, Pv, pdf, pCF), 


where: 


¢ pdf : Dx Pv = [0,1]* returns multi-dimensional membership degrees. 


¢ pCF : Pv x Pv = [0, 1]’ returns multi-dimensional contradiction degrees. 


At n = 2, each element of G2(D) is a plithogenic set whose universe is G;(D), itself composed of plithogenic 
sets. Thus, each element at level 2 encodes plithogenic information (membership and contradiction) about 
elements that are already plithogenic sets. By induction, at each level n, we get a plithogenic set structure 
whose elements are drawn from G,_,(D), which is also plithogenic. 


Therefore, at every hierarchical level, the construction ensures that the entities are plithogenic sets, thereby 
preserving the plithogenic structure throughout all levels. Oo 


Theorem 4.25. Plithogenic n-Superhyperdecision-making generalizes both Fuzzy and Neutrosophic n-Superhyperdecision- 
making. 


Proof. From the given definition, by selecting particular forms of pdf and pC F, we can recover the fuzzy or 
neutrosophic cases: 


° Fuzzy scenario: Set s = 1,t = 1 and define pC F(a, b) = 0 for all a,b € Pv, removing contradictions 
and leaving a single membership dimension p(d). This replicates the fuzzy case at each level n, making 
each element a fuzzy set and reducing the hyperoperation ©, to produce fuzzy hyperimages. 


¢ Neutrosophic scenario: Set s = 3,t = 1 and interpret the three membership values in pdf as truth, 
indeterminacy, and falsity. Also, let pCF(a,b) = 0 to remove contradictions. This configuration 
recovers the neutrosophic structure at each level n. 


Since we can obtain both fuzzy and neutrosophic frameworks from the plithogenic one by appropriate special- 
izations, plithogenic n-Superhyperdecision-making is strictly more general than both Fuzzy and Neutrosophic 
n-Superhyperdecision-making. oO 


Theorem 4.26. In a Plithogenic n-Superhyperdecision-making framework, iterative reduction from level n to 
0 yields a plithogenic set of D that incorporates all multi-dimensional membership and contradiction criteria. 


Proof. The decision process in Plithogenic n-Superhyperdecision-making is as follows: 


1. Start at the highest level n with a plithogenic structure G,(D). 
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2. Apply the plithogenic hyperoperation ©, and constraints C{?!""°8°""”) to refine or filter the plithogenic 
sets at level n. 


3. Proceed to level n — 1, now with a possibly reduced set of plithogenic entities that respect the criteria 
imposed at level n. 


4. Repeat this reduction until reaching n = 1. 


At n = 1, you have plithogenic sets defined directly on D. These sets incorporate all the previously applied 
multi-level constraints and have multi-dimensional memberships and contradiction measures reflecting all the 
complex logic considered at higher levels. 


Thus, the final structure at n = | is a plithogenic set (or sets) that best satisfies the entire hierarchy of criteria. 
If desired, specific forms of aggregation, thresholds, or simplifications can produce a final choice from these 
plithogenic sets. Oo 


Corollary 4.27. Since each level in Plithogenic n-Superhyperdecision-making is plithogenic, the final result 
at n = | encapsulates all fuzzy, neutrosophic, or other logic-based uncertainties and criteria used at higher 
levels. This final plithogenic set provides a comprehensive decision structure that can integrate multiple logical 
paradigms. 


Proof. This follows directly from Theorems and Each step preserves the plithogenic nature and 
integrates constraints, ensuring that the final outcome is arich, multi-dimensional plithogenic set representation. 
Oo 


Theorem 4.28. Plithogenic n-Superhyperdecision-making is highly flexible, allowing for: 


¢ Emulating classical, fuzzy, neutrosophic frameworks by appropriate parameter choices. 


¢ Integrating contradictions and multi-criteria membership vectors using pC F and pdf. 
Proof. By construction, the pdf and pCF functions are multi-dimensional and configurable. One can: 


¢ Reduce dimensions (e.g., set s = 1 and pCF = 0) to get a fuzzy-like scenario. 
¢ Set s =3 and pCF = 0 to mimic neutrosophic behavior. 


¢ Introduce non-zero pC F and higher-dimensional s-tuples for more complex logics and contradictions. 


Since these adjustments can be made without altering the fundamental structure of the plithogenic framework, 
it demonstrates a high degree of flexibility and adaptability, confirming that plithogenic n-Superhyperdecision- 
making can accommodate various decision-making paradigms. oO 


Theorem 4.29. When n = 1 in Plithogenic n-Superhyperdecision-making, it reduces to Plithogenic Hyperdecision- 
making. 


Proof. This is evident. oO 


5 Uncertain Control System 


This section examines the Uncertain Control System, focusing on Fuzzy Control Systems, Neutrosophic Control 
Systems, and Plithogenic Control Systems. 
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5.1 Fuzzy Control (Revisit) 


A control system is a framework managing and regulating processes or devices to achieve desired outputs by 
adjusting inputs. Fuzzy Control is a control system framework utilizing fuzzy logic to handle imprecision and 
uncertainty, enabling adaptive decision-making in dynamic environments. 


Definition 5.1 (Classical Control System). (cf. (6)/36)/101] 300]) Let X = {x1,x2,...,Xn} be the 


universe of discourse for input variables, and Y = {y1, y2,..., Ym} be the universe of discourse for output 
variables. A classical control system consists of the following components: 


1. Input-Output Relation: A well-defined functional relationship between the inputs X and outputs Y, 
represented as: 


y = f(%1,%2,...,%n), 


where f is a deterministic function describing the system’s behavior. 


2. Controller Design: A control law or algorithm C that adjusts the input variables u (control inputs) to 
achieve a desired output y* based on the system’s current state. This is generally written as: 


u=C(e), 
where e = y* — y is the error between the desired output y* and the actual output y. 


3. Feedback Mechanism: A mechanism to continuously measure the system’s output y and compute the 
error e to refine the control inputs u. This feedback ensures the system remains stable and tracks the 
desired output. 


4. System Dynamics: The dynamic behavior of the system is described by a set of differential or difference 
equations: 
xX=Ax+Bu, y=Cx+Du, 


where x is the state vector, u is the control input, and A, B, C, D are matrices that describe the system’s 
dynamics. 


5. Stability Analysis: A set of mathematical techniques (e.g., Lyapunov stability, root locus, or Nyquist 
criterion) used to ensure that the system’s output converges to the desired value y* without oscillations 
or divergence. 


Example 5.2 (Cruise Control in a Car). (cf. 234]) A classical control system can be illustrated by a 
cruise control system used to maintain a car’s speed, consisting of the following components: 


1. Input-Output Relation: 


* Input (X): Desired speed v* set by the driver and the actual current speed v. 
* Output (Y): The car’s maintained speed regulated by the throttle. 


The system behavior is modeled as: 
Vear'= fies v,u), 


where u represents the throttle input controlling the engine power. 


2. Controller Design: The controller computes the throttle input u based on the error between the desired 
and actual speeds: 
e=vi-y, 


A proportional-integral (PI) control law is commonly used: 


w= Kye+Ki [edt 


where K,, and K; are proportional and integral gains, respectively, designed to ensure smooth and precise 
speed control. 
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3. Feedback Mechanism: A speed sensor measures the car’s current speed v and feeds it back to the 
controller to calculate the error e. 


4. System Dynamics: The dynamics of the car’s speed are described by: 


dv R 
m—=u-R, 
dt 
where m is the car’s mass, u is the throttle input, and R is the resistance (including air drag and rolling 
resistance). 


5. Stability Analysis: Stability ensures the car’s speed v converges to the desired speed v* without oscillations 
or overshooting. Techniques like root locus analysis or Nyquist diagrams can verify the stability of the 
system under varying conditions. 


This example demonstrates how a classical control system helps a vehicle maintain a steady speed by dynami- 
cally adjusting the throttle based on real-time feedback and mathematical modeling of the system’s dynamics. 


The Control System is extended using Fuzzy Sets. Its main feature includes operations such as Fuzzification 
and Defuzzification. The Fuzzy Control System has been extensively studied in various research fields 


(7 1][154][160]191[212)[223][229]/232||266]/377|[380]409}. The definition is provided below. 


Definition 5.3. (cf. ) Let X = {x1,x2,...,Xn} be the universe of discourse for input variables 
and Y = {y1, yo,..., ¥m} for output variables. A fuzzy control system consists of the following components: 


1. Fuzzification: A mapping F, : X — [0,1] that transforms crisp input x; into a fuzzy set u(x;), where 
L(x;) € [0, 1] is the membership degree of x;. 


2. Fuzzy Rule Base: A set of linguistic rules Rx; of the form: 
R, : If x1 is At and x2 is As and ... then y is BR 
where Ak and B* are fuzzy sets defined on X and Y, respectively. 


3. Inference Mechanism: A function ® : ¥ (X) — F (Y) that applies fuzzy logical operators (e.g., Min-Max 
or Max-Product) to infer the fuzzy output based on the rule base. 


4. Defuzzification: A process that converts the fuzzy output ®(~(X)) into a crisp value y* using a defuzzi- 
fication method such as: 


Pa 


Srey ¥ HO) dy 
Srey H(y) dy” 


where p(y) is the membership degree of y in the output fuzzy set. 


Example 5.4 (Fuzzy control system designed to regulate the temperature). (cf. |346) ) Consider a fuzzy 
control system designed to regulate the temperature of a room. 


¢ Universe of Discourse: Input variable X = {Low, Medium, High} represents the current room tempera- 
ture, and output variable Y = {Low, Medium, High} represents the adjustment to the heating system. 


¢ Fuzzification: For a crisp input temperature x (e.g., 18°C), fuzzification maps it to membership degrees 
in fuzzy sets: 
HLow(x) = 0.6, UMedium(x) = 0.4,  MHign(x) = 0. 


These values indicate the degree to which the input belongs to each fuzzy set. 
¢ Fuzzy Rule Base: The system uses linguistic rules such as: 


R, : If temperature is Low, then heating adjustment is High. 
R> : If temperature is Medium, then heating adjustment is Medium. 


R; : If temperature is High, then heating adjustment is Low. 
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¢ Inference Mechanism: The rules are evaluated using a Min-Max method. For example, given ftLow(x) = 
0.6, Ri contributes a fuzzy output adjustment: 


HHigh-Adjustment (Y) = min(0.6, HHigh (y)). 
° Defuzzification: The fuzzy output is aggregated and defuzzified using the centroid method: 


rey ¥ HOY) dy 
rey HO”) dy 


If the aggregated fuzzy output results in fpow(y) = 0.2, UMedium(y) = 9.5, UHigh(y) = 0.3, the crisp 
heating adjustment y* is computed as a weighted average. 


This example illustrates how fuzzy control systems handle imprecise inputs and apply linguistic rules to compute 
an adaptive and interpretable output. 


Theorem 5.5. Fuzzy control systems can generalize classic control systems. 


Proof. This follows directly from the definitions. oO 


Theorem 5.6. Fuzzy control systems possess the structure of a fuzzy set. 
Proof. This follows directly from the definitions. oO 


5.2 Neutrosophic Control (Revisit) 


Neutrosophic Control is a control system framework that utilizes neutrosophic logic, incorporating truth, 
indeterminacy, and falsity degrees to handle uncertainty and complexity. Similar to Fuzzy Control Systems, it 
has been extensively studied in various fields . The definition is provided below. 


Definition 5.7 (Neutrosophic Control). (cf. (37)[85|[393}) Let X = {x,,...,x,} be the input universe and 
Y = {y1,---,¥m} the output universe. A Neutrosophic Control System consists of: 


1. Neutrosophic Fuzzification: A mapping N, : X — [0,1]? that assigns to each crisp input x; a triple 
(Ty, , 1x; Fx;), where: 
0< Ty, +1, + Fx; < 3. 


This triple represents the truth (acceptance), indeterminacy, and falsity (rejection) degrees of the input 
belonging to certain linguistic terms. 


2. Neutrosophic Rule Base: A set of linguistic rules of the form: 
R, : If x1 is Ar and x is Ak and --- then y is B*. 


where each Ak and B* is a neutrosophic set. For a neutrosophic set a, each element z has three 
membership degrees (T(z), la (Zz), Fa(Z)). 


3. Neutrosophic Inference Mechanism: A function ¥ : [0,1]? — [0,1]? that combines the neutrosophic 
triples from inputs using neutrosophic logical operators (e.g., neutrosophic intersection, union, or specific 
aggregation functions) to infer a neutrosophic output set. 


4. Deneutrosophication: A procedure that converts the output neutrosophic set with triple values (T(y), [(y), F(y)) 
into a crisp output y*. For example, one might define a deneutrosophic operator: 


y* = arg max (T(y) — (F(y) + al(y))), 


where J > 0 adjusts how strongly indeterminacy penalizes the choice. 
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Example 5.8 (Traffic light management). Traffic light management optimizes traffic flow by controlling signals, 
reducing congestion, improving safety, and coordinating vehicle and pedestrian movements effectively [24/78]. 


Consider a neutrosophic control system designed to manage traffic lights at an intersection based on traffic 
density. 


Universe of Discourse: Input variables X = {Low, Medium, High} represent the traffic density, and 
output variables Y = {Short, Moderate, Long} represent the duration of the green light. 


Neutrosophic Fuzzification: For a crisp input x (e.g., *current traffic density = 70 vehicles”), neutrosophic 
fuzzification assigns a triple for each linguistic term: 


Low: (T =0.2,1 =0.5,F =0.3), Medium: (7 =0.6,/ =0.3,F =0.1), High: (T =0.9,1=0.1,F 


Neutrosophic Rule Base: Rules are defined to associate traffic density with green light durations: 


R, : If traffic is Low, then green light duration is Long. 
R, : If traffic is Medium, then green light duration is Moderate. 
R; : If traffic is High, then green light duration is Short. 


Each term (e.g., *>Low” or ’Short’) is a neutrosophic set with truth, indeterminacy, and falsity degrees. 


Neutrosophic Inference Mechanism: For the given input, the inference mechanism applies logical 
operators (e.g., Min-Max or weighted aggregation) to compute the neutrosophic output set for green 
light durations. For example: 


Moderate Duration: (T = 0.6, J = 0.3, F = 0.1). 


Deneutrosophication: The neutrosophic output set is converted into a crisp value using a deneutrosophic 
operator: 


y" = argmax(P(y) — (FY) +Al(y))). 
For A = 0.5, the computed values for Short, Moderate, Long are compared, and the duration y* (e.g., 


*Moderate’’) is selected as the final output. 


This example demonstrates how neutrosophic control systems can manage uncertainty, indeterminacy, and 
conflicting inputs to dynamically adjust traffic light durations based on traffic conditions. 


Theorem 5.9. Neutrosophic Control generalizes Fuzzy Control. 


Proof. In fuzzy control, each input and output is described by a fuzzy set with a single membership degree 
uw € [0, 1]. In neutrosophic control, each element has three values (T, J, F). 


To recover fuzzy control from neutrosophic control: 


¢ Set J(d) =0 and F(d) = 0 for all elements d in any universe of discourse. 


¢ Interpret T(d) as the fuzzy membership p(d). 


With these adjustments, neutrosophic sets and operations reduce to fuzzy sets and operations, thus neutro- 
sophic control generalizes fuzzy control by allowing additional dimensions of uncertainty (indeterminacy) and 
potential failure (falsity). oO 


Theorem 5.10. Neutrosophic control systems can generalize classic control systems. 


Proof. This follows directly from the definitions. oO 


Theorem 5.11. Neutrosophic control systems possess the structure of a neutrosophic set. 


Proof. This follows directly from the definitions. oO 
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= 0.0). 


5.3 Plithogenic Control 


Plithogenic Control is a control system framework utilizing plithogenic logic, integrating multi-valued attributes 
and contradictions to address complex, uncertain, and dynamic environments. 


Definition 5.12 (Plithogenic Control). Consider again X and Y as the input and output universes. A 
Plithogenic Control System uses plithogenic sets to describe inputs, outputs, and rules. A plithogenic set 
PS = (P,v, Pv, pdf, pCF) provides: 


* Multi-dimensional membership degrees pdf : P x Pv > [0,1]°. 


* Contradiction measures pCF : Pv x Pv = [0, 1]’. 
A plithogenic control system thus consists of: 


1. Plithogenic Fuzzification: A mapping P, : X — ([0,1]*, [0,1]*) that assigns to each input not just 
a multi-dimensional membership vector (possibly representing truth, indeterminacy, falsity, or other 
dimensions), but also evaluates how attribute values contradict each other if needed. 


2. Plithogenic Rule Base: A set of rules similar to fuzzy or neutrosophic ones, but now each antecedent 
and consequent is a plithogenic set, allowing for complex membership and contradiction structures: 


R, : If x is Ak and x2 is Ak -++ then y is B®. 
where A;, B™ are plithogenic sets. 


3. Plithogenic Inference Mechanism: Applies plithogenic aggregation operators that consider both mem- 
bership vectors (pdf) and contradiction functions (pCF) to produce a plithogenic output set. 


4. Plithogenic Defuzzification: A process that converts the final plithogenic output into a crisp value, taking 
into account multi-dimensional memberships and contradictions. This might involve selecting attribute 
values that maximize certain weighted criteria and minimize contradictions. 


Example 5.13 (Plithogenic Control Systems for Different Structures). (cf. [121]) The following examples 
illustrate the types of Plithogenic Control Systems corresponding to different dimensional parameters s and tf: 


¢ Plithogenic Fuzzy Control: When s = t = 1, the system is called a Plithogenic Fuzzy Control System. In 
this case, the membership degree and contradiction function are single-valued, and the system operates 
as a Classical fuzzy control model with added plithogenic flexibility. 


¢ Plithogenic Intuitionistic Fuzzy Control: When s = 2,t = 1, the system is called a Plithogenic Intuition- 
istic Fuzzy Control System. Here, the membership function involves two degrees (e.g., membership and 
non-membership), while the contradiction function remains single-valued. 


¢ Plithogenic Neutrosophic Control: When s = 3,t = 1, the system is called a Plithogenic Neutrosophic 
Control System. This configuration incorporates three-dimensional membership degrees (e.g., truth, 
indeterminacy, and falsity) and a single-valued contradiction function, suitable for highly uncertain and 
complex environments. 


¢ Plithogenic Quadripartitioned Neutrosophic Control: When s = 4,t = 1, the system is called a 
Plithogenic Quadripartitioned Neutrosophic Control System, involving four membership dimensions 
for even more nuanced modeling. 


¢ Plithogenic Pentapartitioned Neutrosophic Control: When s = 5,t = 1, the system is called a Plithogenic 
Pentapartitioned Neutrosophic Control System, handling five membership dimensions for highly spe- 
cialized applications. 


Theorem 5.14. Plithogenic Control generalizes both Neutrosophic Control and Fuzzy Control. 
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Proof. Plithogenic control uses pdf and pCF to represent multi-dimensional memberships and contradictions. 
By choosing parameters appropriately: 


¢ To emulate fuzzy control, set s = 1,f = 1 and pCF = 0. This yields a single membership dimension and 
no contradiction measure, reproducing fuzzy logic conditions. 


* To emulate neutrosophic control, set s = 3,t = 1 and interpret the three membership values as (T, /, F) 
with pCF = 0. This recovers neutrosophic logic conditions. 


Since both fuzzy and neutrosophic control systems can be obtained by special cases of plithogenic control, 
plithogenic control is strictly more general than both. oO 


Theorem 5.15. Each level of a plithogenic control system inherits the structure of plithogenic sets, allowing 
integration of multiple logic paradigms and contradictions in control strategies. 


Proof. By construction, at the base level n = 0, we have crisp inputs. At n = 1, the input and output sets 
are plithogenic sets. The rule base uses plithogenic sets for antecedents and consequents, and the inference 
mechanism considers both pdf and pCF. By induction, at any higher level of hierarchy, the control decisions 
are based on plithogenic sets, ensuring that the multi-dimensional membership and contradiction structures are 
preserved through all levels of decision-making and control. oO 


Theorem 5.16. Plithogenic control systems provide a flexible framework for complex control scenarios, 
enabling the integration of classical, fuzzy, and neutrosophic paradigms, as well as additional contradiction 
measures. 


Proof. Since plithogenic sets generalize fuzzy and neutrosophic sets, and since we can configure pdf and 
pCF functions to represent a variety of logical and uncertainty conditions, the plithogenic control system can 
accommodate: 


¢ Pure fuzzy control (no contradiction, single membership dimension). 
¢ Neutrosophic control (three membership values: truth, indeterminacy, falsity). 


¢ More complex scenarios involving multiple membership dimensions and explicit contradiction manage- 
ment. 


This flexibility arises from the plithogenic framework’s ability to encode richer structures than those allowed 
by fuzzy or neutrosophic frameworks alone, thus making it suitable for highly complex and uncertain control 
problems. oO 


5.4 (s, t)-Plithogenic n-SuperHyperControl 


Next, we explain the concept of (s, t)-Plithogenic n-SuperHyperControl. This framework extends the definition 
of n-SuperHyperControl using Plithogenic Sets. The definitions and related theorems are provided below. 


Definition 5.17 ((s, t)-Plithogenic n-SuperHyperControl). Let X be the input space, Y the output/control space, 
and let G,,(X) denote the n-th generalized powerset of X (or P"(X) for classical iteration). A (s, t)-Plithogenic 
n-SuperHyperControl system is a 7-tuple: 


cle) = (X,Y, Gn(X), on, R, DAF, DCF), 


where: 


1. G,(X) is the n-level plithogenic superhyperdomain constructed from X, potentially including offsets or 
contradiction expansions. 
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2. On : Ga(X)XGpn(X) — P(Gy(X)) \ {O} is an n-th level superhyperoperation that aggregates plithogenic 
subsets or offsets at each level. 


3. R is a plithogenic superhyperrule base, i.e., a collection of multi-layer control rules of the form: 
Ifd; @d,2®:--CA then yCB, 


where A, B are plithogenic offsets with membership dimension s and contradiction dimension ¢, and ® 
denotes some plithogenic aggregator or ©,,-based hyperoperation. 


4. DAF : (G,,(X) x Attributes) — [0, 1]* is the multi-dimensional membership function (fuzzy, intuition- 
istic, neutrosophic, etc.). 


5. DCF : Attributes x Attributes > [0, 1]’ is the contradiction measure capturing how different or incom- 
patible attributes are at each superlevel. 


6. X — Y defines the ultimate mapping from input states to output control signals, processed through the 
layered structure of G,,(X) and ©, hyperoperations. 


Example 5.18 ((s, t)-Plithogenic n-SuperHyperControl for Different 7). * Case n = 0 (Classical Con- 
trol): When n = 0, the control model operates on the base set H directly, without incorporating 
higher-level subsets. The system reduces to classical control methods, where: 


PSS) = (H, Oo, pdf, pCF), 


control 
and o is a classical operation, such as addition or multiplication, with static pdf and pCF. 


* Casen = | (HyperControl): Whenn = 1, the control system uses subsets of the base set H, corresponding 
to a hyperstructure. Here, the system becomes: 


pst) — (P(A), O1, pdf, pCF), 


control 
where © is a hyperoperation defined on the powerset P (H). The inclusion of plithogenic offsets allows 
for multi-dimensional control logic, such as intuitionistic or neutrosophic reasoning. 


* Case n > 1: For higher n, the system extends to operate on n-th powersets P”(H), forming a fully 
hierarchical control framework. The control operation }, integrates multi-level interactions, and the 
plithogenic attributes pdf and pC F manage uncertainties and contradictions across these levels. 


Specific examples include: 
— When s = ¢ = 1, (s,t)-Plithogenic n-SuperHyperControl corresponds to a Plithogenic Fuzzy 
Control System. 
— When s = 2,t = 1, it corresponds to a Plithogenic Intuitionistic Fuzzy Control System. 


When s = 3,t = 1, it corresponds to a Plithogenic Neutrosophic Control System. 


When s = 4, rf = 1, it corresponds to a Plithogenic Quadripartitioned Neutrosophic Control System. 


— When s =5,t = 1, it corresponds to a Plithogenic Pentapartitioned Neutrosophic Control System. 


Remark 5.19, Within this framework, (s, ft) indicates that DAF yields vectors in [0,1]*, while DCF yields 
vectors in [0,1]’. This accommodates Plithogenic Fuzzy OffSets, Plithogenic Neutrosophic OffSets, or other 
multi-criteria membership/contradiction expansions. 


We present several theorems establishing the structure, generality, and multi-level extension properties of 
(s, t)-Plithogenic n-SuperHyperControl systems. 


Theorem 5.20. Every (s,t)-Plithogenic n-SuperHyperControl system is an extension of classical control 
systems. 


Proof. A classical control system (X — Y) uses single-valued membership or crisp sets for inputs. In a 
plithogenic superhyperstructure, membership and contradiction are multi-dimensional, and we allow an n-layer 
iteration >, on G,(X). If m = 1 and (s,t) = (1, 1) with classical membership pdf ¢€ [0,1], we revert to fuzzy 
control. If s = 1, = 0 with no contradiction dimension, we revert to fuzzy or crisp classical control. Therefore, 
(s, t)-Plithogenic n-SuperHyperControl strictly generalizes classical control under the special case constraints 
n=l1,s=1,t=0. oO 
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Theorem 5.21. Hierarchical Multi-level Consistency in (s, t)-Plithogenic n-SuperHyperControl: Given con- 
straints Cx at each superlevel k, the final control action u* is found by sequential refinement from n down to 
1. 


uve ( )Relon, DAF, DCF, C;) 
k=1 


where Rx(-) is the refinement operator at level k integrating the plithogenic membership and contradiction 
logic. 


Proof. Induction on n: 


1. Base case (n = 1): A single-layer (s, t)-plithogenic fuzzy or neutrosophic control system. The final 
control is u* satisfying constraints C; via classical or fuzzy rule evaluation. 


2. Induction Hypothesis: For n = k, the final control is found by Rx integrating membership & contradiction 
constraints at level k. 


3. Induction Step: For n = k + 1, the set of feasible controls at level k + 1 is refined to produce constraints 
Cx at level k. Reapplying the induction hypothesis, Rx (o,, DAF, DCF, Cx) yields u*. The intersection 
of feasible solutions across all k + 1 down to | ensures multi-level consistency. 


Hence, sequential refinement from level n to level | ensures a single control action (or reduced set of control 
actions) satisfying all constraints. oO 


Theorem 5.22. (s, t)-Plithogenic n-SuperHyperControl system possesses the structure of a Plithogenic set. 


Proof. This follows directly from the definitions. oO 


Theorem 5.23. (s, t)-Plithogenic n-SuperHyperControl system possesses the structure of a superhyperstruc- 
ture. 


Proof. This follows directly from the definitions. oO 


6 (s,t)-Plithogenic n-Superhyperstructure 


Based on the discussions in this paper, the structure of the (s, f)-Plithogenic n-Superhyperstructure is evident. 
This framework has potential applications across various fields. We hope that these discussions will stimulate 
further research and exploration in the future. 


Definition 6.1 ((s,t)-Plithogenic n-Superhyperstructure). Let H be a non-empty base set, and let P” (H) denote 
its n-th iterated powerset. For each element X ¢ P”(H), let (X, v, Pv, pdf, pCF) be its plithogenic attribute 
structure, where: 


¢ vis an attribute or set of attributes for X. 


e Py is the range of possible attribute values (plithogenic domain). 


pdf : X x Pv — [0,1]* captures membership or multi-criteria degrees for X. 


¢ pCF : Py x Pv — [0,1] measures contradiction levels among attribute values. 
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An (s, t)-Plithogenic n-Superhyperstructure is a pair: 
PS SP"), Oy), 
where ©, is an n-th level superhyperoperation satisfying: 
On: P"(H) xP"(H) > P(P"(A)) \ {0}, 
enhanced by plithogenic criteria (pdf, pC F) so that, for any A, B € P"(H): 
AOnB C plithogenic_combine(A, B; pdf, pCF), 


meaning the superhyperoperation merges subsets A, B at the n-th level while respecting or merging their 
plithogenic attributes. 


Theorem 6.2. (s, ¢)-Plithogenic n-Superhyperstructures generalize classical structures, hyperstructures, and 
incorporate multi-attribute constraints. 


Proof. We provide a step-by-step proof to show how (s, t)-Plithogenic n-Superhyperstructures unify and extend 
classical structures, hyperstructures, and superhyperstructures while incorporating multi-attribute constraints. 


Step 1: Generalization of Classical Structures. A classical structure operates on a base set H with single-valued 
operations, such as: 
x: AHxH > dH. 


This forms the foundation of algebraic systems like groups or rings. Classical structures assume operations are 
deterministic and well-defined for all elements in H. 


Step 2: Extension to Hyperstructures. A hyperstructure extends classical structures by generalizing operations 
to the powerset P(H). In hyperstructures: 


0: P(H) x P(A) > P(A), 


the result of an operation on subsets is another subset. This enables modeling non-deterministic or multi-valued 
interactions, such as in systems with uncertainty or incomplete information. 


Step 3: Iterative Extension to Superhyperstructures. Superhyperstructures extend hyperstructures to iterated 
powersets P” (H), where n determines the level of iteration. The operation becomes: 


On: P"(H) x P"(H) > P(P"(H)), 


allowing for hierarchical or multi-layered interactions. This structure is particularly useful for modeling nested 
or hierarchical systems. 


Step 4: Incorporation of Plithogenic Attributes. Plithogenic logic adds multi-criteria and contradictory 
attributes to elements of P”(H). For each subset X € P” (H), the plithogenic structure includes: 


¢ A multi-dimensional membership function: 
pdfx : X x Pv > [0,1]°, 


where s dimensions capture various criteria such as truth, indeterminacy, and falsity. 


¢ A contradiction function: 
pCFy : Pvx Py = [0, 1]', 


where ¢ dimensions quantify the degree of contradiction between attributes. 


Step 5: Definition of Plithogenic Superhyperoperations. The operation ©, is enhanced by the plithogenic 
attributes, such that: 
AO» B C plithogenic_combine(A, B; pdf, pCF), 


ensuring the operation respects multi-attribute criteria and contradiction measures. 


Step 6: Strict Generalization. (s, t)-Plithogenic n-Superhyperstructures unify these concepts: 


470 


1. When n = 0, P" (A) = H, and the structure reduces to a classical structure. 
2. When s = t¢ = 1, the system reduces to a classical fuzzy or neutrosophic superhyperstructure. 


3. For general s,t,n, the system allows hierarchical, multi-criteria, and contradictory attributes, strictly 
generalizing classical, fuzzy, and neutrosophic structures. 


Hence, (s, t)-Plithogenic n-Superhyperstructures combine the flexibility of plithogenic logic with the hierar- 
chical nature of superhyperstructures, providing a unified and generalized framework. oO 


Theorem 6.3. In an (s,t)-Plithogenic n-Superhyperstructure, the existence of a plithogenic operation Oy 
ensures that for every pair (A,B), the result AO,B is uniquely described by the respective plithogenic 
constraints (pdf, pCF). 


Proof. We define A©,,B as all X € P”(H) that satisfy the attribute compatibility constraints given by pdf and 
pCF for each element in A and B. The sets A, B determine the domain of possible merges. By the axiomatic 
properties of plithogenic sets, the superhyperoperation is well-defined and non-empty. oO 


Theorem 6.4. (5, t)-Plithogenic n-Superhyperstructure possesses the structure of an n-Superhyperstructure. 


Proof. This follows directly from the definitions. oO 


Theorem 6.5. (5, t)-Plithogenic n-Superhyperstructure possesses the structure of a Plithogenic Set. 


Proof. This follows directly from the definitions. oO 


Example 6.6 (Special Cases of (s, ¢)-Plithogenic n-Superhyperstructure). We discuss specific cases of the 
(s, t)-Plithogenic n-Superhyperstructure by varying the values of s and n: 


* Case: s = 1,t = 1 When s = 1,t = 1, each (X,v, Pv, pdf, pCF) becomes a Plithogenic Fuzzy 
Set with a single membership degree and a single contradiction function. The (s,¢)-Plithogenic n- 
Superhyperstructure is a Plithogenic Fuzzy n-Superhyperstructure, where each subset X € P"(H) has 
fuzzy membership jzx(-) € [0,1] and a single numeric contradiction degree for each pair of attribute 
values. 


* Case: s = 2,t = 1 When s = 2,t = 1, each (X,v, Pv, pdf, pCF) corresponds to a Plithogenic 
Intuitionistic Fuzzy Set. Here, every X € P"(H) has two membership degrees: truth Ty(-) € [0,1] and 
falsity Fx(-) € [0,1], with a single contradiction degree. 


* Case: s = 3,t = 1 When s = 3,t = 1, each (X,v, Pv, pdf, pCF) is a Plithogenic Neutrosophic Set. 
Each X € P"(H) has three degrees: truth Tx(-) € [0,1], indeterminacy /x(-) € [0,1], and falsity 
Fx(-) € [0, 1], along with a single numeric contradiction function. 


* Case: 5 =4,t = 1 When s = 4,t = 1, each (X,v, Pv, pdf, pCF) becomes a Plithogenic Quadriparti- 
tioned Neutrosophic Set. Here, X € P”(H) is associated with four degrees of membership, for example, 
truth, indeterminacy, falsity, and hesitancy, along with a single numeric contradiction degree. 


* Case: s =5,t = 1 When s = 5,t = 1, each (X, v, Pv, pdf, pCF) extends to a Plithogenic Pentaparti- 
tioned Neutrosophic Set. The membership degrees now include five components, representing richer 
multi-dimensional membership dynamics, with a single numeric contradiction function. 


Special Cases forn =O andn=1: 


* n=0: Forn = 0, the (s, t)-Plithogenic n-Superhyperstructure reduces to a standard (s, t)-Plithogenic 
set defined on the base set H. Here, no hierarchical levels are present, and the operations are applied 
directly on the elements of H. This is called a (s, t)-Plithogenic structure. 
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¢ n=1: Forn =1, the (s, t)-Plithogenic n-Superhyperstructure is constructed on the powerset P (H). This 
represents a single level of hierarchical structure, where subsets of H are enriched with s-dimensional 
membership functions and f-dimensional contradiction functions. This is called a (s, t)-Plithogenic 
hyperstructure. 


These cases illustrate the flexibility of (s, )-Plithogenic n-Superhyperstructures in modeling multi-dimensional 
and hierarchical phenomena across various domains. 


6.1 (s, t)-Plithogenic n-Superhyper Offstructure 


As an extension, we consider the (s, t)-Plithogenic n-Superhyper Offstructure, which integrates the concept of 
offset into the (s, ¢)-Plithogenic n-Superhyperstructure. 


Various types of offsets are known, including Fuzzy Offset [322], Intuitionistic Fuzzy Offset [322], Neutrosophic 
Offset 107], and Plithogenic Offset [107]. A Neutrosophic Offset is a mathematical structure defined by truth, 


indeterminacy, and falsity degrees, allowing flexible decision-making under uncertainty 
[319|[330)(343]. A Plithogenic Offset generalizes the Neutrosophic Offset by incorporating multi-dimensional 
membership and contradiction functions, enabling complex, multi-criteria decision-making frameworks [107 
114|[323]. For example, special cases of the Neutrosophic Offset include the Neutrosophic Overset 
and Neutrosophic Underset {188}. 


The following section provides related definitions and theorems. Future research is expected to explore 
applications and extend their implementation across various fields. 


Definition 6.7 (Plithogenic Offset). (cf. |111]) Let S be a universal set, and P C S. A Plithogenic Offset PSor 
is defined as: 


PSog = (P,v, Pv, pdf, pCF) 


where: 


* vis an attribute. 
¢ Pv is the set of possible values for the attribute v. 
° pdf: PX Pv > [W%y, Q,]°* is the Degree of Appurtenance Function (DAF), where ‘¥, < 0 and Q, > 1. 


© pCF: Py x Py > [W,, Q,]! is the Degree of Contradiction Function (DCF). 


In this definition, the DAF and DCF allow the membership degrees pdf (x, a) to range from below 0 to above 
1, between the underlimit ‘P,, and the overlimit Q,,. 


Example 6.8. (cf. [121]) The following examples of Plithogenic offsets are provided. 


¢ When s =f = 1, PSog is called a Plithogenic Fuzzy OffSet. 

¢ When s = 2,t = 1, PSog is called a Plithogenic Intuitionistic Fuzzy OffSet. 

¢ When s = 3,t = 1, PSog is called a Plithogenic Neutrosophic OffSet. 

¢ When s = 4,t = 1, PSog is called a Plithogenic quadripartitioned Neutrosophic OffSet. 
e When s = 5,t = 1, PSog is called a Plithogenic pentapartitioned Neutrosophic OffSet. 
¢ When s = 6,t = 1, PSog is called a Plithogenic hexapartitioned Neutrosophic OffSet. 


¢ When s = 7,t = 1, PSog is called a Plithogenic heptapartitioned Neutrosophic OffSet. 
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¢ When s = 8,t = 1, PSog is called a Plithogenic octapartitioned Neutrosophic OffSet. 


¢ When s = 9,t = 1, PSog is called a Plithogenic nonapartitioned Neutrosophic OffSet. 


We now extend the Plithogenic OffSet framework to an n-Superhyperstructure. We incorporate both the (s, f) 
dimensional membership/contradiction scheme and the offset intervals [‘P,,, Q,]. 


Definition 6.9 ((s,t)-Plithogenic n-Superhyper Offstructure). Let H be a non-empty base set, and let P”(H) 
denote the n-th powerset of H (possibly generalized). Let o'-’) be a hyperoperation with codomain P” (H), 
and let PSog represent a Plithogenic OffSet structure as in Definition ??. An (s,t)-Plithogenic n-Superhyper 
Offstructure is defined as: 


OL" = (Gn(H).om {¥r. Qe} Pdf. PCF), 


where: 


1. G,(H) is the n-th iterated or generalized powerset of H, enabling multi-level subsets or enriched 
plithogenic offsets. 


2. on : Gn(A) xX G,(A) — P(G,(A)) \ {0} is an n-Superhyperoperation that merges multi-level subsets 
under the plithogenic offset membership logic. 


3. pdf : G,(A) x Pv > [Y,, Q,]* is the (s)-dimensional DAF extended to n-th level subsets, allowing 
membership degrees to fall outside [0, 1]. 


4. pCF : Pvx Pv > [¥,,Q,] is the (t)-dimensional contradiction function, also extended to the offset 
domain [‘Y,,, Q,]. 


The structure of) thus encapsulates offset membership degrees (with possible negative or above-one values) 
and multi-level hyperoperations, forming an (s, t)-Plithogenic n-Superhyper Offstructure. 


Example 6.10. (cf. |121]) The following examples illustrate different types of (s, t)-Plithogenic n-Superhyper 
Offstructures based on the values of s and t: 


When s = ¢ = 1, the structure is called a Plithogenic Fuzzy n-Superhyper Offstructure. 


When s = 2,t = 1, the structure is called a Plithogenic Intuitionistic Fuzzy n-Superhyper Offstructure. 


When s = 3,¢ = 1, the structure is called a Plithogenic Neutrosophic n-Superhyper Offstructure. 


When s = 4,t = 1, the structure is called a Plithogenic Quadripartitioned Neutrosophic n-Superhyper 
Offstructure. 


When s = 5,t = 1, the structure is called a Plithogenic Pentapartitioned Neutrosophic n-Superhyper 
Offstructure. 


When s = 6,f = 1, the structure is called a Plithogenic Hexapartitioned Neutrosophic n-Superhyper 
Offstructure. 


When s = 7,t = 1, the structure is called a Plithogenic Heptapartitioned Neutrosophic n-Superhyper 
Offstructure. 


When s = 8,¢ = 1, the structure is called a Plithogenic Octapartitioned Neutrosophic n-Superhyper 
Offstructure. 


When s = 9,t = 1, the structure is called a Plithogenic Nonapartitioned Neutrosophic n-Superhyper 
Offstructure. 


Theorem 6.11. The (s, t)-Plithogenic n-Superhyper Offstructure is a strict generalization of both: 


* Classical (s, t)-Plithogenic n-Superhyperstructures (where membership and contradiction degrees are 
restricted to [0, 1]), 
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* and n-Superhyperstructures that do not incorporate plithogenic offsets. 


Proof. We prove this step by step. 


(1) If ¥, = 0 and Q,, = 1, the offset membership degrees reduce to classical membership values within [0, 1]. 
This corresponds to the classical (s, ¢)-Plithogenic n-Superhyperstructure. 


(2) If (s, t) = (0, 0) (i.e., no plithogenic attributes are present), the structure reverts to a simple n-Superhyperstructure 
without offsets or membership degrees. 


Therefore, the (s, t)-Plithogenic n-Superhyper Offstructure strictly includes these prior frameworks as special 
cases, making it a true generalization. oO 


Theorem 6.12 (Consistency under Offset Range). Jn an (s,t)-Plithogenic n-Superhyper Offstructure, if the 
offset bounds (%,,,Q,) remain consistent across all attribute values a € Pv and subsets X € G,(H), the 
induced hyperoperations and membership degrees preserve plithogenic axioms (reflexivity, symmetry, etc.) at 
all n superlevels. 


Proof. Base Step (n = 1): If the offset range [‘¥,,, Q,,] is consistent for all pdf (x, a), the single-level plithogenic 
offset satisfies reflexivity pCF(a,a) = 0 and symmetry pCF (a, b) = pCF(b, a) if specified by definition. 


Induction Hypothesis (n = k): Assume for the k-th iteration, the offset membership and contradiction degrees 
remain well-defined and preserve the fundamental plithogenic properties. 


Induction Step (n = k + 1): Construct Gxi1(H) = P(Gx(H)). The offset range extends to the (k + 1)-th 
iteration by applying the same offset definitions for membership degrees pdf, now mapping multi-level subsets 
to [W,,Q,]*. Contradiction function pCF remains consistent. Hence, the (k + 1)-th iteration preserves 
plithogenic axioms. 


By induction, the entire (s, t)-Plithogenic n-Superhyper Offstructure remains consistent across all superlevels. 
Oo 


6.2 Plithogenic Off Decision-Making 


Moreover, this Offset concept can be applied to various other ideas. For instance, Plithogenic Off Decision- 
Making can be defined as follows. 


Definition 6.13 (Plithogenic Off Decision-Making). Let D be a nonempty set of decision options, and let PS og 
be a Plithogenic OffSet on D, as defined below. A Plithogenic Off Decision-Making process is a multi-criteria 
decision framework where: 


* Each option d € D is evaluated via a Plithogenic OffSet structure (P,v, Pv, pdf, pCF), allowing 
membership degrees pdf (d, a) to range in [‘P,,, Q,]* (where ‘W, < 0 and Q, > 1). 


* The contradiction function pCF : Pv x Py > [,, Q,]’ measures the degree of contradiction among 
attribute values a, b € Pv with possible negative or above-one ranges. 


¢ A decision function A: D — Raggregates these extended membership degrees and contradiction values 
to yield a comprehensive off decision score for each option, guiding the final choice or ranking. 


Formally, the optimal decision d* € D is obtained by: 


d= arg max A(d, pdf, pCF, B,,Qy), 


where A accounts for plithogenic offsets in membership and contradiction. This extension handles uncertainties 
and out-of-bounds membership degrees (less than 0 or greater than 1) in the decision process. 
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Example 6.14. (cf. [121]) The following examples illustrate different types of Plithogenic Off Decision-Making 
frameworks based on the values of s and r: 


When s = ¢ = 1, the decision process is called a Plithogenic Fuzzy Off Decision-Making. 


When s = 2,¢ = 1, the decision process is called a Plithogenic Intuitionistic Fuzzy Off Decision-Making. 


When s = 3,t = 1, the decision process is called a Plithogenic Neutrosophic Off Decision-Making. 


When s = 4,¢ = 1, the decision process is called a Plithogenic Quadripartitioned Neutrosophic Off 
Decision-Making. 


When s = 5,f = 1, the decision process is called a Plithogenic Pentapartitioned Neutrosophic Off 
Decision-Making. 


When s = 6,t = 1, the decision process is called a Plithogenic Hexapartitioned Neutrosophic Off 
Decision-Making. 


When s = 7,t = 1, the decision process is called a Plithogenic Heptapartitioned Neutrosophic Off 
Decision-Making. 


When s = 8,t = 1, the decision process is called a Plithogenic Octapartitioned Neutrosophic Off 
Decision-Making. 


When s = 9,¢ = 1, the decision process is called a Plithogenic Nonapartitioned Neutrosophic Off 
Decision-Making. 


Theorem 6.15. Plithogenic Off Decision-Making generalizes classical Plithogenic Decision-Making by allow- 
ing membership and contradiction degrees to extend beyond the [0,1] interval. 


Proof. In classical plithogenic sets, membership degrees and contradiction functions typically lie in [0,1]. 
By introducing P, < 0 and Q, > 1, the Plithogenic OffSet expands the allowable range of these degrees. 
Consequently, any classical plithogenic scenario is a special case where ,, = 0 and Q, = 1. Thus, Plithogenic 
Off Decision-Making strictly generalizes classical Plithogenic Decision-Making. oO 


7 Neuro-Plithogenic System 


In this section, we address the Neuro-Plithogenic System. A Neuro-Plithogenic System is a generalized concept 
of a Neuro-Fuzzy System, based on the plithogenic set framework. 


7.1 Neuro-Fuzzy System 


A Neuro-Fuzzy System integrates neural networks and fuzzy logic, combining the learning capabilities of neural 
networks with human-like reasoning provided by fuzzy logic to facilitate decision-making under uncertainty 


. It is worth noting that a related concept, the Neuro-Neutrosophic System, 


is also known in the literature [363]. 


The relevant definitions and details are provided below. 


Definition 7.1. (cf. [|105) ) A Neuro-Fuzzy System (NFS) combines the structure of a fuzzy inference 
system with the learning capabilities of a neural network. It maps a multi-dimensional input x € R” to a single 
output y € R through the following components: 


1. Fuzzification: The crisp input vector x = [x,,x2,...,X,] 1s mapped to fuzzy sets A; characterized by 
membership functions 4, (x;), where i = 1,2,...,n. The membership functions are parameterized, 
e.g., aS Gaussian functions: 

_ (x; — ¢;)* 
Ha; (xi) = exp 2a? ’ 


where c; and o; are the center and width of the membership function, respectively. 
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2. Rule Base: A set of R fuzzy rules of the form: 
IF x; is A} AND x2 is AS AND --- THEN y is B’, 
where r = 1,2,...,R, A} are fuzzy sets for the antecedents, and B” is a fuzzy set for the consequent. 


3. Inference: The firing strength w, of each rule is computed using a T-norm (e.g., product): 


n 
Wr = | [ea (xi). 
i=l 


4. Aggregation: The fuzzy outputs of all rules are aggregated using an S-norm (e.g., maximum): 


R 
pa(y) = \/ wr: wer (y), 
r=1 


where \/ denotes the aggregation operator. 


5. Defuzzification: The aggregated fuzzy set is mapped back to a crisp output y using a defuzzification 
method, such as the center-of-area (COA): 


_ fy: ee) dy 
y=... 
| ua) dy 


Learning Process: The parameters c;,o;, and rule weights w, are optimized using neural network training 
techniques such as gradient descent. The error function to minimize is typically the mean squared error (MSE) 
between predicted and actual outputs: 


1 re 
= pred | true 
MSE = 5 OFF") - 


This integration of fuzzy systems and neural networks allows for adaptability and learning, enhancing the 
flexibility and robustness of decision-making processes. 


7.2 Neuro-Plithogenic systems 


Plithogenic systems generalize classical fuzzy, intuitionistic fuzzy, or neutrosophic structures by incorpo- 
rating plithogenic sets (or plithogenic offsets), which capture multiple attributes, contradictions, and multi- 
dimensional membership degrees [326/340]. A Neuro-Plithogenic System extends this notion by integrating a 
neural network training process, thereby dynamically adapting membership degrees, contradiction functions, 
or attribute weighting based on data|| 


Definition 7.2 (Neuro-Plithogenic System). Let X be a universe of discourse, and let PS be a plithogenic set 
defined over X (with possible offsets). Concretely, 


PS = (P,v, Pv, pdf, pCF), 


where: 


¢ PC X isa set of elements (e.g., potential solutions or domain objects). 
* vis an attribute with possible values Pv. 
° pdf : Px Pv — [0,1]° is the (s)-tuple Degree of Appurtenance Function. 


¢ pCF : Pv x Pv = [0,1]! is the (t)-tuple Degree of Contradiction Function. 


'Given the extensive research conducted on neural networks {16]/17}/34[100]/150]15 1]/190]]304]/355]376]382}. the study of Neuro- 


Plithogenic Systems holds significant importance. 
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A Neuro-Plithogenic System is a 5-tuple: 
NPS = (PS, 0, A, ®, L£), 


where: 


1. PS is the plithogenic set as above. 


2. © is a neural network structure (e.g., a feed-forward network with hidden layers) that parameterizes the 
membership degrees pdf and/or the contradiction function pC F. 


3. A is a set of learnable parameters (weights, biases, membership centers, widths, etc.) in the neural 
network ©. 


4. ®: PxXPvxA = [0, 1]* is a parametrized membership mapping, meaning that for each (p, a) € (PXPyv), 
the membership degrees pdf(p, a) are computed by the neural network © with parameters A. 


5. L is a loss (or cost) function used to train © via data, typically L(A; D) = Yi(p.a)yep ||O(p. 4, A) - 
target(p, a)||? or a similar measure of error between predicted membership degrees and observed data. 


Learning Process: The neural network © is trained to adapt A in such a way that the computed membership 
degrees ®(p, a, A) (and possibly the contradiction degrees pC F) fit the domain or problem constraints best 
(e.g., classification, regression, or multi-attribute decision tasks). The system thereby dynamically adjusts the 
plithogenic set structure to new data or feedback, making the membership and contradiction degrees flexible 
and data-driven. 


Theorem 7.3. Neuro-Plithogenic Systems strictly generalize classical plithogenic sets by allowing membership 
degrees and contradiction functions to be learned and adapted by a neural network from data. 


Proof. A classical plithogenic set uses fixed definitions of pdf and pC F. Ina Neuro-Plithogenic System, pdf 
and pCF can be parameterized and trained via neural networks, hence any classical plithogenic scenario is a 
special (constant-parameter) case. If © is disabled (i.e., no learning), the system reverts to a static plithogenic 
set. Thus, Neuro-Plithogenic Systems properly contain all classical plithogenic systems as special cases, 
forming a strict generalization. oO 


7.3 Neuro Fuzzy SuperHyperSystems 


As previously mentioned, Neuro fuzzy systems extend fuzzy logic by integrating it with neural networks, 
enabling adaptive membership functions or fuzzy rule learning. Meanwhile, SuperHyperstructures generalize 
hyperstructures through the application of powerset or generalized n-th powerset constructions [3 13]337]. This 
section examines the combination of these concepts, introducing the Neuro Fuzzy SuperHyperSystem. The 
definition is provided below. 


Definition 7.4 (Neuro Fuzzy SuperHyperSystem). A Neuro Fuzzy SuperHyperSystem is a tuple: 
NFH a (4, Pn); on, P, 0), 


where: 


1. His anon-empty base set, e.g., domain elements or input space. 


2. P"(H) denotes the n-th powerset (or generalized n-th powerset) of H, forming the higher-level (super) 
subsets of H. 


3. o, : P"(H) x P"(H) — P(P"(A)) \ {O} is an n-Superhyperoperation, making (P"(H),°,) an n- 
Superhyperstructure. 


4. W is a fuzzy membership scheme assigning membership degrees yp : P*(H) — [0, 1] at each superlevel 
k=1,...,n. 
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5. © is a neural network or learning module that adaptively modifies membership parameters (centers, 
widths, or fuzzy rule sets) at each superlevel. 


The system processes multi-level subsets from P”(H) via the hyperoperation ©, and fuzzy membership P, 
with the neural network © adjusting V or ©, parameters to optimize performance or reduce an error function 
£ given data or environment feedback. 


Theorem 7.5. Neuro Fuzzy SuperHyperSystems generalize classical fuzzy hyperstructures by introducing an 
n-level superhyperoperation and a neural network that adapts fuzzy membership degrees across multi-level 
subsets. 


Proof. A classical fuzzy hyperstructure would define a fuzzy membership yu : S — [0,1] on a hyperstructure 
(P(S),°). The Neuro Fuzzy SuperHyperSystem extends to n-levels (P"(H),>,), each enriched by a fuzzy 
membership that is trainable via the neural module ©. If © is disabled (or constant), the system reverts to a 
static fuzzy hyperstructure (no superlevels or n = 1). Hence, the new system is a strict generalization. oO 


Definition 7.6 (Learning in a Neuro Fuzzy SuperHyperSystem). Given a dataset D = {(x;, ie , of input 
signals x; € H (or multi-subsets in P”()) and target outputs 7;, the neural network @ is trained via a loss 
function £(0), typically: 


M 
£(Q) = > € (NeuroFuzzyOutput(x 79), T;) ; 
j=l 
where f is an error measure (e.g., MSE). The training algorithm (gradient descent, backpropagation, etc.) 
updates © to reduce £(©). The fuzzy membership scheme at each n-th superlevel is thereby adapted to better 
classify, approximate, or forecast the target tasks. 


Theorem 7.7. [f the neural network © is universal approximator type (e.g., a multi-layer feed-forward net with 
enough hidden units ), then for sufficiently rich training data D, a Neuro Fuzzy SuperHyperSystem can 
approximate arbitrary fuzzy membership transformations across the n-level superhyperstructure. 


Proof. Approximation Argument: Each superlevel k < n yields fuzzy membership yu, : P*(H) = [0, 1]. 


The neural network © can approximate continuous transformations from the subset embeddings (encoded as 
vectors or features) to membership values. 


For universal approximation theorems (157), given enough capacity, © can converge to the true membership 
mapping for all superlevels simultaneously, provided @ is a suitable error measure and the training data is 
representative. Hence, the system can approximate arbitrary fuzzy membership transformations across the n-th 
powerset space. Oo 


7.4 Neuro-Plithogenic SuperHyperSystem 


The Neuro-Plithogenic SuperHyperSystem is a concept that extends the Neuro-Plithogenic System by incor- 
porating the structure of a Superhyperstructure. The author believes that this framework has the potential to 
model highly complex, hierarchical, and uncertain systems. The relevant definitions and theorems are presented 
below. 


Definition 7.8 (Neuro-Plithogenic SuperHyperSystem). Let H be a non-empty base set, and let P”(H) denote 
the n-th iterated powerset of H, where n > 1. Suppose each element (subset) X € P"(H) is endowed with a 
plithogenic attribute structure: 

(xX, v, Py, pdfx, pCFx), 


where: 


* vis an attribute (or set of attributes). 


¢ Pv is the range of possible attribute values associated with v. 
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° pdfx : X x Pv > [0,1]* is a multi-dimensional membership function (DAF), returning s-tuples of 
membership degrees. 


° pCFx : Pv x Pv — [0,1]* is the contradiction function, returning t-tuple degrees of contradiction 
between attribute values. 


Define an n-th level superhyperoperation: 
On: P"(H) x P"(H) > P(P"(A)) \ {0}. 


This ©, merges or combines subsets A, B € P”(H) at the n-th level while respecting plithogenic membership 
and contradiction constraints. 


Furthermore, let © be a neural network or adaptive learning component that parameterizes (pdfx, pC Fx) for 
X € P"(H). The neural network has a set of learnable parameters A updated via an error/loss function £ that 
measures the discrepancy between predicted membership/contradiction degrees and observed or desired ones. 


Neuro-Plithogenic SuperHyperSystem: We define a Neuro-Plithogenic SuperHyperSystem as the tuple: 
NPSHn = (H, P"(H), Ons {(pdfx, PCFx) }xepn(a, ©, A), 


where: 


1. (P"(A), ©n) forms an n-Superhyperstructure. 
2. Each X € £"(#) is assigned a plithogenic attribute structure (pdfx, pC Fx). 


3. The neural network © with parameters A adaptively learns or updates (pdfx, pC Fx) based on data or 
feedback. 


4. A global or local loss function £ drives training to refine A so that the system better fits domain constraints 
or performance objectives. 


Remark 7.9. When @ is disabled or all membership/contradiction degrees are fixed constants, the Neuro- 
Plithogenic SuperHyperSystem reduces to a static Plithogenic n-Superhyperstructure. Thus, the neural 
component strictly generalizes the classical plithogenic approach by introducing adaptive membership and 
contradiction degrees. 


Theorem 7.10 (Generalization of Plithogenic n-Superhyperstructures). A Neuro-Plithogenic SuperHyper- 
System is a strict generalization of a (s,t)-Plithogenic n-Superhyperstructure, allowing membership and 
contradiction degrees to be adaptively learned or updated via neural network training. 


Proof. We define A (s, t)-Plithogenic n-Superhyperstructure and A Neuro-Plithogenic SuperHyperSystem as 
follows. 


¢ A (s,t)-Plithogenic n-Superhyperstructure on a base set H is defined on the n-th powerset P”(H) (or 
generalized powerset G,,(H)) with a superhyperoperation },. Each subset X ¢ P”(H) has plithogenic 
membership pdfx : X x Pv — [0,1]* and a contradiction function pCFx : Pv x Pv > [0,1]’ (both 
are fixed, i.e. not learned). 


¢ A Neuro-Plithogenic SuperHyperSystem replaces or augments each pdfx and pC Fx with neural-network- 
based parameterizations, ®(-; A), which can adapt or learn membership and contradiction degrees from 
data or feedback. 
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In a static plithogenic n-superhyperstructure, pdfx and pC Fx are constant functions. For instance, pdfx(p, a) 
might be a fixed fuzzy membership for each p € X anda € Pv, while pCFx(a, b) is a fixed contradiction 
degree in [0, 1]'. The superhyperoperation ©, merges subsets at the n-th level accordingly. 


In a Neuro-Plithogenic approach, each pdfx and pC Fx is replaced by neural-network-driven mappings, 
pdfx(p,a;A),  pCFx(a,b;A), 


where A is the set of learnable parameters (weights, biases, membership centers, widths, etc.) managed by a 
neural network ©. These functions can be tuned (trained) to better fit domain data, constraints, or performance 
objectives (e.g., classification accuracy or minimal contradiction). 


Neural networks (by universal approximation theorems) can approximate a wide range of continuous functions 
on compact domains. Hence, for any fixed plithogenic membership/contradiction function, there exists a neural 
network setting A* that reproduces (or approximates arbitrarily well) the original static plithogenic mapping. 
However, the neural approach can also adapt those mappings beyond the fixed ones, responding to changing 
conditions or training data. 


Because the neural approach strictly contains all possible static plithogenic mappings as special (frozen) cases, 
but can also learn new membership/contradiction degrees, the Neuro-Plithogenic SuperHyperSystem properly 
generalizes the classical (s, t)-Plithogenic n-superhyperstructure. 


Thus, the presence of the neural network © adds an adaptive dimension not present in the static plithogenic 
superhyperstructure, making it a strict generalization. oO 


Theorem 7.11 (Existence of Consistent Plithogenic SuperHyperOperations). Given any finite base set H and di- 
mension parameters s, t, there exist well-defined plithogenic membership and contradiction maps (pdfx, pC Fx) 
foreach X € P” (HA) such that the superhyperoperation ©» is consistent with these maps, forming a well-defined 
Neuro-Plithogenic SuperHyperSystem. 


Proof. We need to show that for any finite H and chosen s, ¢, we can define or learn membership/contradiction 
functions (pdfx, pC Fx) that ensure ©, is well-defined (i.e., the image always belongs to P(P"(H)) \ {O}) 
and consistent. 


¢ For each subset X € P”(H), define pdfx(-; A) as a neural network © that, given (p,a) with p € X, 
a € Py, outputs an s-tuple in [0, 1]°. 


* Define pCFx(a,b; A) as another neural submodule that outputs a ¢-tuple in [0,1]’ for every pair 
(a, b) € (Pv x Py), satisfying pC Fx(a, a; A) = 0 and pCF x(a, b; A) = pCFx(b, a; A) by design. This 
can be enforced by explicit constraints in the neural architecture or training scheme (e.g. symmetrical 
layer, or post-processing). 


We define the superhyperoperation 


AOnB = plitho-combine(A, B; {(pdfx, pCFx)}xepn(H), A), 


for subsets A,B € #"(H). The combination rule merges A and B while referencing each subset’s mem- 
bership/contradiction data. If A,B have inconsistent attribute values, the neural net can produce partial 
intersections or expansions in P”(H). 


Because H is finite, the number of subsets in P” (#7) is finite. The neural network © can always map conflicting 
memberships or contradictions into consistent merges so that 


AOnB Cc P(A), 
and A©,,B # 0 (the system can default to at least {A, B} or some unified subset). 


Hence, for any finite H, s,t, and a carefully designed or trained neural net ©, we can parametrize membership 
pdfx and contradiction pC Fx to ensure ©, is a well-defined superhyperoperation. This yields a consistent 
Neuro-Plithogenic SuperHyperSystem. 
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Thus, the existence is guaranteed by finite combinational design or by neural universal approximation: a 
suitable © can be constructed or trained to produce the required membership/contradiction values. Hence, the 
system is well-defined and consistent. oO 


Theorem 7.12 (Reduction to Classical or Fuzzy Systems). A Neuro-Plithogenic SuperHyperSystem reduces 
to a classical fuzzy (or neutrosophic) n-Superhyperstructure if the neural network parameters A are fixed 
constants and the dimension s,t are restricted to classical fuzzy or neutrosophic forms (e.g., s = 1,t = 1 for 
simple fuzzy membership). 


Proof. We show how disabling learning or restricting dimension (s, t) recovers classical fuzzy/neutrosophic 
n-superhyperstructures as special limiting cases. 


If the neural net © with parameters A is never trained (or the system is locked so that A remains constant), 
then pdfx and pCFyx become static (no adaptation). This means each membership/contradiction map is 
effectively constant and no longer data-driven. The entire system reverts to a classical (s, t)-Plithogenic 
n-Superhyperstructure. 


When s = 1,¢ = 1, membership degrees are single scalars in [0,1] (like fuzzy sets). The contradiction 
function pC Fx(a, b) is also a single scalar in [0,1]. This structure corresponds to a Plithogenic Fuzzy n- 
Superhyperstructure, if the user designs ©, accordingly. Similarly, for s = 3,t = 1, the membership tuples 
(T, 1, F) plus a single contradiction degree yields a Plithogenic Neutrosophic n-Superhyperstructure. 


Hence, by not training the neural net and choosing the dimension (s, ft) to match classical fuzzy or neutrosophic 
definitions, the Neuro-Plithogenic system collapses into classical (s, ¢)-plithogenic n-superhyperstructures. 
This proves that classical fuzzy/neutrosophic frameworks are indeed special limiting cases of the Neuro- 
Plithogenic SuperHyperSystem. oO 


8 Future Tasks of This Research 


This section outlines the Future Tasks of This Research. 


8.1 Exploring other uncertain sets in the context of decision-making 


Beyond the sets described in this paper, several other concepts are known, such as pal os ES (215)[233}, 


Hypersoft Sets [106\)112}/122 334], Rough Sets [255+261| IrrB|ROyDe3 Sets [111], Neutrosophic 
Offsets [107|/111\/319)/322 329|[330]]332| : See Sets iri Trayr7a 2891293 1/344], emanaeh 


Sets [111], Bipolar fuzzy set [15}/43)|60})143\/40 407)/408}, Hesitant a set [358\/359], spherical fuzzy set 
[141 , and HyperPlithogenic Sets |]1 11]. Exploring their properties in the context of decision-making 


is a promising avenue for future research. Some of these concepts have already been studied by experts in the 
field. Additionally, investigating the applicability of new logical frameworks, such as Upside-down Logic, is 
another area of potential exploration [120]. 


8.2 Plithogenic Lattice 


The concept of the Plithogenic Lattice is another important topic for future exploration. A lattice is a partially 
ordered set in which every pair of elements has a unique least upper bound (supremum) and greatest lower 
bound (infimum) [39} (39}/139|/140)/242}. A Plithogenic Lattice extends the cet lattice by incorporating the 
principles a a see set. Related concepts include Fuzzy Lattices [180 (180|/181|/264|[384) 384] and Neutrosophic 


Lattices [307|[308|[3621/378], which are widely studied across various ai 


The following sections present related definitions and theorems. It is anticipated that research in this area will 
continue to advance in the future. 


Definition 8.1 (Neutrosophic Lattice). (cf. (307|[308|/362|[378}) Let (L, <) be a partially ordered set (poset), 
where < is a partial order on L. Suppose that for every pair of elements x,y € L, the least upper bound 
(supremum or V) and greatest lower bound (infimum or A) exist in L. Further, let L contain the elements 0, /, 
1, and the combination | + J (or J U 1) satisfying: 
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1. Ois the minimal element (0 < x for all x € L). 
2. 1+J is the maximal element (x < 1+/ forall x € L). 


3. [is an indeterminate element such that 0 < J < 1+/ in the lattice. 


If (L,V,A) is a lattice (i.e., every pair has a unique supremum and infimum) equipped with these special 
elements 0, /,1,1+ J, we call (L,V,A) a Neutrosophic Lattice. Concretely, the elements of L may include 
{0,1,/, 1+J,...} with partial ordering that respects the neutrosophic coordinates (e.g.,0 <1 <1+/J). 


We now extend the concept of a lattice to incorporate plithogenic membership and contradiction measures. In 
classical lattice theory, elements are crisp, and the ordering is single-valued. In plithogenic theory (326|[340}, 
each element can carry multiple attributes and a Degree of Contradiction Function among attributes. We define 
a Plithogenic Lattice as follows: 


Definition 8.2 (Plithogenic Lattice). Let (L, V, A) be a lattice, and let each element x € L be associated with 
a plithogenic set structure: 
PS, = (Px, v, Pv, pdfx, pCF,), 


where P,, is the set of possible states or attributes for element x, v is an attribute name, Pv is its range of values, 
pdfx : Px X Pv — [0,1]* is the multi-dimensional membership function, and pCF, : Pv x Pv > [0, 1]' is 
the contradiction function for the attribute values. A Plithogenic Lattice (L, V, A) satisfies: 


1. Lattice Axioms: For all x, y € L, the supremum x V y and infimum x A y exist and are unique, making 
(L, <) a lattice under the partial order <. 


2. Plithogenic Consistency: For x,y € L, the plithogenic sets PS, and PS, must be compatible when 
forming x V y orx A y. This means: 


Vae Px,be€ Py, pCF,(a,a)=0, pCFy(b,b)=0, and pCF,(a,b) = pCFy(a, b) (if attributes overlap). 


3. Plithogenic Ordering: The partial order < respects the plithogenic membership. If x < y in the 
lattice sense, then for the corresponding attributes in PS, and PS,, the membership degrees should 
satisfy pdf, < pdfy pointwise (or more precisely, pdf, (a) < pdf,(a) for shared attributes a), and the 
contradiction function remains consistent or non-increasing in the ordering. 


If these conditions are met, we call (L, V, A) a Plithogenic Lattice, capturing multi-criteria membership and 
contradiction logic within the lattice structure. 


Example 8.3. (cf. [121]) The following examples illustrate the corresponding Plithogenic Lattices based on 
the values of s and t: 


e¢ When s = ¢ = 1, the structure is called a Plithogenic Fuzzy Lattice. 

* When s = 2,t = 1, the structure is called a Plithogenic Intuitionistic Fuzzy Lattice(cf. [272)375|413]414)). 
¢ When s = 3,t = 1, the structure is called a Plithogenic Neutrosophic Lattice. 

¢ When s = 4,t = 1, the structure is called a Plithogenic Quadripartitioned Neutrosophic Lattice. 

¢ When s = 5,t = 1, the structure is called a Plithogenic Pentapartitioned Neutrosophic Lattice. 

¢ When s = 6,t¢ = 1, the structure is called a Plithogenic Hexapartitioned Neutrosophic Lattice. 

¢ When s = 7,t = 1, the structure is called a Plithogenic Heptapartitioned Neutrosophic Lattice. 

¢ When s = 8,t¢ = 1, the structure is called a Plithogenic Octapartitioned Neutrosophic Lattice. 


¢ When s = 9,t = 1, the structure is called a Plithogenic Nonapartitioned Neutrosophic Lattice. 


482 


We present several theorems regarding Neutrosophic and Plithogenic Lattices: 


Theorem 8.4. A Plithogenic Lattice generalizes a Neutrosophic Lattice. 


Proof. Let (L,V, A) be a Neutrosophic Lattice with elements having (T,/, F’) coordinate values. This is a 
special case of a Plithogenic Lattice with: 


s=3, t=1, pdfe:LxPv—[0,1]}°,  pCF,y: Py x Pv > [0,1]. 


Here, Pdf, models (T, 7, F) membership, and pC F,. can track contradiction among these triplet values. The 
partial order < aligns with the neutrosophic ordering. Since Plithogenic Lattices allow arbitrary s, t-dimensional 
membership and contradiction, the neutrosophic setup (s = 3, ¢ = 1) is indeed a special restriction. Thus, every 
neutrosophic lattice can be embedded in a plithogenic lattice framework. oO 


Theorem 8.5. Existence and Uniqueness of V and A ina Plithogenic Lattice: In a plithogenic lattice (L,V, A), 
the supremum x V y and infimum x A y exist and are unique for every pair x,y € L, preserving the partial order 
and plithogenic membership logic. 


Proof. Since (L, V, A) is declared a lattice, the existence and uniqueness of V and A for each pair (x, y) follow 
directly from the definition of a lattice. Specifically: 
¢ For every x, y € L, there exists a unique z € L such that z = x V y, satisfying: 


x<z and y<z, andforallwe Ll, (x<wandy<w) = z<w. 
¢ Similarly, there exists a unique z’ € L such that z’ = x A y, satisfying: 
zZ <x and 2 <y, andforallweL, (w<xandw<y) = w<z. 


The plithogenic extension introduces multi-dimensional membership and contradiction functions for each 
element x € L, but these do not alter the fundamental lattice structure. Instead: 


¢ The operations V and A are redefined to merge plithogenic memberships. For x, y € L, the plithogenic 


membership pdf,.,, (or pdf,.,,,) combines pdf, and pdf, consistently with the partial order <. 


* The contradiction functions pCF, and pCF,, are also merged, ensuring no conflicts arise during the 


lattice operations. 


Thus, the supremum x V y and infimum x A y remain well-defined and unique in the plithogenic lattice. oO 


Theorem 8.6. Plithogenic Lattice Ideals and Filters: Given a plithogenic lattice (L, V, A): 


¢ An ideal I C L is a sublattice closed under 4 and stable under sup-extensions in L. 


¢ A filter F C L is a sublattice closed under V and stable under inf-extensions in L. 
These definitions remain consistent with the multi-criteria membership and contradiction logic. 
Proof. The classical definitions of ideals and filters extend naturally to plithogenic lattices: 


¢ Ideal: I ¢ L satisfies: 


1. For all x, y € 7,x A y € I (closed under A). 


2. Forallx € Jandy € L, if x < y, then y € J (stable under sup-extensions). 
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¢ Filter: F C L satisfies: 


1. For all x, y € F,x V y € F (closed under V). 


2. Forallx ¢ F and y € L, if y < x, then y € F (stable under inf-extensions). 
In the plithogenic setting: 


¢ The lattice operations V,A preserve plithogenic membership logic. For example, if x,y € J, the 
membership function of x A y satisfies: 


pdf,.,,,(a) = min(pdf, (a), pdf, (a)), Wa € Px Py. 


¢ The contradiction function pCF is stable under these operations, ensuring the consistency of ideals and 
filters. 


The proofs for closure and stability mirror those in classical lattice theory, as the plithogenic extensions do not 
violate the order or algebraic properties of the lattice. oO 


8.3 Superhyper Blockchain and Plithogenic Blockchain 


In this subsection, we propose the concept of a Superhyper Blockchain, which incorporates the structure of a 
superhyperstructure into blockchain technology. Additionally, we introduce the Plithogenic Blockchain. We 
hope that further research into these concepts will advance and broaden their application in the future. 


A blockchain is a decentralized, immutable ledger that records transactions across multiple nodes, ensuring 
security, transparency, and trust [124 . Blockchain technology has found widespread 


application in areas such as cryptocurrencies [/8\/90! 395]. 


This subsection presents a step-by-step mathematical formulation of: 


1. A classical blockchain, capturing the essence of a linear chain of blocks with immutable references. 
2. Ann-SuperHyperBlockchain, extending classical blockchains into multi-level hyperstructure domains. 


3. An (s, t)-Plithogenic Blockchain, introducing plithogenic membership and contradiction logic into the 
blockchain framework. 


The related definitions and theorems are presented below. 


Definition 8.7 (Classical Blockchain). (cf. [124 All]) Let J be a universal set of transactions (or data 
records). A classical blockchain is a finite or countably infinite sequence of blocks, 


(Block, Blocko,..., Blockn), 


where each Block; € J is a set of transactions, subject to the following conditions: 


1. Immutability: Each block Block; references its predecessor Block;-, via a cryptographic hash pointer 
or link, forming a linear chain. Modifying any element in Block; changes its hash, invalidating the 
pointer from Blockj41. 


2. Linear Ordering: The chain is linearly ordered by an index i. Typically, Block, is a genesis block (no 
predecessor). 


3. Validity/Consensus: Each Block; satisfies a consensus condition (e.g., Proof-of-Work, Proof-of-Stake) 
guaranteeing acceptance by the network. For instance, a valid hash puzzle solution or a quorum signature 
ensures Block; is recognized by participants. 
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Example 8.8 (Illustration of a Classical Blockchain). To visualize a classical blockchain, consider the following 
real-world analogy: 


Transactions (7): Imagine a ledger of financial transactions. Each transaction records details like 
sender, receiver, amount, and timestamp. 


Blocks (Block;): A block is like a page in the ledger. Each page contains multiple transaction records, 
grouped together for efficiency and validation. 


Immutability: Each page references the previous page by including a”’summary” (hash) of its contents. 
If anyone tries to alter a transaction on an earlier page, the summary changes, breaking the chain. 


Linear Ordering: The ledger is sequentially ordered, starting with an initial ’ genesis page” (the first 
block) that sets the foundation. 


Consensus: For each page to be added, all participants (e.g., bank auditors) must agree on its validity, 
such as verifying that all transactions are legitimate and that balances align. 


Example in Cryptocurrencies: In Bitcoin(cf. [?,/373]), each block contains a set of verified transactions and 
references the previous block using a cryptographic hash(cf. |268]). Miners solve a computational puzzle 
(Proof-of-Work) to validate the block and append it to the chain, ensuring trust and immutability. 


Theorem 8.9 (immutability of Classical Blockchain). Within the classical blockchain framework (Defini- 
tion (8.7), altering any transaction in any block breaks the cryptographic linkage and invalidates subsequent 
blocks. 


Proof. Consider blocks {Block,,..., Block,}. Suppose Block; is modified by changing a transaction t. The 
block’s hash changes. Because Block; references the hash of Block;, that reference is no longer correct. 
By induction forward, no subsequent block can recognize the changed hash, so the entire chain from Blocks, 
onward is invalid. Hence immutability is guaranteed by this linkage mechanism. oO 


Theorem 8.10 (Uniqueness of the Chain State Under Honest Consensus). Assuming a consensus rule (e.g., 
longest-chain or majority acceptance) that selects one valid chain at each height i, the classical blockchain 
structure is unique up to forks that are eventually resolved. 


Proof. Under typical blockchain consensus protocols, if two distinct blocks Block; and Block; appear at index 
i, the protocol resolves the fork by extending or following the chain with the greatest cumulative work or stake. 
Once resolved, only one chain remains canonical. This results in a unique chain for the network (disregarding 
short-lived forks). oO 


Remark 8.11. Any classical blockchain can be viewed as a special subcase of more generalized hyperstructures 
or superhyperstructures (see subsequent sections) where each block is simply a single-level subset of transactions 
Block; © 7, linked linearly via a single reference operation. 


We now extend the concept of a linear chain of blocks into a multi-level or iterated hyperstructure framework. 
First, we present the definition of an n-SuperHyperBlockchain along with several related theorems. 


Definition 8.12 (n-SuperHyperBlockchain). Let Y be a universal set of transactions. Let P" (J) denote the 
n-th iterated powerset of 7. An n-SuperHyperBlockchain is defined as: 


Bn = (B,%n,C), 


where: 


* BCP" (T) is the set of superhyperblocks, each element b € B being an n-th level subset of transactions. 
For instance, if n = 2, each superhyperblock b € P?(7) might contain subsets-of-subsets of T. 
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* o,: Bx B— P(B) \ {0} is an n-th level superhyperoperation modeling how these superhyperblocks 
cryptographically link or combine, forming a chain-like or partial-lattice structure. 


* C is a set of consensus constraints generalizing cryptographic referencing and validation conditions to 
n-th level subsets. 


Example 8.13 (A 2-SuperHyperBlockchain). Suppose J is a set of transactions. Then P'(7) = P(T) rep- 
resents sets of transactions (classical blocks), while P?(7) = P(P(T)) contains sets of sets of transactions. 
A superhyperblock b € B € P*(T) might hold multiple classical blocks as sub-structures. The superhyperop- 
eration © merges or references these multi-block structures cryptographically. This can unify cross-shard or 
cross-chain relationships in a single extended blockchain concept. 


Theorem 8.14 (Generalization of Classical Blockchains). Every classical blockchain is a substructure of an 
n-SuperHyperBlockchain for n > 1. Specifically, if each superhyperblock b; € B is constrained to be an 
element of P(T ) (without higher-level nesting), the structure reduces to a classical linear chain of blocks. 


Proof. The proof proceeds as follows: 


1. Classical Structure: Let the classical blockchain consist of blocks {Block,,..., Blockm}, where each 
Block; Cc T. 


2. Embedding in n-SuperHyperstructure: Define b; = {Block;} € P?(T) for n = 2, or more generally, 
b; € P" (TF) such that each b; contains only single-level subsets corresponding to the classical structure. 


3. Superhyperoperation: The superhyperoperation ¢,,(b;, bj4;) encodes the cryptographic links or merges 
the subsets, such that {Block;} °, {Block;,,} forms a single superhyperblock chain. 


4. Consensus Constraints: The consensus mechanism C, governing the validity of blocks, is retained as 
the classical verification rules (e.g., Proof-of-Work [130] or Proof-of-Stake | 128) ). 


Thus, the classical blockchain can be represented as a specific case within the n-SuperHyperBlockchain 
framework, where the structure is restricted to single-level subsets and linear referencing. This establishes that 
the classical blockchain is a substructure of the generalized n-SuperHyperBlockchain. oO 


Theorem 8.15 (Immutable Hierarchical Integrity in n-SuperHyperBlockchain). [f each n-th level superhyper- 
block references prior superhyperblocks cryptographically, altering any transaction subset at any level k <n 
invalidates subsequent references under ©). This ensures hierarchical immutability across the entire structure. 


Proof. The proof proceeds as follows: 


1. Let b; ¢ BC P" (7) be a superhyperblock referencing b;_, through o,,(b;-1, b;) # 9. 


2. Suppose a transaction t € J nested at level k inside b;_; is modified or removed. Then the hash or 
signature for b;_; changes. 


3. Because b; references b;-; cryptographically (consensus constraints in C), the mismatch breaks the link. 
Thus the entire chain from b; onward is invalid. This ensures multi-level immutability. oO 
Theorem 8.16 (n-Superhyperblockchain is an n-Superhyperstructure). Every n-Superhyperblockchain (By, n, Cy) 


inherently has the structure of an n-Superhyperstructure onT . 


Proof. The proof proceeds as follows: 


1. Definition of n-Superhyperblockchain: B, C P"(7) and o, : Bn X By > P(Bn) \ {O}. 
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2. Definition of n-Superhyperstructure: By definition, an n-Superhyperstructure on J is (P”(T), On) 
where ©, is an n-th level hyperoperation. 


3. Inclusion into n-Superhyperstructure: The set B, is a sub-collection of P”(7), and the operation 
©, is a restriction of a possible n-th level hyperoperation ©, to B,. The constraints C;, do not alter the 
mathematical structure of ©, but impose additional validity/consensus rules. 


(By, °n) is effectively an sub-n-superhyperstructure of (P"(T), on). Thus, every n-Superhyperblockchain 
belongs to the family of n-Superhyperstructures on T . oO 


Next, we present the definition and theorems for Hyperblockchain, which is a special case of SuperHyper- 
Blockchain. 


Definition 8.17 (Hyperblockchain). Let 7 be a universal set of transactions, and let P(J) be its powerset. A 
hyperblockchain is defined as a triple 
Fi B= (Bx, C), 


where 


* BC P(T) is the set of hyperblocks. Each hyperblock b € B is a subset of transactions (like a classical 
block) but the linking operation is extended to a hyperoperation. 


*o:BxB — P(B) \ {0} is a hyperoperation describing cryptographic referencing or merging of 
hyperblocks. For two hyperblocks b;,b; € B, bj © b; is a non-empty subset of B that ensures chainlike 
or network-like referencing relationships. 


* C is a set of consensus constraints that generalize the cryptographic validation condition (e.g., im- 
mutability, proof-of-work/stake) to the hyperoperation scenario. 


Example 8.18 (Hyperblockchain in Supply Chain Tracking). The concept of a Hyperblockchain can be 
applied to real-world scenarios such as multi-layered supply chain management. This example illustrates how 
Hyperblockchain structures can handle complex relationships and hierarchical data effectively. 


Transactions (7): Let 7 represent all possible transactions across the supply chain: 


¢ T,: Raw materials received from Supplier A. 
¢ T: Quality check report for raw materials. 
¢ T3: Manufacturing process data at Factory X. 


¢ T4: Shipping information (route, carrier, and status). 


Hyperblocks (B): In a Hyperblockchain, subsets of transactions are grouped into hyperblocks, each represent- 
ing data relevant to a specific stage of the supply chain: 


¢ b, = {T,,T)}: Transactions related to raw materials. 
° by = {T3}: Manufacturing data. 


¢ bz = {T4}: Shipping records. 
Hyperoperation (¢): The hyperoperation © merges or references hyperblocks, capturing complex relationships: 


© bi, > bz = {{T, To, T3}}: Combines raw material and manufacturing data for validation. 


* by o bz = {{T3, Ts}, {T4}}: Links manufacturing data with shipping data. 
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This operation allows for branching (e.g., multiple suppliers contributing to the same product) and merging 
(e.g., consolidating manufacturing and shipping data). 


Consensus Constraints (C): To ensure integrity and immutability, the following consensus constraints are 
applied: 


¢ Cryptographic hash linking for transaction verification. 
¢ Proof-of-Quality: A signed certificate validates 7. 


¢ Shipping compliance validation: Ensures 7, meets regulatory standards. 


Outcome: By extending the classical blockchain to incorporate hyperblocks and hyperoperations, Hyper- 
blockchain structures enable a secure and flexible way to model complex, hierarchical data relationships 
within the supply chain. This approach generalizes traditional blockchains, making them suitable for modern 
decentralized systems with multi-dimensional data. 


Theorem 8.19 (1-Superhyperblockchain = Hyperblockchain). A hyperblockchain HB (Definition is 
precisely the 1-Superhyperblockchain, i.e., an n-Superhyperblockchain with n = 1. 


Proof. Consider P'(T) = P(T). A 1-Superhyperstructure on J is (P(T), 01) for some hyperoperation 
o,. Ina hyperblockchain HB = (B,°,C) with B C P(T) and © as a hyperoperation, the structure matches 
(P!(T),°) restricted to B. Hence a hyperblockchain is exactly the instance of 1-Superhyperstructure on 7, 
combined with consensus constraints C. oO 


Remark 8.20. The term hyperblockchain emphasizes the hyperoperation linking blocks. If n = 1, the blocks 
live in P(7), and references among them form a hyperstructure. Without further iteration, it is indeed the 
1-Superhyperblockchain scenario. 


Theorem 8.21. Every HyperBlockchain inherently possesses the structure of an Hyperstructure. 


Proof. This follows directly from the definition. oO 


Theorem 8.22. [fn = 1, then an n-Superhyperblockchain reduces to a hyperblockchain. 


Proof. Follows directly from Theorem|8. 19} Ifn=1,P'(7) =P(T). A 1-Superhyperoperation ¢, is simply 
a hyperoperation on P(7). The constraints C; remain. Hence it recovers the hyperblockchain definition 


(Definition|8.17) exactly. o 


Next, we introduce plithogenic membership and contradiction logic into the blockchain structure. This definition 
incorporates the concept of plithogenic sets into the blockchain framework. It is worth noting that blockchain 
structures have also been extensively studied in the realms of fuzzy and neutrosophic systems, with numerous 


papers exploring their applications : 


Definition 8.23 ((s, t)-Plithogenic Blockchain). Let 8 be the set of blocks. Each block b € & has a plithogenic 
attribute structure (b, vy, Pvp, pdfp, pC Fp), where: 


Vp is an attribute or set of attributes describing block properties or states. 


Py, is the domain of possible attribute values for vz. 


pdfp : b x Pvp — [0,1]* is the multi-dimensional membership function (possibly capturing fuzzy, 
neutrosophic, or other criteria). 


PCF, : Pvp X Pvp — [0,1] is the contradiction function measuring how different attribute values 
contradict each other. 
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A (s, t)-Plithogenic Blockchain is: 


BC") = (B,@,T), 


where: 


1. 


2 


@®:8x 8B — P(B) \ {0} is a hyperoperation linking blocks cryptographically or logically, referencing 
each other’s plithogenic attributes. 


I is a set of plithogenic constraints, ensuring membership degrees and contradiction measures remain 
consistent across the chain, i.e., the chain is valid if merges do not produce incompatible contradictions. 


Example 8.24. (cf. |121]) The following examples of (s, t)-Plithogenic Blockchains are provided: 


When s = t = 1, the blockchain BC“! is called a Plithogenic Fuzzy Blockchain. Each block contains 
single-dimensional fuzzy membership degrees and no contradiction measures. 


When s = 2,t = 1, the blockchain BC) is called a Plithogenic Intuitionistic Fuzzy Blockchain, where 
each block includes intuitionistic fuzzy membership degrees (truth and falsity) and a single contradiction 
measure. 


When s = 3,¢ = 1, the blockchain BC“: is called a Plithogenic Neutrosophic Blockchain. Blocks 
capture neutrosophic criteria (truth, indeterminacy, and falsity) and a single contradiction measure. 


When s = 4,1 = 1, the blockchain BC“ is called a Plithogenic Quadripartitioned Blockchain. 
When s = 5,1 = 1, the blockchain BC“) is called a Plithogenic Pentapartitioned Blockchain. 
When s = 6,1 = 1, the blockchain BC“! is called a Plithogenic Hexapartitioned Blockchain. 
When s = 7,1 = 1, the blockchain BC") is called a Plithogenic Heptapartitioned Blockchain. 
When s = 8,1 = 1, the blockchain BC“) is called a Plithogenic Octapartitioned Blockchain. 


When s = 9,1 = 1, the blockchain BC) is called a Plithogenic Nonapartitioned Blockchain. 


Theorem 8.25. An (s, t)-Plithogenic Blockchain inherently possesses the structure of a plithogenic set. 


Proof. This follows directly from the definition. oO 


Theorem 8.26 (Plithogenic Blockchain Generalizes Classical Blockchain). Every classical blockchain is a 
subcase of (s,t)-Plithogenic Blockchain with s = 1,t = 0 (no contradiction measure) or pCF trivial, and 
membership degrees fixed at I for valid transactions. 


Proof. The proof is structured step-by-step as follows: 


1. 


When s = 1, each block b is associated with a single membership function pdf, (-) that maps values into 
the range [0, 1]. By defining pdf,(-) = 1 for valid transactions and pdfp(-) = 0 for invalid transactions, 
we recover the classical blockchain scenario where transactions are either fully valid or invalid. 


. When t = 0, or when the contradiction function pC Fy is trivial (i.e., pC F,(a,a) = 0 for all a, and 


pCF+ has no measurable impact otherwise), there is no additional contradiction measure applied. This 
eliminates the plithogenic complexity associated with multi-valued contradiction. 


. The hyperoperation ®, which typically allows for multi-valued referencing among blocks, simplifies to 


single referencing for each block pair (b;, b;41). In this case, b; ® b;4; uniquely determines the linkage, 
resembling the classical blockchain structure. 


Therefore, the classical block referencing framework emerges as a specific substructure of the broader (s, t)- 
Plithogenic approach, realized under these simplified parameter settings. oO 
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Theorem 8.27 (Consistency in (s, t)-Plithogenic Blockchain). A chain {b1, b2,..., by} in an (s, t)-Plithogenic 
Blockchain is consistent if @(b;, bis1) # 0 for each adjacent pair, while satisfying the constraints T on 
(pdfp;, pCFb,). If a contradiction exceeds thresholds defined in, the chain link is deemed invalid. 


Proof. The proof proceeds step-by-step as follows: 


1. For each consecutive pair (b;, bi+1), the block b;4; references b; through the operation ®. The validity of 
this reference depends on whether the operation adheres to the membership degrees pdf,, and pdfp, 
as well as the contradiction measures pC Fp, and pC Fp,,,, constrained by I. 


+1? 


+1? 


2. If pCFp, or pCFp,,, indicates an attribute-level contradiction that exceeds the allowable thresholds 
specified by I, the pair (b;, bj+;) cannot form a valid link. In this case, ®(b;, bi+1) = 9. 


3. A consistent chain requires that ®(b;, bj4;) # 0 for every consecutive pair (b;, bj,;) in the chain. This 
ensures that all links satisfy the plithogenic constraints. 


Thus, the chain is consistent if and only if every pairwise adjacency respects the plithogenic membership and 
contradiction constraints defined in’. Oo 


Funding 


This study did not receive any external financial support. 


Acknowledgments 
We sincerely thank all individuals whose guidance and encouragement contributed to the successful completion 


of this research. We are especially grateful to our readers for their interest in this work and to the authors of 
the cited references, whose foundational contributions have greatly enriched our study. 


Data Availability 


As this study is purely theoretical and mathematical, no data analysis was conducted. We encourage future 
researchers to explore related empirical analyses or data-driven investigations as necessary. 


Ethical Approval 


This research is entirely theoretical and mathematical in nature, and it involves no experiments with human 
participants or animals. 


Conflicts of Interest 


The authors declare no conflicts of interest related to the publication of this study. 


Disclaimer 


This study presents theoretical advancements that have not yet been practically tested or applied. We encourage 
future researchers to validate and refine these methods through empirical studies. While every effort has been 
made to ensure accuracy and proper citation, unintentional errors or omissions may occur. Readers are advised 
to independently verify the referenced materials. The interpretations and views expressed in this paper are 
solely those of the authors and do not necessarily reflect the views of their affiliated institutions. 


490 


References 


[1] Decision analysis software survey. Volume 39, Number 5, October 2012, 2019. 


[2] Ayman H. Abdel Abdel-aziem, Hoda K. Mohamed, and Ahmed Abdelhafeez. Neutrosophic decision 
making model for investment portfolios selection and optimizing based on wide variety of investment 
opportunities and many criteria in market. Neutrosophic Systems with Applications, 2023. 


[3] Mohamed Abdel-Baset, Victor I. Chang, Abduallah Gamal, and Florentin Smarandache. An integrated 
neutrosophic anp and vikor method for achieving sustainable supplier selection: A case study in importing 
field. Comput. Ind., 106:94-110, 2019. 


[4] Mohamed Abdel-Basset, Mohamed El-Hoseny, Abduallah Gamal, and Florentin Smarandache. A novel 
model for evaluation hospital medical care systems based on plithogenic sets. Artificial intelligence in 
medicine, 100:101710, 2019. 


[5] Walid Abdelfattah. Variables selection procedure for the dea overall efficiency assessment based 
plithogenic sets and mathematical programming. International Journal of Scientific Research and 
Management, 2022. 


[6] Tarek F. Abdelzaher, Yixin Diao, Joseph L. Hellerstein, Chenyang Lu, and Xiaoyun Zhu. Introduction 
to control theory and its application to computing systems. 2008. 


[7] Admin Admin, Luis A. Crespo Crespo-Berti, Haro Teran Lilian Fabiola, and Dinara Turaeva. Neutro- 
sophic decision making using saaty’s ahp method and vikor. Journal of Intelligent Systems and Internet 
of Things, 2024. 


[8] Ayesha Afzal and Aiman Asif. Cryptocurrencies, blockchain and regulation: A review. The Lahore 
Journal of Economics, 24(1):103-130, 2019. 


[9] Swati Aggarwal, Ranjit Biswas, and AQ Ansari. Neutrosophic modeling and control. In 20/0 Inter- 
national Conference on Computer and Communication Technology (ICCCT), pages 718-723. IEEE, 
2010. 


[10] Fakhry Asad Agusfrianto, Madeleine Al-Tahan, Mariam Hariri, and Yudi Mahatma. Examples of 
neutrohyperstructures on biological inheritance. Neutrosophic Sets and Systems, 60:583-592, 2023. 


[11] Fakhry Asad Agusfrianto, Madeleine Al Tahan, and Yudi Mahatma. An introduction to neutrohyper- 
structures on some chemical reactions. In NeutroGeometry, NeutroAlgebra, and SuperHyperAlgebra in 
Today’s World, pages 81-96. IGI Global, 2023. 


[12] Muhammad Akram, Cengiz Kahraman, and Kiran Zahid. Extension of topsis model to the decision- 
making under complex spherical fuzzy information. Soft Computing, 25:10771 — 10795, 2021. 


[13] Muhammad Akram and Anam Luqman. A new decision-making method based on bipolar neutrosophic 
directed hypergraphs. Journal of Applied Mathematics and Computing, 57:547 — 575, 2017. 


[14] Muhammad Akram, Sundas Shahzadi, Areen Rasool, and Musavarah Sarwar. Decision-making methods 
based on fuzzy soft competition hypergraphs. Complex & Intelligent Systems, 8(3):2325—2348, 2022. 


[15] Muhammad Akram, Shumaiza, and José Carlos Rodriguez Alcantud. Multi-criteria decision making 
methods with bipolar fuzzy sets. Forum for Interdisciplinary Mathematics, 2023. 


[16] L Al-Matarneh, A Sheta, S Bani-Ahmad, J Alshaer, and I Al-Oqily. Development of temperature-based 
weather forecasting models using neural networks and fuzzy logic. International journal of multimedia 
and ubiquitous engineering, 9(12):343-366, 2014. 


[17] Qeethara Al-Shayea. Artificial neural networks in medical diagnosis. International Journal of Research 
Publication and Reviews, 2024. 


[18] M Al Tahan and Bijan Davvaz. Weak chemical hyperstructures associated to electrochemical cells. 
Tranian Journal of Mathematical Chemistry, 9(1):65—75, 2018. 


[19] Madeleine Al Tahan, Saba Al-Kaseasbeh, and Bijan Davvaz. Neutrosophic quadruple hv-modules and 
their fundamental module. Neutrosophic Sets and Systems, 72:304—325, 2024. 


491 


[20] Madeleine Al-Tahan and Bijan Davvaz. Chemical hyperstructures for elements with four oxidation 
states. Iranian Journal of Mathematical Chemistry, 13(2):85-97, 2022. 


[21 


sy 


Madeleine Al-Tahan, Bijan Davvaz, Florentin Smarandache, and Osman Anis. On some neutrohyper- 
structures. Symmetry, 13(4):535, 2021. 


[22 


“ 


Fatemeh Alamroshan, Mahyar La’li, and Mohsen Yahyaei. The green-agile supplier selection problem 
for the medical devices: a hybrid fuzzy decision-making approach. Environmental Science and Pollution 
Research International, 29:6793 — 6811, 2021. 


[23] Ghaliah Alhamzi, Saman Javaid, Umer Shuaib, Abdul Razaq, Harish Garg, and Asima Razzaque. En- 
hancing interval-valued pythagorean fuzzy decision-making through dombi-based aggregation operators. 
Symmetry, 15:765, 2023. 


[24] Awad Alharbi, George Halikias, Adnan Ahmed Abi Sen, and Mohammad Yamin. A framework for 
dynamic smart traffic light management system. International Journal of Information Technology, 
13(5):1769-1776, 2021. 


[25] Alireza Aliahmadi and Hamed Nozari. Evaluation of security metrics in aiot and blockchain-based 
supply chain by neutrosophic decision-making method. Supply Chain Forum: An International Journal, 
24:31 — 42, 2022. 


[26] Shawkat Alkhazaleh. Plithogenic soft set. Infinite Study, 2020. 


[27] Mohammed H. Alsharif, Abu Jahid, Raju Kannadasan, and Mun-Kyeom Kim. Unleashing the potential 
of sixth generation (6g) wireless networks in smart energy grid management: A comprehensive review. 
Energy Reports, 2024. 


[28] Mohd Anjum, Hong Min, Gaurav Sharma, and Zubair Ahmed. Advancing sustainable urban develop- 
ment: Navigating complexity with spherical fuzzy decision making. Symmetry, 16:670, 2024. 


[29] Johan Arndt. Role of product-related conversations in the diffusion of a new product. Journal of 
marketing Research, 4(3):291-295, 1967. 


[30] Kenneth J. Arrow. Social choice and individual values. 1951. 


[31] Muhammad Aslam. Attribute control chart using the repetitive sampling under neutrosophic system. 
IEEE Access, 7:15367—15374, 2019. 


[32] Samanta Bacié, Hrvoje Tomi¢, Katarina Rogulj, and Goran Andlar. Fuzzy decision-making valuation 
model for urban green infrastructure implementation. Energies, 2024. 


[33] F. Hutton Barron and Bruce E. Barrett. Decision quality using ranked attribute weights. Management 
Science, 42:1515—1523, 1996. 


[34] Peter L Bartlett, Dylan J Foster, and Matus J Telgarsky. Spectrally-normalized margin bounds for neural 
networks. Advances in neural information processing systems, 30, 2017. 


[35] Aleix Bassolas, Hugo Barbosa-Filho, Brian Dickinson, Xerxes Dotiwalla, Paul Eastham, Riccardo Gal- 
lotti, Gourab Ghoshal, Bryant Gipson, Surendra A Hazarie, Henry Kautz, et al. Hierarchical organization 
of urban mobility and its connection with city livability. Nature communications, 10(1):4817, 2019. 


[36] Robert N. Bateson. Introduction to control system technology. 1973. 


[37] Manuel M. Beratin, Ketty M. Moscoso, Luis E. Espinoza, Fabricio M. Moreno, Jest C. San- 
doval, Ed son H. Julca, Bheny J. Tuya, Edgar G. Gomez. Automation, Manuel Michael Beratin- 
Espiritu, Ketty Marilti Moscoso-Paucarchuco, Luis Enrique Espinoza-Quispe, Fabricio Miguel, Moreno- 
Menéndez, Jestis César Sandoval-Trigos, Edson Hilmer Julca-Marcelo, Bheny Janett, Tuya-Cerna, and 
Edgar Gutiérrez-Gémez. Automation and optimization of industrial scale essential oil extraction from 
citrus peel using a neutrosophic control system model. 


[38] Claude Berge. Hypergraphs: combinatorics of finite sets, volume 45. Elsevier, 1984. 


[39] Garrett Birkhoff. Lattice theory, volume 25. American Mathematical Soc., 1940. 


492 


[40] Richard C Dorf Robert H Bishop. Modern control systems. 2011. 


[41] Pranab Biswas, Surapati Pramanik, and Bibhas Chandra Giri. Single valued bipolar pentapartitioned 
neutrosophic set and its application in madm strategy. 2022. 


[42] Fabio Blanco-Mesa, José Maria Merigé, and Anna Maria Gil Lafuente. Fuzzy decision making: A 
bibliometric-based review. J. Intell. Fuzzy Syst., 32:2033-2050, 2017. 


[43] Isabelle Bloch. Lattices of fuzzy sets and bipolar fuzzy sets, and mathematical morphology. Inf. Sci., 
181:2002-2015, 2011. 


[44] Arjen Boin and Allan McConnell. Preparing for critical infrastructure breakdowns: the limits of crisis 
management and the need for resilience. Journal of contingencies and crisis management, 15(1):50-59, 
2007. 


[45] Fatih Emre Boran, Serkan Geng, Mustafa Kurt, and Diyar Akay. A multi-criteria intuitionistic fuzzy 
group decision making for supplier selection with topsis method. Expert systems with applications, 
36(8): 11363-11368, 2009. 


[46] Alain Bretto. Hypergraph theory. An introduction. Mathematical Engineering. Cham: Springer, 1, 
2013. 


[47] William A. Buz Brock. Discrete choice with social interactions. [EEE Transactions on Information 
Theory, 2001. 


[48] S Broumi and Tomasz Witczak. Heptapartitioned neutrosophic soft set. International Journal of 
Neutrosophic Science, 18(4):270-290, 2022. 


[49 


— 


Said Broumi, Swaminathan Mohanaselvi, Tomasz Witczak, Mohamed Talea, Assia Bakali, and Florentin 
Smarandache. Complex fermatean neutrosophic graph and application to decision making. Decision 
Making: Applications in Management and Engineering, 2023. 


[50 


= 


Said Broumi, Mohamed Talea, Florentin Smarandache, and Assia Bakali. Decision-making method 
based on the interval valued neutrosophic graph. 2016 Future Technologies Conference (FTC), pages 
44-50, 2016. 


[51] Quang-Thinh Bui, My-Phuong Ngo, Vaclav Snasel, Witold Pedrycz, and Bay Vo. The sequence of 
neutrosophic soft sets and a decision-making problem in medical diagnosis. International Journal of 
Fuzzy Systems, 24:2036 — 2053, 2022. 


[52] Michele D. Bunn. Taxonomy of buying decision approaches. Journal of Marketing, 57:38 — 56, 1993. 


[53] M Burgin. Hyperfunctionals and generalized distributions. In Stochastic Processes and Functional 
Analysis, pages 109-132. CRC Press, 2004. 


[54] Erick Gonzalez Caballero, Florentin Smarandache, and Maikel Leyva Vazquez. On neutrosophic 
offuninorms. Symmetry, 11(9):1136, 2019. 


[55] Colin Camerer. Individual decision making. The Handbook of Experimental Economics, 2020. 


[56] Christer Carlsson, Robert Fuller, Markku Heikkilé, and Peter Majlender. A fuzzy approach to r&d 
project portfolio selection. International Journal of Approximate Reasoning, 44(2):93—105, 2007. 


[57] Y. V. M. Cepeda, M. A. R. Guevara, E. J. J. Mogro, and R. P. Tizano. Impact of irrigation water 
technification on seven directories of the san juan-patoa river using plithogenic n-superhypergraphs 
based on environmental indicators in the canton of pujili, 2021. Neutrosophic Sets and Systems, 74:46—- 
56, 2024. 


[58] Abraham Charnes, William W. Cooper, and E. Rhodes. Measuring the efficiency of decision making 
units. European Journal of Operational Research, 2:429-444, 1978. 


[59] Chen-Tung Chen, Ching-Torng Lin, and Sue-Fn Huang. A fuzzy approach for supplier evaluation and 
selection in supply chain management. International Journal of Production Economics, 102:289-301, 
2006. 


493 


[60] Juanjuan Chen, Shenggang Li, Shengquan Ma, and Xueping Wang. m-polar fuzzy sets: an extension of 
bipolar fuzzy sets. The scientific world journal, 2014(1):416530, 2014. 


[61] Pin-Chang Chen et al. A fuzzy multiple criteria decision making model in employee recruitment. 
International Journal of Computer Science and Network Security, 9(7):113-117, 2009. 


[62] Shyi-Ming Chen and Jiann-Mean Tan. Handling multicriteria fuzzy decision-making problems based 
on vague set theory. Fuzzy sets and systems, 67(2):163—172, 1994. 


[63] Wei Chen, Wei Chen, Hamid Reza Pourghasemi, M. Panahi, Aiding Kornejady, Jiale Wang, Xiaoshen 
Xie, and Shubo Cao. Spatial prediction of landslide susceptibility using an adaptive neuro-fuzzy 
inference system combined with frequency ratio, generalized additive model, and support vector machine 
techniques. Geomorphology, 297:69-85, 2017. 


ex 
= 


Wei Chen, M. Panahi, Paraskevas Tsangaratos, Himan Shahabi, Joanna Ilia, Somayeh Panahi, Shao jun 
Li, Abolfazl Jaafari, and Baharin Bin Ahmad. Applying population-based evolutionary algorithms and 
a neuro-fuzzy system for modeling landslide susceptibility. CATENA, 2019. 


[65] Zhen-Song Chen, Lan-Lan Yang, Rosa M. Rodriguez, Sheng-Hua Xiong, Kwai-Sang Chin, and Luis 
Martinez-Lopez. Power-average-operator-based hybrid multiattribute online product recommendation 
model for consumer decision-making. International Journal of Intelligent Systems, 36:2572 — 2617, 
2021. 


[66 


= 


Ray-Guang Cheng and Chung-Ju Chang. Design of a fuzzy traffic controller for atm networks. IEEE/ACM 
transactions on networking, 4(3):460-469, 1996. 


[67 


a 


Chee Keong Ch’ng. Analysing the determinants of job selection preferences among quantitative science 
students in malaysia using multi-criteria decision making (mcdm). ASM Science Journal, 2024. 


[68] David Coen, Julia Kreienkamp, and Tom Pegram. Global climate governance. Cambridge University 
Press, 2020. 


[69] Murat Colak, Ihsan Kaya, Betiil Ozkan, Aysenur Budak, and Ali Karagan. A multi-criteria evaluation 
model based on hesitant fuzzy sets for blockchain technology in supply chain management. Journal of 
Intelligent & Fuzzy Systems, 38(1):935-946, 2020. 


[70] Mihaela Colhon, Monica Tilea, Ana Gonzdlez-Marcos, Alina Stela Resceanu, Florentin Smarandache, 
and Fermin Navaridas-Nalda. A neutrosophic decision-making model for determining young people’s 
active engagement. Int. J. Inf. Technol. Decis. Mak., 23:569-598, 2023. 


[71] Mario Collotta, Renato Ferrero, Edoardo Giusto, Mohammad Ghazi Vakili, Jacopo Grecuccio, Xiangjie 
Kong, and Ilsun You. A fuzzy control system for energy-efficient wireless devices in the internet of 
vehicles. International Journal of Intelligent Systems, 36:1595 — 1618, 2021. 


[72] Antonio J Conejo, Miguel Carrién, Juan M Morales, et al. Decision making under uncertainty in 
electricity markets, volume 1. Springer, 2010. 


[73] Tiago A.A. Cordeiro, Fernando A. F. Ferreira, Ronald W. Spahr, Mark A. Sunderman, and 
Neuza C.M.Q.F. Ferreira. Enhanced planning capacity in urban renewal: Addressing complex challenges 
using neutrosophic logic and dematel. Cities, 2024. 


[74] Daniele Corona and Bart De Schutter. Adaptive cruise control for a smart car: A comparison benchmark 
for mpc-pwa control methods. [EEE Transactions on Control Systems Technology, 16:365—372, 2008. 


[75] Ines C. Correia, Fernando A. F. Ferreira, Constantin Zopounidis, and Neuza C.M.Q.F. Ferreira. Urban 
expansion effects on real estate ecosystems: Identification and neutrosophic analysis of causal dynamics. 
Socio-Economic Planning Sciences, 2024. 


[76] Piergiulio Corsini and Violeta Leoreanu. Applications of hyperstructure theory, volume 5. Springer 
Science & Business Media, 2013. 


[77] Iain D. Couzin, Jens Krause, Nigel R. Franks, and Simon Asher Levin. Effective leadership and 
decision-making in animal groups on the move. Nature, 433:513-516, 2005. 


494 


[78] Luis Cruz-Piris, Diego Rivera, Susel Fernandez, and Ivan Marsa-Maestre. Optimized sensor network 
and multi-agent decision support for smart traffic light management. Sensors, 18(2):435, 2018. 


[79] Ridvan cSahin. Multi-criteria neutrosophic decision making method based on score and accuracy 
functions under neutrosophic environment. 2014. 


[80] Suman Das, Rakhal Das, and Binod Chandra Tripathy. Topology on rough pentapartitioned neutrosophic 
set. Iraqi Journal of Science, 2022. 


[81] B Davvaz. Weak algebraic hyperstructures as a model for interpretation of chemical reactions. Iranian 
Journal of Mathematical Chemistry, 7(2):267—283, 2016. 


[82] Bijan Davvaz, A Dehghan Nezhad, and SM Moosavi Nejad. Algebraic hyperstructure of observable 
elementary particles including the higgs boson. Proceedings of the National Academy of Sciences, India 
Section A: Physical Sciences, 90(1):169-176, 2020. 


[83] Bijan Davvaz and Thomas Vougiouklis. Walk Through Weak Hyperstructures, A: Hv-structures. World 
Scientific, 2018. 


[84] Sujit Kumar De, Prasun Kumar Nayak, Anup Khan, Kousik Bhattacharya, and Florentin Smarandache. 
Solution of an epq model for imperfect production process under game and neutrosophic fuzzy approach. 
Appl. Soft Comput., 93:106397, 2020. 


[85] Nagarajan Deivanayagampillai and Said Broumi. Neutrosophic logic applications in intelligent control 
systems and its stability. HyperSoft Set Methods in Engineering, 2024. 


[86] Muhammet Deveci, Vladimir Simi¢é, and Ali Ebadi Torkayesh. Remanufacturing facility location 
for automotive lithium-ion batteries: An integrated neutrosophic decision-making model. Journal 
of Cleaner Production, 317:128438, 2021. 


[87] Reinhard Diestel. Graph theory. Springer (print edition); Reinhard Diestel (eBooks), 2024. 


[88] Hasan Dincer, Serhat Yuksel, and Serkan Eti. Identifying the right policies for increasing the efficiency 
of the renewable energy transition with a novel fuzzy decision-making model. Journal of Soft Computing 
and Decision Analytics, 2023. 


[89] Juanjuan Ding, Wenhui Bai, and Chao Zhang. A new multi-attribute decision making method with 
single-valued neutrosophic graphs. International Journal of Neutrosophic Science, 2021. 


[90] M Dorofeyev, M Kosov, V Ponkratov, A Masterov, A Karaev, and M Vasyunina. Trends and prospects 
for the development of blockchain and cryptocurrencies in the digital economy. European Research 
Studies, 21(3):429-445, 2018. 


[91] A Dramalidis, N Lygeros, and T Vougiouklis. On the iso-hyper-representation theory. 


[92] Achilles Dramalidis and Thomas Vougiouklis. Fuzzy hv-substructures in a two dimensional euclidean 
vector space. Iranian Journal of Fuzzy Systems, 6(4):1—9, 2009. 


[93] Prof. Dr. Dimiter Driankov, Dr. Hans Hellendoorn, and Dr. Michael Reinfrank. An introduction to fuzzy 
control. In Springer Berlin Heidelberg, 1996. 


[94] Susan Dumais and Hao Chen. Hierarchical classification of web content. In Proceedings of the 23rd 
annual international ACM SIGIR conference on Research and development in information retrieval, 


pages 256-263, 2000. 
[95] Quinn DuPont. Cryptocurrencies and blockchains. John Wiley & Sons, 2019. 


[96] James S. Dyer. A time-sharing computer program for the solution of the multiple criteria problem. 
Management Science, 19:1379-1383, 1973. 


[97] Marion Edwards and Roger L Mackett. Developing new urban public transport systems: an irrational 
decision-making process. Transport policy, 3(4):225—239, 1996. 


[98] Ward Edwards. The theory of decision making. Psychological bulletin, 514:380-417, 1954. 


495 


[99] P Ya Ekel. Fuzzy sets and models of decision making. Computers & Mathematics with Applications, 
44(7):863-875, 2002. 


[100] Pablo A Estévez, Michel Tesmer, Claudio A Perez, and Jacek M Zurada. Normalized mutual information 
feature selection. IEEE Transactions on neural networks, 20(2):189-201, 2009. 


[101] Virgil Eveleigh and David P. Lindorff. Introduction to control system design. [EEE Transactions on 
Systems, Man, and Cybernetics, 3:529-529, 1973. 


[102] Payam Safaei Fakhri, Omid Asghari, Sliva Sarspy, Mehran Borhani Marand, Paria Moshaver, and 
Mohammad Trik. A fuzzy decision-making system for video tracking with multiple objects in non- 
stationary conditions. Heliyon, 9, 2023. 


[103 


“4 


Alireza Fallahpour, Sina Nayeri, Mohammad Sheikhalishahi, K. Wong, Guangdong Tian, and Amir Mo- 
hammad Fathollahi-Fard. A hyper-hybrid fuzzy decision-making framework for the sustainable-resilient 
supplier selection problem: a case study of malaysian palm oil industry. Environmental Science and 
Pollution Research International, pages 1 — 21, 2021. 


[104 


ay 


J Favilla, A Machion, and F Gomide. Fuzzy traffic control: adaptive strategies. In [Proceedings 1993] 
Second IEEE International Conference on Fuzzy Systems, pages 506-511. IEEE, 1993. 


[105] Shuang Feng and C.L. Philip Chen. Fuzzy broad learning system: A novel neuro-fuzzy model for 
regression and classification. IEEE Transactions on Cybernetics, 50:414—424, 2020. 


[106] Takaaki Fujita. Note for hypersoft filter and fuzzy hypersoft filter. Multicriteria Algorithms With 
Applications, 5:32-51, 2024. 


[107] Takaaki Fujita. A review of fuzzy and neutrosophic offsets: Connections to some set concepts and 
normalization function. Advancing Uncertain Combinatorics through Graphization, Hyperization, and 
Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond, page 74, 2024. 


[108] Takaaki Fujita. Short note of supertree-width and n-superhypertree-width. Neutrosophic Sets and 
Systems, 77:54—78, 2024. 


[109] Takaaki Fujita. Superhypergraph neural networks and plithogenic graph neural networks: Theoretical 
foundations. arXiv preprint arXiv:2412.01176, 2024. 


[110] Takaaki Fujita. A theoretical exploration of hyperconcepts: Hyperfunctions, hyperrandomness, 
hyperdecision-making, and beyond (including a survey of hyperstructures). 2024. 


[111] Takaaki Fujita. Advancing Uncertain Combinatorics through Graphization, Hyperization, and Uncer- 
tainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond. Biblio Publishing, 2025. 


[112] Takaaki Fujita. A comprehensive discussion on fuzzy hypersoft expert, superhypersoft, and indetermsoft 
graphs. Neutrosophic Sets and Systems, 77:241-263, 2025. 


[113] Takaaki Fujita. Exploration of graph classes and concepts for superhypergraphs and n-th power mathe- 
matical structures. 2025. 


[114] Takaaki Fujita. Review of plithogenic directed, mixed, bidirected, and pangene offgraph. Advancing Un- 
certain Combinatorics through Graphization, Hyperization, and Uncertainization: Fuzzy, Neutrosophic, 
Soft, Rough, and Beyond, page 120, 2025. 


[115 


“4 


Takaaki Fujita. A short note on the basic graph construction algorithm for plithogenic graphs. Ad- 
vancing Uncertain Combinatorics through Graphization, Hyperization, and Uncertainization: Fuzzy, 
Neutrosophic, Soft, Rough, and Beyond, page 274, 2025. 


[116 


= 


Takaaki Fujita and Florentin Smarandache. Advancing Uncertain Combinatorics through Graphization, 
Hyperization, and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond (Second Volume). 
Biblio Publishing, 2024. 


[117 


a 


Takaaki Fujita and Florentin Smarandache. Advancing Uncertain Combinatorics through Graphization, 
Hyperization, and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond (Third Volume). 
Biblio Publishing, 2024. 


496 


[118] Takaaki Fujita and Florentin Smarandache. A concise study of some superhypergraph classes. Neutro- 
sophic Sets and Systems, 77:548-593, 2024. 


[119] Takaaki Fujita and Florentin Smarandache. Fundamental computational problems and algorithms for 
superhypergraphs. 2024. 


[120] Takaaki Fujita and Florentin Smarandache. Introduction to upside-down logic: Its deep relation to 
neutrosophic logic and applications. In Advancing Uncertain Combinatorics through Graphization, 
Hyperization, and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond (Third Volume). 
Biblio Publishing, 2024. 


[121 


sy 


Takaaki Fujita and Florentin Smarandache. A review of the hierarchy of plithogenic, neutrosophic, and 
fuzzy graphs: Survey and applications. In Advancing Uncertain Combinatorics through Graphization, 
Hyperization, and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond (Second Volume). 
Biblio Publishing, 2024. 


[122] Takaaki Fujita and Florentin Smarandache. A short note for hypersoft rough graphs. HyperSoft Set 
Methods in Engineering, 3:1—25, 2024. 


[123] Takaaki Fujita and Florentin Smarandache. Study for general plithogenic soft expert graphs. Plithogenic 
Logic and Computation, 2:107—121, 2024. 


[124] Thippa Reddy Gadekallu, Thien Huynh-The, Weizheng Wang, Gokul Yenduri, Pasika Ranaweera, Quoc- 
Viet Pham, Daniel Benevides da Costa, and Madhusanka Liyanage. Blockchain for the metaverse: A 
review. arXiv preprint arXiv:2203.09738, 2022. 


[125] Harish Garg. Guest editorial: Neutrosophic decision making and applications in knowledge management. 
CAAI Trans. Intell. Technol., 5:67, 2020. 


[126] Harish Garg and Nancy. Algorithms for possibility linguistic single-valued neutrosophic decision- 
making based on copras and aggregation operators with new information measures. Measurement, 
2019. 


[127] K. C. Garner. Introduction to control system performance measurements. 1968. 


[128] Peter Gazi, Aggelos Kiayias, and Dionysis Zindros. Proof-of-stake sidechains. In 2019 IEEE Symposium 
on Security and Privacy (SP), pages 139-156. IEEE, 2019. 


[129] St. Germann and Rolf Isermann. Nonlinear distance and cruise control for passenger cars. Proceedings 
of 1995 American Control Conference - ACC’95, 5:3081—3085 vol.5, 1995. 


[130] Arthur Gervais, Ghassan O Karame, Karl Wiist, Vasileios Glykantzis, Hubert Ritzdorf, and Srdjan 
Capkun. On the security and performance of proof of work blockchains. In Proceedings of the 2016 
ACM SIGSAC conference on computer and communications security, pages 3-16, 2016. 


[131] Masoud Ghods, Zahra Rostami, and Florentin Smarandache. Introduction to neutrosophic restricted su- 
perhypergraphs and neutrosophic restricted superhypertrees and several of their properties. Neutrosophic 
Sets and Systems, 50:480-487, 2022. 


[132] Jay B Ghosh. Job selection in a heavily loaded shop. Computers & Operations Research, 24(2):141-145, 
1997. 


[133] Jayanta Ghosh and Tapas Kumar Samanta. Hyperfuzzy sets and hyperfuzzy group. Int. J. Adv. Sci. 
Technol, 41:27-37, 2012. 


[134] Roy Goetschel and William Voxman. Fuzzy matroids. 1988. 


[135] Julija Golosova and Andrejs Romanovs. The advantages and disadvantages of the blockchain technology. 
In 2018 IEEE 6th workshop on advances in information, electronic and electrical engineering (AIEEE), 
pages 1-6. IEEE, 2018. 


[136] S Gomathy, D Nagarajan, S Broumi, and M Lathamaheswari. Plithogenic sets and their application in 
decision making. Infinite Study, 2020. 


497 


[137] Georg Gottlob, Nicola Leone, and Francesco Scarcello. Hypertree decompositions and tractable queries. 
In Proceedings of the eighteenth ACM SIGMOD-SIGACT-SIGART symposium on Principles of database 
systems, pages 21-32, 1999. 


[138] Georg Gottlob, Nicola Leone, and Francesco Scarcello. Hypertree decompositions: A survey. In 
Mathematical Foundations of Computer Science 2001: 26th International Symposium, MFCS 2001 
Maridanské Lazne, Czech Republic, August 27-31, 2001 Proceedings 26, pages 37-57. Springer, 2001. 


[139] George Gratzer. Lattice theory: First concepts and distributive lattices. 1971. 
[140] George Gratzer. General lattice theory. Springer Science & Business Media, 2002. 


[141] Abhishek Guleria and Rakesh Kumar Bajaj. Eigen spherical fuzzy set and its application in decision 
making problem. Scientia Iranica, 2019. 


[142] Muhammad Gulistan, Mumtaz Ali, Muhammad Azhar, Seungmin Rho, and Seifedine Nimer Kadry. 
Novel neutrosophic cubic graphs structures with application in decision making problems. JEEE Access, 
7:94757-94778, 2019. 


[143] Muhammad Gulistan, Naveed Yaqoob, Ahmed Elmoasry, and Jawdat Alebraheem. Complex bipolar 
fuzzy sets: An application in a transport’s company. J. Intell. Fuzzy Syst., 40:3981-3997, 2021. 


[144] Fatma Kutlu Giindogdu and Cengiz Kahraman. Spherical fuzzy sets and spherical fuzzy topsis method. 
J. Intell. Fuzzy Syst., 36:337-352, 2019. 


[145] Kevin Gurney. An introduction to neural networks. CRC press, 2018. 


[146] Karimollah Hajian-Tilaki. Receiver operating characteristic (roc) curve analysis for medical diagnostic 
test evaluation. Caspian journal of internal medicine, 4(2):627, 2013. 


[147] Francis Joseph Hale. Introduction to control system analysis and design. 1973. 


[148] Quantin Hayez, Yves De Smet, and Jimmy Bonney. D-sight: A new decision making software to address 
multi-criteria problems. Int. J. Decis. Support Syst. Technol., 4:1—23, 2012. 


[149] Simon Haykin. Neural networks: a comprehensive foundation. Prentice Hall PTR, 1998. 


[150] Yixuan He, Quan Gan, David Wipf, Gesine D Reinert, Junchi Yan, and Mihai Cucuringu. Gnnrank: 
Learning global rankings from pairwise comparisons via directed graph neural networks. In international 
conference on machine learning, pages 8581-8612. PMLR, 2022. 


[151] Yixuan He, Gesine Reinert, David Wipf, and Mihai Cucuringu. Robust angular synchronization via 
directed graph neural networks. arXiv preprint arXiv:2310.05842, 2023. 


[152] Enrique Enrique Herrera-Viedma, Ivan Palomares, Congcong Li, Francisco Javier Cabrerizo, Yucheng 
Dong, Francisco Chiclana, and Francisco Herrera. Revisiting fuzzy and linguistic decision making: 
Scenarios and challenges for making wiser decisions in a better way. [EEE Transactions on Systems, 
Man, and Cybernetics: Systems, 51:191—208, 2021. 


[153] Doeko Homan. Very basic set theory. 2023. 


[154] Amirsoheil Honarbari, Sajad Najafi-Shad, Mohsen Saffari Pour, S. S. M. Ajarostaghi, and Ali Hassannia. 
Mppt improvement for pmsg-based wind turbines using extended kalman filter and fuzzy control system. 
Energies, 2021. 


[155 


“4 


Dug Hun Hong and Chang-Hwan Choi. Multicriteria fuzzy decision-making problems based on vague 
set theory. Fuzzy sets and systems, 114(1):103—113, 2000. 


[156 


= 


Haoyuan Hong, M. Panahi, Ataollah Shirzadi, Tianwu Ma, Junzhi Liu, A-Xing Zhu, Wei Chen, Ioannis 
Kougias, and Nerantzis Kazakis. Flood susceptibility assessment in hengfeng area coupling adaptive 
neuro-fuzzy inference system with genetic algorithm and differential evolution. The Science of the total 
environment, 621:1124—-1141, 2018. 


[157 


a 


Kurt Hornik, Maxwell Stinchcombe, and Halbert White. Multilayer feedforward networks are universal 
approximators. Neural networks, 2(5):359-366, 1989. 


498 


[158] John B Houlihan. International supply chain management. International journal of physical distribution 
& materials management, 15(1):22—38, 1985. 


[159 


—“ 


Lijie Huang, Wei Zheng, Jingke Hong, Yong Liu, and Guiwen Liu. Paths and strategies for sustainable 
urban renewal at the neighbourhood level: A framework for decision-making. Sustainable Cities and 
Society, 55:102074, 2020. 


[160 


= 


Jiage Huo, Jianghua Zhang, and Felix T. S. Chan. A fuzzy control system for assembly line balancing 
with a three-state degradation process in the era of industry 4.0. International Journal of Production 
Research, 58:7112 — 7129, 2020. 


[161 


sy 


Satham Hussain, Jahir Hussain, Isnaini Rosyida, and Said Broumi. Quadripartitioned neutrosophic 
soft graphs. In Handbook of Research on Advances and Applications of Fuzzy Sets and Logic, pages 
771-795. IGI Global, 2022. 


[162 


a“ 


Ching-Lai Hwang and Kwangsun Yoon. Multiple attribute decision making: Methods and applications 
- a State-of-the-art survey. In Lecture notes in economics and mathematical systems, 1981. 


[163] Mark I. H. Hwang and Jerry W. Lin. Information dimension, information overload and decision quality. 
Journal of Information Science, 25:213 — 218, 1999. 


[164] Marco Iansiti, Karim R Lakhani, et al. The truth about blockchain. Harvard business review, 95(1):118— 
127, 2017. 


[165] Muhammad Ihsan, Atiqe Ur Rahman, and Muhammad Haris Saeed. Hypersoft expert set with application 
in decision making for recruitment process. 2021. 


[166] Alberto Isidori. Nonlinear control systems: an introduction. Springer, 1985. 


[167] Abolfazl Jaafari, Eric K. Zenner, M. Panahi, and Himan Shahabi. Hybrid artificial intelligence models 
based on a neuro-fuzzy system and metaheuristic optimization algorithms for spatial prediction of 
wildfire probability. Agricultural and Forest Meteorology, 2019. 


[168] Anil K Jain, Jianchang Mao, and K Moidin Mohiuddin. Artificial neural networks: A tutorial. Computer, 
29(3):31-44, 1996. 


[169] S. Obaid Jameel, Ahmad Mahdi Salih, R. Adnan Jaleel, and Musaddak Maher Abdul Zahra. On the 
neutrosophic formula of some matrix equations derived from data mining theory and control systems. 
International Journal of Neutrosophic Science, 2022. 


[170] Irving Lester Janis and Leon Mann. Decision making: A psychological analysis of conflict, choice, and 
commitment. 1977. 


[171] Thomas Jech. Set theory: The third millennium edition, revised and expanded. Springer, 2003. 


[172] David F. Jenkins and Kevin M. Passino. An introduction to nonlinear analysis of fuzzy control systems. 
J. Intell. Fuzzy Syst., 7:75-103, 1999. 


[173] Eric J. Johnson, Suzanne B. Shu, Benedict G. C. Dellaert, Craig R. Fox, Daniel G. Goldstein, Gerald 
Haubl, Richard P. Larrick, John W. Payne, Ellen Peters, David A. Schkade, Brian Wansink, and Elke U. 
Weber. Beyond nudges: Tools of a choice architecture. Marketing Letters, 23:487—504, 2012. 


[174] Stephen C Johnson. Hierarchical clustering schemes. Psychometrika, 32(3):241-254, 1967. 


[175] T. Jones. Ethical decision making by individuals in organizations: An issue-contingent model. Academy 
of Management Review, 16:366-395, 1991. 


[176] Calvin Jongsma. Basic set theory and combinatorics. Undergraduate Texts in Mathematics, 2019. 


[177] Yi-Kai Juan, Kathy O Roper, Daniel Castro-Lacouture, and Jun Ha Kim. Optimal decision making on 
urban renewal projects. Management decision, 48(2):207—224, 2010. 


[178] Young Bae Jun, Kul Hur, and Kyoung Ja Lee. Hyperfuzzy subalgebras of bck/bci-algebras. Annals of 
Fuzzy Mathematics and Informatics, 2017. 


499 


[179] Ekaterina Jussupow, Kai Spohrer, Armin Heinzl, and Joshua Gawlitza. Augmenting medical diagnosis 
decisions? an investigation into physicians’ decision-making process with artificial intelligence. Inf. 
Syst. Res., 32:713-735, 2021. 


[180] Vassilis G. Kaburlasos, Ioannis N. Athanasiadis, and Pericles A. Mitkas. Fuzzy lattice reasoning (fir) 
classifier and its application for ambient ozone estimation. Int. J. Approx. Reason., 45:152—188, 2007. 


[181] Vassilis G. Kaburlasos and Vassilios Petridis. Fuzzy lattice neurocomputing (fln) models. Neural 
networks : the official journal of the International Neural Network Society, 13 10:1145-69, 2000. 


[182] Cengiz Kahraman. Multi-criteria decision making methods and fuzzy sets. Fuzzy multi-criteria decision 
making: Theory and Applications with Recent Developments, pages 1-18, 2008. 


[183] Shriram Kalathian, Sujatha Ramalingam, and Nagarajan Deivanayagampillai. Decision-making tech- 
niques to partition the vlsi networks using fuzzy planar graphs. Available at SSRN 4505888. 


[184] Hristiyan Kanchev, Di Lu, Frederic Colas, Vladimir Lazarov, and Bruno Francois. Energy management 
and operational planning of a microgrid with a pv-based active generator for smart grid applications. 
IEEE transactions on industrial electronics, 58(10):4583-4592, 2011. 


[185] Ilanthenral Kandasamy and Florentin Smarandache. Algebraic structure of neutrosophic duplets in 
neutrosophic rings. 2018. 


[186] Alexandra Kemmerer, Christoph Méllers, Maximilian Steinbeis, Gerhard Wagner, and Gerhard Wagner. 
Choice architecture in democracies: Exploring the legitimacy of nudging - preface. 2016. 


[187] Faezehossadat Khademi, Sayed Mohammadmehdi Jamal, Neela Deshpande, and Shreenivas N. Londhe. 
Predicting strength of recycled aggregate concrete using artificial neural network, adaptive neuro-fuzzy 
inference system and multiple linear regression. International journal of sustainable built environment, 


5:355-369, 2016. 
[188 


“4 


Huda E Khalid, Florentin Smarandache, and Ahmed K Essa. The basic notions for (over, off, under) 
neutrosophic geometric programming problems. Infinite Study, 2018. 


[189 


— 


Ali Khosravi, Ricardo Nicolau Nassar Koury, Luiz Henrique Jorge Machado, and Juan J. Garcia Pabon. 
Prediction of wind speed and wind direction using artificial neural network, support vector regression and 
adaptive neuro-fuzzy inference system. Sustainable Energy Technologies and Assessments, 25:146—160, 
2018. 


[190 


= 


Giinter Klambauer, Thomas Unterthiner, Andreas Mayr, and Sepp Hochreiter. Self-normalizing neural 
networks. Advances in neural information processing systems, 30, 2017. 


[191] Dimitrios Kontogiannis, Dimitrios Bargiotas, and Aspassia Daskalopulu. Fuzzy control system for smart 
energy management in residential buildings based on environmental data. Energies, 2021. 


[192] Vinay Kukreja. Fuzzy ahp-topsis approaches to prioritize teaching solutions for intellect errors. In J. 
Eng. Educ. Transform., volume 35, pages 50-58. 2022. 


[193] Abhishek Kumar, Bikash Sah, Arvind R Singh, Yan Deng, Xiangning He, Praveen Kumar, and Ramesh C 
Bansal. A review of multi criteria decision making (mcdm) towards sustainable renewable energy 
development. Renewable and sustainable energy reviews, 69:596—609, 2017. 


[194] Tarun Kumar and Mukesh Kumar Sharma. Neutrosophic decision-making for allocations in solid 
transportation problems. OPSEARCH, 2024. 


[195] Huibert Kwakernaak and Raphael Sivan. Linear optimal control systems, volume 1. Wiley-interscience 
New York, 1972. 


[196] Yun-Ting Lai, Ming Chang, Yong Feng Tong, Yu-Chi Jiang, Yao-Hsin Chou, and Shu-Yu Kuo. Portfolio 
optimization decision-making system by quantum-inspired metaheuristics and trend ratio. 2022 IEEE 
International Conference on Systems, Man, and Cybernetics (SMC), pages 1748-1753, 2022. 


[197] Douglas M Lambert and Martha C Cooper. Issues in supply chain management. Industrial marketing 
management, 29(1):65—83, 2000. 


500 


[198] Chuen-Chien Lee. Fuzzy logic in control systems: fuzzy logic controller. i. IEEE Transactions on 
systems, man, and cybernetics, 20(2):404-418, 1990. 


[199] David Kuo Chuen Lee and Linda Low. Inclusive fintech: blockchain, cryptocurrency and ICO. World 
Scientific, 2018. 


[200] Robert W. Lent, Steven D. Brown, and Gail Hackett. Contextual supports and barriers to career choice: 
A social cognitive analysis. Journal of Counseling Psychology, 47:36—49, 2000. 


[201] Antony Lewis. The basics of bitcoins and blockchains: an introduction to cryptocurrencies and the 
technology that powers them. Mango Media Inc., 2018. 


[202 


pany 


Dengfeng Li. Multiattribute decision making models and methods using intuitionistic fuzzy sets. J. 
Comput. Syst. Sci., 70:73—85, 2005. 


[203 


“4 


Hongxing Li and Vincent C Yen. Fuzzy sets and fuzzy decision-making. CRC press, 1995. 


[204] Shen Li, Keqi Shu, Chaoyi Chen, and Dongpu Cao. Planning and decision-making for connected 
autonomous vehicles at road intersections: A review. Chinese Journal of Mechanical Engineering, 34, 
2021. 


[205 


“4 


Wenting Li, Sébastien Andreina, Jens-Matthias Bohli, and Ghassan Karame. Securing proof-of-stake 
blockchain protocols. In Data Privacy Management, Cryptocurrencies and Blockchain Technology: 
ESORICS 2017 International Workshops, DPM 2017 and CBT 2017, Oslo, Norway, September 14-15, 
2017, Proceedings, pages 297-315. Springer, 2017. 


[206] Xiaonan Li. Three-way fuzzy matroids and granular computing. International Journal of Approximate 
Reasoning, 114:44-50, 2019. 


[207] Ningna Liao, Guiwu Wei, and Xudong Chen. Todim method based on cumulative prospect theory 
for multiple attributes group decision making under probabilistic hesitant fuzzy setting. International 
Journal of Fuzzy Systems, 24:322 — 339, 2021. 


[208] Chin-Hsiung Lin and Ping-Jung Hsieh. A fuzzy decision support system for strategic portfolio manage- 
ment. Decis. Support Syst., 38:383-398, 2004. 


[209] Greg Linden, Brent Smith, and Jeremy York. Amazon. com recommendations: Item-to-item collabora- 
tive filtering. [EEE Internet computing, 7(1):76—80, 2003. 


[210] Huawen Liu and Guo-Jun Wang. Multi-criteria decision-making methods based on intuitionistic fuzzy 
sets. Eur. J. Oper. Res., 179:220—233, 2007. 


[211] Peide Liu, Sumera Naz, Muhammad Akram, and Mamoona Muzammal. Group decision-making 
analysis based on linguistic q-rung orthopair fuzzy generalized point weighted aggregation operators. 
International Journal of Machine Learning and Cybernetics, 13:883 — 906, 2021. 


[212] Zhi Liu, Ardashir Mohammadzadeh, Hamza Turabieh, Majdi M. Mafarja, Shahab S. Band, and Amir H. 
Mosavi. A new online learned interval type-3 fuzzy control system for solar energy management systems. 
IEEE Access, 9:10498—10508, 2021. 


[213] John L Maginn, Donald L Tuttle, Dennis W McLeavey, and Jerald E Pinto. Managing investment 
portfolios: a dynamic process, volume 3. John Wiley & Sons, 2007. 


[214] Tahir Mahmood, Kifayat Ullah, Qaisar Khan, and Naeem Jan. An approach toward decision-making 
and medical diagnosis problems using the concept of spherical fuzzy sets. Neural Computing and 
Applications, pages 1-13, 2019. 


[215] Pradip Kumar Maji, Ranjit Biswas, and A Ranjan Roy. Soft set theory. Computers & mathematics with 
applications, 45(4-5):555-562, 2003. 


[216] Rama Mallick and Surapati Pramanik. Pentapartitioned neutrosophic set and its properties. Neutrosophic 
Sets and Systems, 35:49, 2020. 


[217] James G. March and Chip Heath. A primer on decision making : how decisions happen. 1994. 


501 


[218] Harry M Markowitz. Foundations of portfolio theory. The journal of finance, 46(2):469-477, 1991. 


[219] Nivetha Martin. Introduction to possibility plithogenic soft sets. Plithogenic Logic and Computation, 
2024. 


[220] Nivetha Martin, Priya Priya.R, and Florentin Smarandache. Decision making on teachers’ adaptation 
to cybergogy in saturated interval- valued refined neutrosophic overset /underset /offset environment. 
International Journal of Neutrosophic Science, 2020. 


[221] F. Marty. Sur une generalisation de la notion de groupe. In Proceedings of the Sth Congress Math. 
Scandinaves, pages 45-49, Stockholm, Sweden, 1934. 


[222] Malcolm McDonald, Beth Rogers, and Diana Woodburn. Key customers: How to manage them 
profitably. 2000. 


[223] Willians Ribeiro Mendes, Fabio Meneghetti Ugulino de Aratijo, Ritaban Dutta, and Derek M. Heeren. 
Fuzzy control system for variable rate irrigation using remote sensing. Expert Syst. Appl., 124:13-24, 
2019. 


[224] John T Mentzer, William DeWitt, James S Keebler, Soonhong Min, Nancy W Nix, Carlo D Smith, and 
Zach G Zacharia. Defining supply chain management. Journal of Business logistics, 22(2):1—25, 2001. 


[225] Jose M Merigo and Montserrat Casanovas. Fuzzy generalized hybrid aggregation operators and its 
application in fuzzy decision making. International Journal of Fuzzy Systems, 12(1), 2010. 


[226] José M Merigo, Anna M Gil-Lafuente, Dejian Yu, and Carlos Llopis-Albert. Fuzzy decision making 
in complex frameworks with generalized aggregation operators. Applied Soft Computing, 68:314—-321, 
2018. 


[227] W Thomas Miller, Richard S Sutton, and Paul J Werbos. Neural networks for control. MIT press, 1995. 


[228] Arunodaya Raj Mishra, Dragan Pamucar, Pratibha Rani, Rajeev Shrivastava, and Ibrahim M. Hezam. 
Assessing the sustainable energy storage technologies using single-valued neutrosophic decision-making 
framework with divergence measure. Expert Syst. Appl., 238:121791, 2023. 


[229] Bijan Moaveni, Fatemeh Rashidi Fathabadi, and Ali Molavi. Fuzzy control system design for wheel slip 
prevention and tracking of desired speed profile in electric trains. Asian Journal of Control, 24:388 — 
400, 2020. 


[230] Mehdi Moayyedian and Ali Mamedov. Multi-objective optimization of injection molding process for 
determination of feasible moldability index. Procedia CIRP, 84:769-773, 2019. 


[231] Pooria Moeinzadeh and Abbas Hajfathaliha. A combined fuzzy decision making approach to supply 
chain risk assessment. World Academy of Science, Engineering and Technology, International Journal of 
Mechanical, Aerospace, Industrial, Mechatronic and Manufacturing Engineering, 3:1631-1647, 2009. 


[232 


“4 


Ghazal Mohsenian, Sadegh Khalili, Mohammad I. Tradat, Yaman M. Manaserh, Srikanth Rangarajan, 
Anuroop Desu, Dushyant Thakur, Kourosh Nemati, Kanad Ghose, and Bahgat G. Sammakia. A novel 
integrated fuzzy control system toward automated local airflow management in data centers. Control 
Engineering Practice, 2021. 


[233 


“4 


Dmitriy Molodtsov. Soft set theory-first results. Computers & mathematics with applications, 37(4- 
5):19-31, 1999. 


[234 


ay 


Vicente Milanés Montero, Steven E. Shladover, John Spring, Christopher Nowakowski, Hiroshi Kawa- 
zoe, and Masahide Nakamura. Cooperative adaptive cruise control in real traffic situations. [EEE 
Transactions on Intelligent Transportation Systems, 15:296-305, 2014. 


[235 


“4 


Berndt Muller, Joachim Reinhardt, and Michael T Strickland. Neural networks: an introduction. 
Springer Science & Business Media, 2012. 


[236 


= 


M Safdar Munir, Imran Sarwar Bajwa, and Sehrish Munawar Cheema. An intelligent and secure smart 
watering system using fuzzy logic and blockchain. Computers & Electrical Engineering, 77:109-119, 
2019. 


502 


[237] Fionn Murtagh and Pedro Contreras. Algorithms for hierarchical clustering: an overview. Wiley 
Interdisciplinary Reviews: Data Mining and Knowledge Discovery, 2(1):86—97, 2012. 


[238] M Myvizhi, Ahmed M Ali, Ahmed Abdelhafeez, and Haitham Rizk Fadlallah. MADM Strategy Appli- 
cation of Bipolar Single Valued Heptapartitioned Neutrosophic Set. Infinite Study, 2023. 


[239] Nada A Nabeeh, Mai Mohamed, Ahmed Abdel-Monem, Mohamed Abdel-Basset, Karam M Sallam, 
Mohammed El-Abd, and Ali Wagdy. A neutrosophic evaluation model for blockchain technology in 
supply chain management. In 2022 IEEE International Conference on Fuzzy Systems (FUZZ-IEEE), 
pages 1-8. IEEE, 2022. 


[240] Nada A Nabeeh, Alshaimaa A Tantawy, et al. A neutrosophic model for blockchain platform selection 
based on swara and wsm. Neutrosophic and Information Fusion, 1(2):29-43, 2023. 


[241] Amir Hossein Nafei, Chien-Yi Huang, Shu-Chuan Chen, Kuang-Zong Huo, Yifei Lin, and Hadi Nasseri. 
Neutrosophic autocratic multi-attribute decision-making strategies for building material supplier selec- 
tion. Buildings, 2023. 


[242] James B. Nation. Notes on lattice theory. 1998. 


[243] Ngoc Bao Tu Nguyen, Guochao Lin, and Thanh-Tuan Dang. A two phase integrated fuzzy decision- 
making framework for green supplier selection in the coffee bean supply chain. Mathematics, 2021. 


[244] Henk Nijmeijer and Arjan Van der Schaft. Nonlinear dynamical control systems, volume 464. Springer, 
1990. 


[245] Michael Nofer, Peter Gomber, Oliver Hinz, and Dirk Schiereck. Blockchain. Business & information 
systems engineering, 59:183—187, 2017. 


[246] Mohammad Noureddine and Milos Risti¢. Route planning for hazardous materials transportation: Multi- 
criteria decision-making approach. Decision Making: Applications in Management and Engineering, 
2019. 


[247] Lena Osterhagen. An introduction to fuzzy control. 2016. 


[248] E. Ostrom. A behavioral approach to the rational choice theory of collective action: Presidential address, 
american political science association, 1997. American Political Science Review, 92:1 — 22, 1998. 


[249] p. geetha and K. Anitha. Single valued neutrosophic soft over / under / offsets. 2016. 


[250] Dragan Pamucar, Morteza Yazdani, Radojko Obradovié, Anil Kumar, and Mercedes Torres. A novel 
fuzzy hybrid neutrosophic decision-making approach for the resilient supplier selection problem. Inter- 
national Journal of Intelligent Systems, 35:1934 — 1986, 2020. 


[251] Maxine A Papadakis. Current medical diagnosis & treatment 2024. 2024. 


[252] Daniel Paternain, Aranzazu Jurio, E Barrenechea, H Bustince, B Bedregal, and Eulalia Szmidt. An alter- 
native to fuzzy methods in decision-making problems. Expert Systems with Applications, 39(9):7729- 
7735, 2012. 


[253] Vasile Patrascu. Penta and hexa valued representation of neutrosophic information. arXiv preprint 
arXiv: 1603.03729, 2016. 


[254] Constanca Paul, Fernando A. F. Ferreira, Kannan Govindan, and Neuza C.M.Q.F. Ferreira. Rethinking 
urban quality of life: Unveiling causality links using cognitive mapping, neutrosophic logic and dematel. 
Eur. J. Oper. Res., 316:310-328, 2023. 


[255] Zdzis law Pawlak. Rough sets. International journal of computer & information sciences, 11:341-356, 
19872. 


[256] Zdzislaw Pawlak. Rough set theory and its applications to data analysis. Cybernetics & Systems, 
29(7):66 1-688, 1998. 


[257] Zdzis law Pawlak. Rough sets and intelligent data analysis. Information sciences, 147(1-4):1—12, 2002. 


503 


[258] Zdzis law Pawlak. Rough sets: Theoretical aspects of reasoning about data, volume 9. Springer Science 
& Business Media, 2012. 


[259] Zdzislaw Pawlak, Jerzy Grzymala-Busse, Roman Slowinski, and Wojciech Ziarko. Rough sets. Com- 
munications of the ACM, 38(11):88-95, 1995. 


[260] Zdzislaw Pawlak, Lech Polkowski, and Andrzej Skowron. Rough set theory. KJ, 15(3):38-39, 2001. 


[261] Zdzislaw Pawlak, S. K. Michael Wong, Wojciech Ziarko, et al. Rough sets: probabilistic versus 
deterministic approach. International Journal of Man-Machine Studies, 29(1):81-95, 1988. 


[262] Witold Pedrycz. Fuzzy control and fuzzy systems. Research Studies Press Ltd., 1993. 


[263] Xindong Peng and Hai-Hui Huang. Fuzzy decision making method based on cocoso with critic for 
financial risk evaluation. Technological and Economic Development of Economy, 2020. 


[264] Vassilios Petridis and Vassilis G. Kaburlasos. Fuzzy lattice neural network (finn): a hybrid model for 
learning. IEEE transactions on neural networks, 9 5:877—-90, 1998. 


[265] Marc Pilkington. Blockchain technology: principles and applications. In Research handbook on digital 
transformations, pages 225-253. Edward Elgar Publishing, 2016. 


[266] Robert Piotrowski. Supervisory fuzzy control system for biological processes in sequencing wastewater 
batch reactor. Urban Water Journal, 17:325 — 332, 2020. 


[267] Dipika Pramanik and Anupam Haldar. Design of fuzzy decision support system (fdss) in technical 
employee recruitment. 2014. 


[268] Bart Preneel. Analysis and design of cryptographic hash functions. PhD thesis, Citeseer, 1993. 


[269] Kyoto Protocol. United nations framework convention on climate change. Kyoto Protocol, Kyoto, 
19(8):1-21, 1997. 


[270] Shio Gai Quek, Ganeshsree Selvachandran, Florentin Smarandache, J. Felicita Vimala, Sn Hoang Le, 
Quang-Thinh Bui, and Vassilis C. Gerogiannis. Entropy measures for plithogenic sets and applications 
in multi-attribute decision making. Mathematics, 2020. 


[271] Mushfiqur Rahman and Md. Asadujjaman. Multi-criteria decision making for job selection. 202/ 
International Conference on Decision Aid Sciences and Application (DASA), pages 152-156, 2021. 


[272] S. Rajareega, J. Felicita Vimala, and D. Preethi. Complex intuitionistic fuzzy soft lattice ordered group 
and its weighted distance measures. Mathematics, 2020. 


[273] M Ramya, Sandesh Murali, and R.Radha. Bipolar quadripartitioned neutrosophic soft set. 2022. 


[274] Pratibha Rani, Kannan Govindan, Arunodaya Raj Mishra, Abbas Mardani, Melfi A. Alrasheedi, and 
Dhara Singh Hooda. Unified fuzzy divergence measures with multi-criteria decision making problems 
for sustainable planning of an e-waste recycling job selection. Symmetry, 12:90, 2020. 


[275] Erzsébet Ravasz and Albert-Laszl6 Barabasi. Hierarchical organization in complex networks. Physical 
review E, 67(2):026112, 2003. 


[276] Erzsébet Ravasz, Anna Lisa Somera, Dale A Mongru, Zoltan N Oltvai, and A-L Barabasi. Hierarchical 
organization of modularity in metabolic networks. science, 297(5586):1551—1555, 2002. 


[277] Frank K Reilly. Investment analysis and portfolio management. 2002. 


[278] Zhiliang Ren and Cuiping Wei. A multi-attribute decision-making method with prioritization relation- 
ship and dual hesitant fuzzy decision information. International Journal of Machine Learning and 
Cybernetics, 8:755 — 763, 2015. 


[279] Akbar Rezaei, Florentin Smarandache, and S. Mirvakili. Applications of (neutro/anti)sophications to 
semihypergroups. Journal of Mathematics, 2021. 


[280] Denis Riordan and Bjarne K Hansen. A fuzzy case-based system for weather prediction. Engineering 
Intelligent Systems for Electrical Engineering and Communications, 10(3):139-146, 2002. 


504 


[281] Patrick J. Robinson, Charles W. Faris, and Yoram Wind. Industrial buying and creative marketing. 1967. 
[282] Judith Roitman. Introduction to modern set theory, volume 8. John Wiley & Sons, 1990. 


[283] Ariel Romero Fernandez, Gustavo Alvarez Goémez, Sary del Rosio Alvarez Hernandez, William Roberto 
Alvarez Arboleda, and Adonis Ricardo Rosales Garcia. Selection of investment projects in a plithogenic 
environment. Neutrosophic Sets and Systems, 44(1):30, 2021. 


[284 


ay 


Mohammad Roohi, Hamid Reza Ghafouri, and Seyed Mohammad Ashrafi. Advancing flood disaster 
management: leveraging deep learning and remote sensing technologies. Acta Geophysica, pages 1-19, 
2024. 


[285 


“4 


Hugo Rosa, Joao P Carvalho, Pavel Calado, Bruno Martins, Ricardo Ribeiro, and Luisa Coheur. Using 
fuzzy fingerprints for cyberbullying detection in social networks. In 2018 IEEE international conference 
on fuzzy systems (FUZZ-IEEE), pages 1-7. IEEE, 2018. 


[286] Azriel Rosenfeld. Fuzzy graphs. In Fuzzy sets and their applications to cognitive and decision processes, 
pages 77-95. Elsevier, 1975. 


[287] Katarzyna Rudnik, Anna Chwastyk, and Iwona Pisz. Approach based on the ordered fuzzy decision 
making system dedicated to supplier evaluation in supply chain management. Entropy, 26, 2024. 


[288] Maria Santilli Ruggero and Thomas Vougiouklis. Hyperstructures in lie-santilli admissibility and iso- 
theories. Ratio Mathematica, 33:151, 2017. 


[289] Belhamdi Saad, Chekroun Salim, and Djalal Eddine Khodja. Application of hyper-fuzzy logic type-2 in 
field oriented control of induction motor with broken bars. JOSR Journal of Engineering (IOSRJEN), 
8(5): 1-7, 2018. 


[290 


= 


Thomas L. Saaty. Decision making with the analytic hierarchy process. International Journal of Services 
Sciences, 1:83—98, 2008. 


[291] Broumi Said, Malayalan Lathamaheswari, Prem Kumar Singh, A Ait Ouallane, Abdellah Bakhouyi, 
Assia Bakali, Mohamed Talea, Alok Dhital, and Nagarajan Deivanayagampillai. An intelligent traffic 
control system using neutrosophic sets, rough sets, graph theory, fuzzy sets and its extended approach: 
a literature review. Neutrosophic Sets Syst, 50:10—26, 2022. 

[292] Abdullah Ali Salamai. A superhypersoft framework for comprehensive risk assessment in energy 


projects. Neutrosophic Sets and Systems, 77:614—624, 2025. 


[293] Omar M Salim, MA Zohdy, HT Dorrah, and AM Kamel. Application of hyper-fuzzy logic in field 
oriented control of induction machines. In Proceedings of 14th International Middle East Power 
Systems Conference, pages 356-363, 2010. 


[294 


ay 


Nabil Khuder Salman. On the symbolic 2-plithogenic real analysis by using algebraic functions. Neu- 
trosophic Sets and Systems, 59(1):8, 2023. 


[295 


“4 


Chitrasen Samantra. Decision-making in fuzzy environment. 2012. 


[296 


= 


William Samuelson and Richard J. Zeckhauser. Status quo bias in decision making. Journal of Risk and 
Uncertainty, 1:7-59, 1988. 


[297 


— 


Simanta Shekhar Sarmah. Understanding blockchain technology. Computer Science and Engineering, 
8(2):23-29, 2018. 


[298 


“4 


Badrul Sarwar, George Karypis, Joseph Konstan, and John Riedl. Analysis of recommendation algo- 
rithms for e-commerce. In Proceedings of the 2nd ACM Conference on Electronic Commerce, pages 
158-167, 2000. 


[299 


“= 


Musavarah Sarwar, Muhammad Akram, and Noura Omair Alshehri. A new method to decision-making 
with fuzzy competition hypergraphs. Symmetry, 10:404, 2018. 


[300] Klaus Schmidt. Control system design. 2005. 


505 


[301] Sukran Seker, Nezir Aydin, and Umut Rifat Tuzkaya. What is needed to design sustainable and resilient 
cities: Neutrosophic fuzzy based dematel for designing cities. International Journal of Disaster Risk 
Reduction, 2024. 


[302 


—“ 


Amartya Sen. Collective choice and social welfare. 2017. 


[303 


“4 


S.Gomathy, Deivanayagampillai Nagarajan, Said Broumi, and M.Lathamaheswari. Plithogenic sets and 
their application in decision making plithogenic sets and their application in decision making. 2020. 


[304 


— 


Lei Shi, Yifan Zhang, Jian Cheng, and Hanqing Lu. Skeleton-based action recognition with directed 
graph neural networks. In Proceedings of the IEEE/CVF conference on computer vision and pattern 
recognition, pages 7912-7921, 2019. 


[305 


“4 


Xiaolong Shi, Saeed Kosari, Hossein Rashmanlou, Said Broumi, and S Satham Hussain. Properties of 
interval-valued quadripartitioned neutrosophic graphs with real-life application. Journal of Intelligent 
& Fuzzy Systems, 44(5):7683-7697, 2023. 


[306 


= 


Carlos N Silla and Alex A Freitas. A survey of hierarchical classification across different application 
domains. Data mining and knowledge discovery, 22:31-72, 2011. 


[307] Prem Kumar Singh. Three-way bipolar neutrosophic concept lattice. Fuzzy Multi-criteria Decision- 
Making Using Neutrosophic Sets, 2018. 


[308] Prem Kumar Singh. Three-way n-valued neutrosophic concept lattice at different granulation. Interna- 
tional Journal of Machine Learning and Cybernetics, 9:1839-1855, 2018. 


[309] Prem Kumar Singh. Plithogenic set for multi-variable data analysis. International Journal of Neutro- 
sophic Science, 2020. 


[310] Prem Kumar Singh. Complex plithogenic set. International Journal of Neutrosophic Science, 2022. 


[311] Prem Kumar Singh. Intuitionistic plithogenic graph and it’s-cut for knowledge processing tasks. Neu- 
trosophic Sets and Systems, 49(1):5, 2022. 


[312] Prem Kumar Singh et al. Dark data analysis using intuitionistic plithogenic graphs. International Journal 
of Neutrosophic Sciences, 16(2):80—100, 2021. 


[313] F. Smarandache. Introduction to superhyperalgebra and neutrosophic superhyperalgebra. Journal of 
Algebraic Hyperstructures and Logical Algebras, 2022. 


[314] Florentin Smarandache. A unifying field in logics: Neutrosophic logic. In Philosophy, pages 1-141. 
American Research Press, 1999. 


[315] Florentin Smarandache. Definitions derived from neutrosophics. Infinite Study, 2003. 


[316] Florentin Smarandache. Neutrosophic set-a generalization of the intuitionistic fuzzy set. International 
journal of pure and applied mathematics, 24(3):287, 2005. 


[317] Florentin Smarandache. A unifying field in logics: neutrosophic logic. Neutrosophy, neutrosophic set, 
neutrosophic probability: neutrsophic logic. Neutrosophy, neutrosophic set, neutrosophic probability. 
Infinite Study, 2005. 


[318] Florentin Smarandache. Neutrosophic set—a generalization of the intuitionistic fuzzy set. Journal of 
Defense Resources Management (JoDRM), 1(1):107-116, 2010. 


[319] Florentin Smarandache. Degrees of membership; | andj 0 of the elements with respect to a neutrosophic 
offset. Neutrosophic Sets and Systems, 12:3-8, 2016. 


[320] Florentin Smarandache. Neutrosophic overset. Neutrosophic Underset, and Neutrosophic Offset: Sim- 
ilarly for Neutrosophic Over-/Under-/Off-Logic, Probability, and Statistics, Pons Editions Brussels, 
2016. 


[321] Florentin Smarandache. Neutrosophic overset applied in physics. In 69th Annual Gaseous Electronics 
Conference, Bochum, Germany [through American Physical Society (APS)], 2016. 


506 


[322] Florentin Smarandache. Neutrosophic Overset, Neutrosophic Underset, and Neutrosophic Offset. Simi- 
larly for Neutrosophic Over-/Under-/Off-Logic, Probability, and Statistics. Infinite Study, 2016. 


[323] Florentin Smarandache. Plithogeny, plithogenic set, logic, probability, and statistics. Infinite Study, 
2017. 


[324] Florentin Smarandache. Extension of soft set to hypersoft set, and then to plithogenic hypersoft set. 
Neutrosophic sets and systems, 22(1):168—170, 2018. 


[325] Florentin Smarandache. Plithogenic set, an extension of crisp, fuzzy, intuitionistic fuzzy, and neutrosophic 
sets-revisited. Infinite study, 2018. 


[326] Florentin Smarandache. Plithogeny, plithogenic set, logic, probability, and statistics. arXiv preprint 
arXiv: 1808.03948, 2018. 


[327] Florentin Smarandache. n-superhypergraph and plithogenic n-superhypergraph. Nidus Idearum, 7:107— 
113, 2019. 


[328] Florentin Smarandache. Extension of HyperGraph to n-SuperHyperGraph and to Plithogenic n- 
SuperHyperGraph, and Extension of HyperAlgebra to n-ary (Classical-/Neutro-/Anti-) HyperAlgebra. 
Infinite Study, 2020. 


[329] Florentin Smarandache. Practical Applications of the Independent Neutrosophic Components and of the 
Neutrosophic Offset Components. Infinite Study, 2021. 


[330] Florentin Smarandache. Interval-valued neutrosophic oversets, neutrosophic undersets, and neutrosophic 
offsets. Collected Papers. Volume IX: On Neutrosophic Theory and Its Applications in Algebra, page 
117, 2022. 


[331] Florentin Smarandache. Introduction to the n-SuperHyperGraph-the most general form of graph today. 
Infinite Study, 2022. 


[332] Florentin Smarandache. Operators on single-valued neutrosophic oversets, neutrosophic undersets, and 
neutrosophic offsets. Collected Papers, 9:112, 2022. 


[333] Florentin Smarandache. Decision making based on valued fuzzy superhypergraphs. 2023. 


[334] Florentin Smarandache. New types of soft sets “hypersoft set, indetermsoft set, indetermhypersoft set, 
and treesoft set”: an improved version. Infinite Study, 2023. 


[335] Florentin Smarandache. SuperHyperFunction, SuperHyperStructure, Neutrosophic SuperHyperFunc- 
tion and Neutrosophic SuperHyperStructure: Current understanding and future directions. Infinite 


Study, 2023. 

[336] Florentin Smarandache. The cardinal of the m-powerset of a set of n elements used in the superhyper- 
structures and neutrosophic superhyperstructures. Systems Assessment and Engineering Management, 
2:19-22, 2024. 

[337] Florentin Smarandache. Foundation of superhyperstructure & neutrosophic superhyperstructure. Neu- 
trosophic Sets and Systems, 63(1):21, 2024. 

[338] Florentin Smarandache. Superhyperstructure & neutrosophic superhyperstructure, 2024. Accessed: 


2024-12-01. 


[339] Florentin Smarandache and Mumtaz Ali. Neutrosophic triplet group (revisited). Neutrosophic sets and 
Systems, 26(1):2, 2019. 


[340] Florentin Smarandache and Said Broumi. Neutrosophic graph theory and algorithms. IGI Global, 2019. 


[341] Florentin Smarandache and NM Gallup. Generalization of the intuitionistic fuzzy set to the neutrosophic 
set. In International Conference on Granular Computing, pages 8-42. Citeseer, 2006. 


[342] Florentin Smarandache and Nivetha Martin. Plithogenic n-super hypergraph in novel multi-attribute 
decision making. Infinite Study, 2020. 


507 


[343] Florentin Smarandache, Miguel A. Quiroz-Martinez, Jestis Estupifidn, Noel Batista Hernandez, and 
Maikel Yelandi Leyva Vazquez. Application of neutrosophic offsets for digital image processing. 2020. 


[344] Seok-Zun Song, Seon Jeong Kim, and Young Bae Jun. Hyperfuzzy ideals in bck/bci-algebras. Mathe- 
matics, 5(4):81, 2017. 


[345] Harold C Sox, Michael C Higgins, Douglas K Owens, and Gillian Sanders Schmidler. Medical decision 
making. John Wiley & Sons, 2024. 


[346] Servet Soyguder and Hasan Alli. An expert system for the humidity and temperature control in hvac 
systems using anfis and optimization with fuzzy modeling approach. Energy and Buildings, 41:8 14-822, 
2009. 


[347] S S.Sudha, Nivetha Martin, and Florentin Smarandache. Applications of extended plithogenic sets in 
plithogenic sociogram. International Journal of Neutrosophic Science, 2023. 


[348] Cynthia Kay Stevens and Lee Roy Beach. Job search and job selection. In Decision making in the 
workplace, pages 33-48. Psychology Press, 2014. 


[349] S Sudha, Nivetha Martin, and Florentin Smarandache. State of art of plithogeny multi criteria decision 
making methods. Neutrosophic Sets and Systems, 56(1):27, 2023. 


[350] Libor Svadlenka, Vladimir Simic, Momcilo Dobrodolac, Dragana Lazarevic, and Gordana Todorovic. 
Picture fuzzy decision-making approach for sustainable last-mile delivery. IEEE Access, 8:209393-— 
209414, 2020. 


[351] Jia-Hao Syu, Gautam Srivastava, Marcin Fojcik, Rafa Cupek, and Chun-Wei Lin. Energy grid man- 
agement system with anomaly detection and q-learning decision modules. Comput. Electr. Eng., 
107: 108639, 2023. 


[352] Kazuo Tanaka and Michio Sugeno. Stability analysis and design of fuzzy control systems. Fuzzy sets 
and systems, 45(2):135—-156, 1992. 


[353] Devendra Kumar Tayal, Sumit Kumar Yadav, and Divya Arora. Personalized ranking of products using 
aspect-based sentiment analysis and plithogenic sets. Multimedia Tools and Applications, 82:1261—1287, 
2022. 


[354] Dusan Teodorovic and Katarina Vukadinovic. Traffic Control and Transport Planning:: A Fuzzy Sets 
and Neural Networks Approach, volume 13. Springer Science & Business Media, 2012. 


[355] Ankit Thakkar and Kinjal Chaudhari. Predicting stock trend using an integrated term frequency-inverse 
document frequency-based feature weight matrix with neural networks. Appl. Soft Comput., 96: 106684, 
2020. 


[356] Chalermchat Theeraviriya, Rapeepan Pitakaso, Kittima Sillapasa, and Sasitorn Kaewman. Location 
decision making and transportation route planning considering fuel consumption. Journal of Open 
Innovation: Technology, Market, and Complexity, 2019. 


[357] Fatma Tiryaki and Beyza Ahlatcioglu Ozkok. Fuzzy portfolio selection using fuzzy analytic hierarchy 
process. Inf. Sci., 179:53-69, 2009. 


[358] Viceng Torra. Hesitant fuzzy sets. International journal of intelligent systems, 25(6):529-539, 2010. 


[359] Viceng Torra and Yasuo Narukawa. On hesitant fuzzy sets and decision. In 2009 IEEE international 
conference on fuzzy systems, pages 1378-1382. IEEE, 2009. 


[360] Thomas Trautzsch and James G. Dawson. A stable self-tuning fuzzy logic control system for industrial 
temperature regulation. Conference Record of the 2000 IEEE Industry Applications Conference. Thirty- 
Fifth IAS Annual Meeting and World Conference on Industrial Applications of Electrical Energy (Cat. 
No.00CH37129), 2:1232-1240 vol.2, 2000. 


[361] Murray Turoff, Michael Chumer, Bartel Van de Walle, and Xiang Yao. The design of a dynamic 
emergency response management information system (dermis). Journal of Information Technology 
Theory and Application (JITTA), 5(4):3, 2004. 


508 


[362] Vakkas Ulucay, Mehmet Sahin, Necati Olgun, and Adem Klcman. On neutrosophic soft lattices. Afrika 
Matematika, 28:379-388, 2017. 


[363] TS Umamaheswari and P Sumathi. Enhanced firefly algorithm (efa) based gene selection and adaptive 
neuro neutrosophic inference system (annis) prediction model for detection of circulating tumor cells 
(ctcs) in breast cancer analysis. Cluster Computing, 22:14035—14047, 2019. 


[364] A. U.S. Measuring the efficiency of decision making units. 2003. 


[365] Mohsen Varmazyar and Behrouz Movahhed Nouri. A fuzzy ahp approach for employee recruitment. 
Decision Science Letters, 3:27—36, 2014. 


[366] Wiwi Verina, Muhammad Sukron Fauzi, Fina Nasari, Dahriani Hakim Tanjung, and Juli Iriani. Decision 
support system for employee recruitment using multifactor evaluation process. 2018 6th International 
Conference on Cyber and IT Service Management (CITSM), pages 1-4, 2018. 


[367] Dhatchinamoorthy Vinoth and Devarasan Ezhilmaran. An analysis of global and adaptive thresholding 
for biometric images based on neutrosophic overset and underset approaches. Symmetry, 15:1102, 2023. 


[368] Souzana Vougioukli. Helix hyperoperation in teaching research. Science & Philosophy, 8(2):157-163, 
2020. 


[369 


— 


Souzana Vougioukli. Hyperoperations defined on sets of s -helix matrices. 2020. 


[370] Souzana Vougioukli. Helix-hyperoperations on lie-santilli admissibility. Algebras Groups and Geome- 
tries, 2023. 


[371] THOMAS Vougiouklis. The fundamental relation in hyperrings. the general hyperfield. In Proc. Fourth 
Int. Congress on Algebraic Hyperstructures and Applications (AHA 1990), World Scientific, pages 
203-211. World Scientific, 1991. 


[372] Thomas Vougiouklis. Hypermathematics, hv-structures, hypernumbers, hypermatrices and lie-santilli 
admissibility. American Journal of Modern Physics, 4(5):38—46, 2015. 


[373 


“a 


Harald Vranken. Sustainability of bitcoin and blockchains. Current opinion in environmental sustain- 
ability, 28:1-9, 2017. 


[374] Victor Harold Vroom and Arthur G. Jago. Leadership and decision making. Leadership, 2018. 


[375] Hong Wang and Hong Zhang. Attribute reduction in intuitionistic fuzzy concept lattices. Abstract and 
Applied Analysis, 2013:1-12, 2013. 


[376] Jia Wang and Zhenyuan Wang. Using neural networks to determine sugeno measures by statistics. 
Neural Networks, 10:183—195, 1997. 


[377] Lina Wang, Binrui Wang, and M. Zhu. Multi-model adaptive fuzzy control system based on switch 
mechanism in a greenhouse. Applied Engineering in Agriculture, 36:549-556, 2020. 


[378] Xizhao Wang and Jinhai Li. Three-way decisions, concept lattice and granular computing: Editorial. 
International Journal of Machine Learning and Cybernetics, 9:1765 — 1766, 2018. 


[379] Yuyang Wang. Behavioral biases in investment decision-making. Advances in Economics, Management 
and Political Sciences, 2023. 


[380] Zhanshan Wang, Jian Sun, and Huaguang Zhang. Stability analysis of t-s fuzzy control system with 
sampled-dropouts based on time-varying lyapunov function method. [EEE Transactions on Systems, 
Man, and Cybernetics: Systems, 50:2566—2577, 2020. 


[381] Heinz Roland Weistroffer and Yan Li. Multiple criteria decision analysis software. 2016. 


[382] Jianxin Wu. Introduction to convolutional neural networks. National Key Lab for Novel Software 
Technology. Nanjing University. China, 5(23):495, 2017. 


[383] Liming Xiao, Guangquan Huang, Witold Pedrycz, Dragan Pamucar, Luis Martinez, and Genbao Zhang. 
A q-rung orthopair fuzzy decision-making model with new score function and best-worst method for 
manufacturer selection. Information sciences, 608:153-177, 2022. 


509 


[384] Y. Xu. Fuzzy lattice implication algebras. 1995. 


[385] Zeshui Xu. Intuitionistic fuzzy multiattribute decision making: An interactive method. [EEE Transac- 
tions on Fuzzy Systems, 20:514—525, 2012. 


[386] Zeshui Xu and Ronald R. Yager. Dynamic intuitionistic fuzzy multi-attribute decision making. Int. J. 
Approx. Reason., 48:246—262, 2008. 


[387] Zeshui Xu and Na Zhao. Information fusion for intuitionistic fuzzy decision making: An overview. Inf. 
Fusion, 28:10—23, 2016. 


[388] Jian Yang and Joseph Y-T Leung. A generalization of the weighted set covering problem. Naval Research 
Logistics (NRL), 52(2):142—149, 2005. 


[389] Morteza Yazdani, Ali Ebadi Torkayesh, ?eljko Stevi¢, Prasenjit Chatterjee, Sahand Asgharieh Ahari, and 
Violeta Doval Hernandez. An interval valued neutrosophic decision-making structure for sustainable 
supplier selection. Expert Syst. Appl., 183:115354, 2021. 


[390 


= 


Abbas Yazdinejad, Ali Dehghantanha, Reza M Parizi, Gautam Srivastava, and Hadis Karimipour. 
Secure intelligent fuzzy blockchain framework: Effective threat detection in iot networks. Computers in 
Industry, 144:103801, 2023. 


[391 


sy 


Jin Ye, Bingzhen Sun, Juncheng Bai, Qiang Bao, Xiaoli Chu, and Kun Bao. A preference-approval 
structure-based non-additive three-way group consensus decision-making approach for medical diagno- 
sis. Inf. Fusion, 101:102008, 2023. 


[392] Jun Ye. Fuzzy decision-making method based on the weighted correlation coefficient under intuitionistic 
fuzzy environment. European Journal of Operational Research, 205(1):202—204, 2010. 


[393] Jun Ye and Wenhua Cui. Neutrosophic state feedback design method for siso neutrosophic linear systems. 
Cognitive Systems Research, 52:1056—1065, 2018. 


[394] Bayya Yegnanarayana. Artificial neural networks. PHI Learning Pvt. Ltd., 2009. 


[395] Yong Yuan and Fei-Yue Wang. Blockchain and cryptocurrencies: Model, techniques, and applications. 
IEEE Transactions on Systems, Man, and Cybernetics: Systems, 48(9):1421-1428, 2018. 


[396] Xiaoyun Yue and Yehua Chen. Strategy optimization of supply chain enterprises based on fuzzy decision 
making model in internet of things. JEEE Access, 6:70378-70387, 2018. 


[397] Lotfi A Zadeh. Fuzzy sets. Information and control, 8(3):338-353, 1965. 


[398] Lotfi A Zadeh. Biological application of the theory of fuzzy sets and systems. In The Proceedings of 
an International Symposium on Biocybernetics of the Central Nervous System, pages 199-206. Little, 
Brown and Comp. London, 1969. 


[399] Lotfi A Zadeh. A fuzzy-set-theoretic interpretation of linguistic hedges. 1972. 


[400] Lotfi A Zadeh. Fuzzy sets and their application to pattern classification and clustering analysis. In 
Classification and clustering, pages 251-299. Elsevier, 1977. 


[401] Lotfi A Zadeh. Fuzzy sets versus probability. Proceedings of the IEEE, 68(3):421—421, 1980. 


[402] Lotfi A Zadeh. Fuzzy logic, neural networks, and soft computing. In Fuzzy sets, fuzzy logic, and fuzzy 
systems: selected papers by Lotfi A Zadeh, pages 775—782. World Scientific, 1996. 


[403] Lotfi A Zadeh. Fuzzy sets and information granularity. In Fuzzy sets, fuzzy logic, and fuzzy systems: 
selected papers by Lotfi A Zadeh, pages 433-448. World Scientific, 1996. 


[404] Lotfi Asker Zadeh. Fuzzy sets as a basis for a theory of possibility. Fuzzy sets and systems, 1(1):3-28, 
1978. 


[405] Junyu Zhang, Dafang Fu, Yajun Wang, and Rajendra Prasad Singh. Detailed sponge city planning based 
on hierarchical fuzzy decision-making: A case study on yangchen lake. Water, 9:903, 2017. 


510 


[406] Shengliang Zhang, Guanyu Tang, Xiaodong Li, and Ai Ren. The effects of appearance personification 
of service robots on customer decision-making in the product recommendation context. Ind. Manag. 
Data Syst., 123:578-595, 2022. 


[407] Wen-Ran Zhang. Bipolar fuzzy sets and relations: a computational framework for cognitive modeling 
and multiagent decision analysis. NAFIPS/IFIS/NASA ’94. Proceedings of the First International Joint 
Conference of The North American Fuzzy Information Processing Society Biannual Conference. The 
Industrial Fuzzy Control and Intellige, pages 305-309, 1994. 


[408] Wen-Ran Zhang. Bipolar fuzzy sets. 1997. 


[409] Liang Zhao, Shaocheng Qu, W. Zhang, and Zhili Xiong. An energy-saving fuzzy control system for 
highway tunnel lighting. Optik, 2019. 


[410] Guozhong Zheng, Ke Li, Wentao Bu, and Yajing Wang. Fuzzy comprehensive evaluation of human 
physiological state in indoor high temperature environments. Building and Environment, 2019. 


[411] Zibin Zheng, Shaoan Xie, Hong-Ning Dai, Xiangping Chen, and Huaimin Wang. Blockchain challenges 
and opportunities: A survey. International journal of web and grid services, 14(4):352—375, 2018. 


[412] Grigorij zilinskij. Investment portfolio rebalancing decision making. European scientific journal, 11, 
2015. 


[413] Li Zou, Hongmei Lin, Xiaoying Song, Kaihua Feng, and Xin Liu. Rule extraction based on linguistic- 
valued intuitionistic fuzzy layered concept lattice. Int. J. Approx. Reason., 133:1-16, 2021. 


[414] Li Zou, Xin Liu, Zheng Pei, and Degen Huang. Implication operators on the set of v-irreducible element 
in the linguistic truth-valued intuitionistic fuzzy lattice. International Journal of Machine Learning and 
Cybernetics, 4:365 — 372, 2012. 


[415] Zeeshan Zulkifl, Fawad Khan, Shahzaib Tahir, Mehreen Afzal, Waseem Iqbal, Abdul Rehman, Saqib 
Saeed, and Abdullah M Almuhaideb. Fbashi: Fuzzy and blockchain-based adaptive security for health- 
care iots. IEEE Access, 10:15644—15656, 2022. 


511 


Chapter 15 


Exploration of Graph Classes and Concepts for SuperHypergraphs and n-th 
Power Mathematical Structures 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


A hypergraph extends this idea by allowing edges, referred to as hyperedges, to connect any number of 
vertices (30). This paper explores superhypergraphs, an extension of hypergraphs incorporating superedges 
and supervertices. For example, Arboreal Superhypergraphs, Molecular superhypergraphs, and Probabilistic 
SuperHyperGraphs illustrate diverse structural types that can be modeled using superhypergraphs. We introduce 
the Generalized n-th Powerset, a formalized framework enabling broader mathematical applications while 
preserving the traditional n-th powerset structure. And we provide a brief exploration of Natural Hyperlanguage 
Processing, an extended framework of Natural Language Processing that leverages the concept of hyperlanguage 
for advanced applications. By extending hypergraph concepts to superhypergraphs, this work aims to advance 
their study and practical applicability. 


Keywords: Superhypergraph, Hypergraph, Power set, nth Power set 
MSC 2010 classifications: 05C65 - Hypergraphs, 68R10 - Graph theory in computer science 


1 Short Introduction 
1.1 Hypergraph and Superhypergraph 


A graph is a mathematical structure used to represent relationships between entities through vertices and 


edges [85||87]. Numerous applications of graph theory have been extensively studied [25]41/83|/142]. In graph 
theory, various graph classes have been extensively studied to suit the characteristics and structures of specific 


graphs [50]. 


A hypergraph extends this idea by allowing edges, referred to as hyperedges, to connect any number of 
vertices (30). This structure can be seen as analogous to the power set in set theory. Hypergraphs are 
extensively studied and have found applications across a wide range of fields, including databases (171), 
neural networks [69 , chemistry (230\(374], image representation (53}[179\[182}, and VLSI design 
337]. Similar to general graphs, hypergraphs have been the subject of extensive 
research, with studies focusing on algorithms {124]/206/276296], graph classes [7|/10[13]/225|/226], and graph 
parameters [3]/4|/138]/140). 


A superhypergraph extends the concept of a hypergraph by incorporating superedges and supervertices [114 
. This structure can be likened to the n-th power set in set theory. Similarly, research has been conducted 


on algorithms [116], graph classes [112| , and specific applications of superhypergraphs [118]. 


Due to their significance, superhyperstructures have been studied in contexts beyond graph theory as well [285| 


. As a more abstracted graph concept compared to hypergraphs, the study of superhypergraphs 
is equally critical, and the author believes that further applications of superhypergraphs are highly promising. 


1.2. Our Contribution in This Paper 


This paper outlines our contributions to the field. While superhypergraphs have been explored in various 
studies, detailed research into their specific structures remains in its early stages. To address this, we aim to 
extend well-established hypergraph concepts to superhypergraphs. The natural progression from graphs to 
hypergraphs, with their mathematical structures and applications already being studied, makes it intuitive to 
further extend these concepts to superhypergraphs. 


Some of the graph concepts discussed in this paper are listed below. Please refer to each subsection of the 
paper for further details. 
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Arboreal SuperHypergraph: An Arboreal SuperHypergraph is a superhypergraph with a tree-like struc- 
ture, representing hierarchical relationships among supervertices and superedges. 


Superhypergraph Morphism and Superhypergraph Isomorphism: Superhypergraph Morphism maps 
supervertices and superedges between superhypergraphs, preserving structure. Superhypergraph Iso- 
morphism ensures structural equivalence between two superhypergraphs. 


Molecular n-superhypergraph: A Molecular n-SuperHypergraph extends molecular hypergraphs, mod- 
eling hierarchical molecular structures with n-level supervertices and superedges. 


Signed n-SuperHypergraph: A Signed n-SuperHypergraph assigns a positive or negative sign to each 
superedge, representing complex relationships in n-level superhypergraphs. 


Probabilistic SuperHyperGraph: A Probabilistic SuperHyperGraph assigns probabilities to superedges, 
modeling uncertainty and stochastic relationships in superhypergraph structures. 


Independent Set in a Superhypergraph: An Independent Set in a Superhypergraph is a subset of super- 
vertices with no superedges fully contained within the subset. 


SuperHypergraph Ramsey numbers: SuperHypergraph Ramsey numbers determine the minimum super- 
vertex count in a superhypergraph ensuring specific monochromatic substructures under edge-colorings. 


Multipartite SuperHypergraph: A Multipartite SuperHypergraph partitions supervertices into disjoint 
sets, ensuring no superedges connect supervertices within the same partition. 


SuperHypergraphic Sequence: A SuperHypergraphic Sequence lists supervertex degrees in a superhy- 
pergraph, representing the distribution of connections across its structure. 


Query n-superhypergraph: A Query n-SuperHypergraph models hierarchical query relationships, with 
supervertices representing data queries and dependencies. 


Superhypergraph Energy Functions: Superhypergraph Energy Functions measure the energy of a super- 
hypergraph, derived from eigenvalues of its adjacency or incidence matrices. 


Transversal SuperHypergraph: A Transversal SuperHypergraph represents sets intersecting all su- 
peredges, modeling coverage relationships among supervertices in a superhypergraph. 


SuperHypernetwork: A SuperHypernetwork generalizes superhypergraphs, integrating supervertices 
and superedges to model multi-layered, interconnected systems and relationships. 


Furthermore, we introduce the concept of the Generalized n-th Powerset to facilitate its application in various 
areas of mathematics. While the Generalized n-th Powerset retains the core mathematical framework of the 
traditional n-th powerset, it distinguishes itself by explicitly defining its structure, thereby enhancing its clarity 
and adaptability to a broader range of mathematical contexts. Finally, we provide a brief exploration of Natural 
Hyperlanguage Processing, an extended framework of Natural Language Processing that leverages the concept 
of hyperlanguage for advanced applications. 


We hope that these contributions will support the development and dissemination of superhypergraph research 
and provide a solid foundation for future advancements in this field. 


2 Preliminaries and Definitions 


This section introduces the essential background and definitions required for the concepts discussed in this 
paper. Readers interested in a more comprehensive understanding of graph theory are encouraged to explore 
standard references such as 85! . Additionally, fundamental notions from set theory, which are relevant 


to this work, can be found in sources like [}103) . For specific details about the operations 


and topics presented here, the cited references provide further elaboration. 
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2.1 Basic Concepts: Graphs and Hypergraphs 


Graph theory is a pivotal mathematical tool for analyzing relationships between entities, represented as nodes 
(vertices) and their pairwise connections (edges). Hypergraphs expand upon this by introducing hyperedges, 
which can connect any number of vertices, making them suitable for representing more complex relationships 


. Below, we outline the definitions of graphs, subgraphs, and hypergraphs. 
Definition 2.1 (Graph). A graph G is a mathematical structure represented as G = (V, E), where: 


¢ V(G): The set of vertices (nodes). 
* E(G): The set of edges, where each edge connects two vertices, representing a relationship or interaction. 


Definition 2.2 (Subgraph). Let G = (V, E) be a graph. A subgraph H = (Vu, Ep) of G is defined as 
follows: 


¢ Vy CV: The vertex set of H is a subset of the vertex set of G. 
¢ Ey CE: The edge set of H is a subset of the edge set of G. 
¢ Every edge in Ey connects vertices within Vz. 


Definition 2.3 (Hypergraph). A hypergraph H = (V, E) generalizes the concept of a graph and is defined 
as: 


e V: A set of vertices. 


e E: A set of hyperedges, where each hyperedge e € E is a subset of V, i.e., e C V. 
Properties: 


* The hyperedge set E is a subset of the power set of V, i.e., E C P(V), where P(V) is the collection of 
all subsets of V. 


¢ Unlike in traditional graphs, where edges connect exactly two vertices, hyperedges can connect any 
number of vertices, including a single vertex or the entire vertex set. 


Proposition 2.4. A hypergraph generalizes the concept of a graph by allowing edges, referred to as hyperedges, 
to connect more than two vertices. 


Proof. In a standard graph, each edge connects exactly two vertices. In contrast, a hypergraph extends this 
notion by permitting hyperedges to connect any subset of vertices, including sets with more than two elements. 
This broader structure encompasses traditional graphs as a special case where all hyperedges are limited to two 
vertices, thereby demonstrating the generalization. oO 


2.2 SuperHyperGraph 


This subsection provides an overview of SuperHyperGraphs. A SuperHyperGraph is a class of graphs that 
achieves a higher level of generalization by utilizing superedges and supervertices. It serves as an extension 


of fundamental concepts such as graphs and hypergraphs (cf. [1 12! 
316]). An n-SuperHyperGraph explicitly extends this concept, offering a more generalized 


framework for graph theory. The definitions and related concepts are detailed below. 


Definition 2.5 (Powerset). [279] The powerset of a set S, denoted P(S), is the set of all subsets of S, including 
the empty set and S itself. Formally, 
P(S)={A|AC S$}. 
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Definition 2.6 (n-th powerset). (cf. [301| ) The n-th powerset of H, denoted P,,(H), is defined recursively 
as: 
P\(H) = P(H),  Pnsi(H) = P(Pr(H)) forn> 1. 


Similarly, the n-th non-empty powerset of H, denoted P*(H), is defined as: 
P\(H) = P"(H), Phy, (H) = P*(P,()). 


Proposition 2.7. A n-th powerset is a generalized concept of a powerset. 


Proof. This is evident. oO 


Definition 2.8 (n-SuperHyperGraph). (cf. |308)|309]]) Let Vo be a finite set of base vertices. Define the n-th 
iterated power set of Vo recursively as: 


P(Vo) = Vo, P(Vo) =P (PV), 
where P(A) denotes the power set of set A. 


An n-SuperHyperGraph is an ordered pair H = (V, E), where: 


* VCP" (Vo) is the set of supervertices, which are elements of the n-th power set of Vo. 


° E CP"(Vo) is the set of superedges, also elements of P” (Vo). 
Each supervertex v € V can be: 


e A single vertex (v € Vo), 

e A subset of Vo (v © Vo), 

¢ A subset of subsets of Vo, up to 7 levels (v € P”(Vo)), 
e An indeterminate or fuzzy set(cf. (360}), 

¢ The null set (v = 0). 


Each superedge e € FE connects supervertices, potentially at different hierarchical levels up to n. 


Proposition 2.9. An n-SuperHyperGraph extends the concept of a hypergraph, incorporating higher-order 
structures and hierarchical relationships. 


Proof. The n-SuperHyperGraph generalizes a hypergraph by replacing vertices and edges with elements from 
the n-th iterated PowerSet. This hierarchical structure allows for the representation of relationships at multiple 
levels of abstraction, which directly extends the definition of a hypergraph. oO 


Proposition 2.10. An n-SuperHyperGraph is a natural extension of a graph, enabling the representation of 
complex multi-level relationships. 


Proof. By definition, an n-SuperHyperGraph encompasses the classical graph as a special case when n = 0. 
The vertices and edges in a graph correspond to base-level elements in the n-th PowerSet. This embedding of 
graphs within n-SuperHyperGraphs demonstrates the generalization. oO 


Proposition 2.11. 1/14] The structure of an n-SuperHyperGraph is built on the n-th iterated PowerSet, 
providing a robust framework for hierarchical modeling. 


Proof. This follows directly from the formal definition of the n-SuperHyperGraph, which recursively constructs 
its vertices and edges using the n-th PowerSet of a base set. For additional details, see [114]. oO 
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A Superhypergraph and an n-SuperHyperGraph essentially share the same mathematical structure, with the 
primary difference being whether n is explicitly defined. Note that this distinction depends on the assumptions 
made in the paper. 


We will now provide concrete examples of n-SuperHyperGraphs for n = 0, 1,2, 3. 


Example 2.12 (Case n = 0 of n-superhypergraph). Let Vo = {a, b,c}. Then: 


P° (Vo) = Vo = {a, b,c}. 


An 0-SuperHyperGraph H = (V, E) has: 


Let V = {a, b} and E = {c}. 
Here, the supervertices are elements of Vo, and the superedges are also elements of Vo. 


This case is basic, as both vertices and edges are simply elements of the base set Vo. 


Example 2.13 (Case n = | of n-superhypergraph). With the same Vo = {a, b, c}, we have: 


P'(Vo) =P(Vo) = {0, {a}, {D}, {c}, {a,b}, {a,c}, (b, ch {a b, ch}. 
An 1-SuperHyperGraph H = (V, E) has: 


°VCP(Vo). 
* ECP(Vo). 


Let 


* V= {fa}, {b, ch}. 
+ E= {{a, bd}, {ch}. 


In this case, the supervertices and superedges are subsets of Vo. This corresponds to a traditional hypergraph, 
where vertices are elements of P(Vo) (i.e., subsets of Vo). 


Example 2.14 (Case n = 2 of n-superhypergraph). Again, with Vo = {a, b,c}, we compute: 


P?(Vo) = P(P(Vo)). 


First, list P (Vo) as before. 
Then, P?(Vo) is the set of all subsets of P (Vo). 


An 2-SuperHyperGraph H = (V, E) has: 


*VCP(Vo). 
° ECP?(Vo). 
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Let 


id V = {{{a}, {bh}, {{ch, fa, db} Sh. 
° E ={{{a,c}, {b, c}}}. 


Here, the supervertices are subsets of P(Vo), i-e., sets whose elements are subsets of Vo. 


For instance, {{a}, {b}} is a supervertex consisting of two subsets of Vo: {a} and {b}. 
Example 2.15 (Case n = 3 of n-superhypergraph). With Vo = {a, b,c}, we have: 


P? (Vo) = P (P (P(Vo))) - 


Elements of P?(Vo) are subsets of P*(Vo), which themselves are subsets of P (Vo). 


An 3-SuperHyperGraph H = (V, E) has: 


*VCPFR(Vo). 
°* EC P?(Vo). 


Let 


* V= {{{{a}, {b}}, {eh} }}. 
* E={{{{a, b}}, {{b, ch} }}. 


In this case, the supervertices are sets of elements from P*(Vo), which are themselves sets of subsets of Vo. 


For example, {{{a}, {b}}, {{c}}} is a supervertex in V, where each element is a set of subsets of Vo. 


3 Results in This Paper: Some Concepts for SuperHyperGraphs 


In this section, we describe the results presented in this paper. We examine whether several hypergraph 
concepts can be extended to superhypergraphs. It is our hope that experts in the field will further explore 
practical applications of these extensions in the future. 


3.1 Arboreal Superhypergraph 


An Arboreal Hypergraph is a hypergraph with a tree-like structure, often used to model hierarchical relationships 
|30|52\/78]. We extend this concept using superhypergraphs. The related definitions and theorems are provided 
below. 


Definition 3.1 (Arboreal Hypergraph). A hypergraph H = (V, E), where V is the set of vertices 
and E is the set of hyperedges, is called an arboreal hypergraph if it satisfies the following conditions: 


1. H has the Helly property, meaning that for any collection of pairwise intersecting hyperedges, the entire 
collection has a non-empty intersection [88}|267]. 


2. For every cycle in H of length at least 3, there exist three hyperedges in the cycle that have a non-empty 
intersection. 


Definition 3.2 (Co-Arboreal Hypergraph). A hypergraph H = (V, E) is called a co-arboreal hyper- 
graph if it is the dual of an arboreal hypergraph. Formally: 
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1. His conformal, i.e., every clique of the line graph of H corresponds to a hyperedge of H. 


2. For every cycle in H of length at least 3, there exist three vertices in the cycle that are contained in the 
same hyperedge of H. 


Definition 3.3 (Arboreal n-SuperHyperGraph). An n-SuperHyperGraph H = (V,£E), where V is the set of 
supervertices and F is the set of superedges, is called an Arboreal n-SuperHyperGraph if it satisfies the 
following conditions: 


1. H has the Helly property, meaning that for any collection of pairwise intersecting superedges, the entire 
collection has a non-empty intersection. 


2. For every cycle in H of length at least 3, there exist three superedges in the cycle that have a non-empty 
intersection. 


Definition 3.4 (Co-Arboreal n-SuperHyperGraph). An n-SuperHyperGraph H = (V,£E) is called a Co- 
Arboreal n-SuperHyperGraph if it is the dual of an Arboreal n-SuperHyperGraph. Formally: 


1. H is conformal, i.e., every clique of the line graph of H corresponds to a superedge of H. 


2. For every cycle in H of length at least 3, there exist three supervertices in the cycle that are contained in 
the same superedge of H. 


Theorem 3.5. An Arboreal n-SuperHyperGraph generalizes the concept of an Arboreal Hypergraph. 


Proof. An Arboreal Hypergraph H = (V, £) satisfies the Helly property and has the condition that every 
cycle of length at least 3 contains three hyperedges with a non-empty intersection. In the case of an Arboreal 
n-SuperHyperGraph, V and E are extended to elements of P” (Vo), which encompasses standard vertices and 
edges as a special case when n = 0. Therefore, the conditions for the Helly property and cycles of length 
at least 3 are directly extended to the n-SuperHyperGraph structure, reducing to the original definition when 
n = 0. Thus, Arboreal n-SuperHyperGraphs generalize Arboreal Hypergraphs. oO 


Theorem 3.6. A Co-Arboreal n-SuperHyperGraph generalizes the concept of a Co-Arboreal Hypergraph. 


Proof. A Co-Arboreal Hypergraph H = (V,£) is the dual of an Arboreal Hypergraph and satisfies the 
conditions of conformality and that every cycle of length at least 3 contains three vertices in the same 
hyperedge. In a Co-Arboreal n-SuperHyperGraph, the vertices and edges are elements of P”(Vo), thus 
extending the structural hierarchy. When n = 0, this structure naturally collapses to the definition of a Co- 
Arboreal Hypergraph. Therefore, Co-Arboreal n-SuperHyperGraphs generalize Co-Arboreal Hypergraphs. oO 


Theorem 3.7. An Arboreal n-SuperHyperGraph is an n-SuperHyperGraph. 


Proof. An n-SuperHyperGraph H = (V, E) has supervertices V C P”(Vo) and superedges E C P"(Vo). The 
definition of an Arboreal n-SuperHyperGraph imposes additional structural constraints on H, such as the Helly 
property and specific cycle intersection conditions. These properties do not alter the fundamental structure of 
H as an n-SuperHyperGraph because the elements of V and E remain subsets of P”(Vo). Thus, an Arboreal 
n-SuperHyperGraph is an n-SuperHyperGraph. oO 


Theorem 3.8. A Co-Arboreal n-SuperHyperGraph is an n-SuperHyperGraph. 


Proof. The dual of an Arboreal n-SuperHyperGraph, called a Co-Arboreal n-SuperHyperGraph, retains the su- 
pervertex and superedge structure of the original n-SuperHyperGraph. The dual operation swaps supervertices 
and superedges but does not modify their membership in P” (Vo). Consequently, the structure of a Co-Arboreal 
n-SuperHyperGraph aligns with that of an n-SuperHyperGraph. oO 
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3.2 Superhypergraph Morphism and Superhypergraph Isomorphism 


A graph morphism is a mapping between graphs that preserves their structure and relationships [260}|262}. 
A graph isomorphism is a bijective mapping between graphs that preserves vertex adjacency TTLOV 


. These concepts have been extended to hypergraphs as hypergraph morphism [52] and 
hypergraph isomorphism 


In this subsection, we investigate whether these notions can be further generalized to n-superhypergraphs. The 
related definitions and theorems are provided below. 


Definition 3.9 (Hypergraph Morphism). Let H = (V,E) and H’ = (V’, E’) be two hypergraphs without 
repeated hyperedges. A morphism of hypergraphs is a map f : V — V’ such that for every hyperedge e € E, 
the image f(e) C V’ under f satisfies f(e) € E’. 


Definition 3.10 (Bijection). (cf. [172]) A bijection is a function f : A — B between two sets A and B that 
satisfies the following conditions: 


¢ Injective (One-to-One): For all x1, x2 € A, if f (x1) = f(x2), then x; = x2. 

* Surjective (Onto): For every y € B, there exists at least one x € A such that f(x) = y. 
Definition 3.11 (Hypergraph Isomorphism). Two hypergraphs H = (V,E) and H’ = (V’,E’) are 
isomorphic, denoted H = H’, if there exists: 

* A bijection f : V — V’, and 


* A bijection 2 : J — J (where J and J are the index sets of E and E’, respectively), 


, 


n(i) satisfies: 


such that the induced map g : E — E’ defined by g(e;) =e 
g(e;) ={f(x)|xee;} foralle; €F. 
In this case, the pair (f, g) is called an isomorphism of hypergraphs. 


Definition 3.12 (Hypergraph Automorphism). An automorphism of a hypergraph H = (V,£) is an 
isomorphism (f, g) from H to itself. The set of all automorphisms of H, denoted Aut(H), forms a group under 
composition. 


Definition 3.13 (n-SuperHyperGraph Morphism). Let H = (V, E) and H’ = (V’, E’) be two n-SuperHyperGraphs. 
A morphism f : V — V’ between H and H’ is a function such that for every superedge e € E, the image 
fle) ={f(v) |v € e} CV’ satisfies f(e) € E’. 


In other words, f maps supervertices to supervertices and superedges to superedges via the induced map on 
edges. 


Definition 3.14 (n-SuperHyperGraph Isomorphism). Two n-SuperHyperGraphs H = (V, E) and H’ = (V’, E’) 
are isomorphic, denoted H = H’, if there exists: 
* A bijection f: V > V’, 


such that: 


¢ For every superedge e € E, the image f(e) = {f(v) |v ee} € E’. 


¢ For every superedge e’ € E’, there exists e € EF such that f(e) =e’. 


In this case, finduces a bijection between E and E’, and fis called an isomorphism of n-SuperHyperGraphs. 
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Definition 3.15 (n-SuperHyperGraph Automorphism). An automorphism of an n-SuperHyperGraph H = 
(V,£) is an isomorphism f : V — V from H to itself. The set of all automorphisms of H, denoted Aut(), 
forms a group under composition. 


Theorem 3.16. An n-SuperHyperGraph Morphism generalizes the concept of a hypergraph morphism. 


Proof. When n = 0, the n-th iterated power set is P° (Vy) = Vo, so the supervertices are simply the base vertices 
Vo, and the superedges are subsets of Vo. 


In this case, an n-SuperHyperGraph H = (V,E) reduces to a standard hypergraph. The definition of an 
n-SuperHyperGraph morphism f : V — V’ requires that for every edge e € E, f(e) € E’. This matches 
exactly the definition of a hypergraph morphism. 


Therefore, n-SuperHyperGraph morphisms generalize hypergraph morphisms. oO 


Theorem 3.17. An n-SuperHyperGraph Isomorphism generalizes the concept of a hypergraph isomorphism. 


Proof. Again, when n = 0, the n-SuperHyperGraph H = (V, E) becomes a standard hypergraph with vertices 
Vo and edges E C P(Vo). 


An n-SuperHyperGraph isomorphism f : V — V’ is a bijection such that f(e) € E’ for all e € E, and every 
edge in E’ is the image of an edge in E. This coincides with the definition of a hypergraph isomorphism, where 
there is a bijection between the vertex sets that induces a bijection between the edge sets. 


Therefore, n-SuperHyperGraph isomorphisms generalize hypergraph isomorphisms. oO 


Theorem 3.18. An n-SuperHyperGraph Automorphism generalizes the concept of a hypergraph automorphism. 


Proof. When n = 0, an n-SuperHyperGraph automorphism f : V — V is a bijection from the vertex set to 
itself such that f(e) € E for all e € E, meaning f maps edges to edges within the same hypergraph. 


This matches the definition of a hypergraph automorphism, which is an isomorphism from a hypergraph to 
itself. 


Therefore, n-SuperHyperGraph automorphisms generalize hypergraph automorphisms. oO 


3.3. Molecular n-superhypergraph 


A Molecular Graph represents the structural formula of a molecule, modeling atoms as labeled nodes and bonds 


as labeled edges [ 128) . Molecular Graphs are closely related to Chemical Graphs 
. A Molecular Hypergraph extends this concept, representing atoms as hyperedges and 


bonds as nodes connecting them [(65]/185|/196|/198||199|[253}. 


The formal definition is provided below. 


Definition 3.19 (Atom). (cf. 209} ) An atom is the basic unit of matter, consisting of a nucleus of protons 
and neutrons surrounded by electrons. In the context of molecular graphs, an atom is represented as a vertex 


labeled with its chemical symbol [343], such as H (hydrogen [177]) or C (carbon [327)). 


Definition 3.20 (Bond). (cf. [261| ) A bond is a connection between two atoms, representing the chemical 
interaction that holds them together. In molecular graphs, bonds are represented as edges labeled with their 
type, such as single, double, or triple bonds. 


Definition 3.21. (cf. |194| 367|) A Molecular Graph is a graph G = (V,£) that represents the 


structural formula of a molecule. In this representation: 


¢ V: The vertex set represents the atoms in the molecule. 
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e E: The edge set represents the chemical bonds between pairs of atoms. 


Each vertex v € V may have additional labels to denote the chemical element it represents (e.g., hydrogen, 
carbon, oxygen), and each edge e € E may have labels indicating the type of bond (e.g., single, double, or 
triple bonds). 


Definition 3.22 (molecular hypergraph). (cf. [65 ) A molecular hypergraph is anode and 


hyperedge-labeled hypergraph that models a molecule’s atomic and bonding structure. Formally, a molecular 
hypergraph H is defined as an ordered quadruple H = (Vy, En, ‘i ; al ), where: 


Vy is a finite set of nodes, representing bonds between atoms. 


Ey is a finite set of hyperedges, where each hyperedge e € Fy is a subset of Vz that represents an atom 
and its associated bonds. 


a :VH => i is a node-labeling function, assigning a label to each node from a set i of bond 
types. 


i :Eq-> Le is a hyperedge-labeling function, assigning a label to each hyperedge from a set ie 
of atomic properties. 


Definition 3.23 (Molecular n-SuperHyperGraph). Let Vo be a finite set of base vertices representing bonds in 
a molecule. We define the n-th iterated power set of Vo recursively as: 


P'(Vo) = Vo, PH1(Vo) =P (PV), 
where P(A) denotes the power set of set A. 


An Molecular n-SuperHyperGraph is defined as an ordered quadruple H = (Vy, En, ok ; cae ), where: 


* Va C P"(Vo) is a finite set of supernodes, representing bonds or collections of bonds. 


* Ex CP"(Vo) is a finite set of superhyperedges, where each superhyperedge e € Ey connects elements 
of Vy at various hierarchical levels. 


° oe : Vo => oe is a node-labeling function, assigning labels from a set i of bond types or 
properties. 


° a : Ey > a is a superedge-labeling function, assigning labels from a set jie of atomic or 
molecular properties. 


Each supernode v € Vy can be: 


¢ A single bond (v € Vo), 

¢ A subset of bonds (v € Vo), 

¢ A higher-level collection up to n levels (v € P”(Vo)), 
e An indeterminate or fuzzy set (cf. (360}), 

¢ The null set (v = 0). 


Theorem 3.24. A Molecular n-SuperHyperGraph generalizes the concept of a Molecular Hypergraph. 


Proof. When n = 0, the n-th iterated power set reduces to P°(Vo) = Vo. Thus, the supernodes Vy C Vo are 
simply the base nodes representing bonds, and the superhyperedges Ey C Vo represent connections between 
these bonds. 

In this case, the Molecular n-SuperHyperGraph H = (Vy, E ae? — ) reduces to a standard Molecular 
Hypergraph, where: 
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¢ Nodes Vy represent bonds between atoms. 
¢ Hyperedges Ey represent atoms connected via these bonds. 


¢ Labeling functions ag and _ assign appropriate bond and atomic properties. 


Therefore, the Molecular n-SuperHyperGraph encompasses the Molecular Hypergraph as a special case when 
n = 0, thereby generalizing it. oO 


Theorem 3.25. Molecular n-SuperHyperGraphs are n-SuperHyperGraphs. 


Proof. A Molecular n-SuperHyperGraph H = (Vu, Eun, ae ; rag ) satisfies the structure of an n-SuperHyperGraph 
as follows: 


1. By definition, Vz ¢ #"(Vo), where P”(Vo) is the n-th iterated power set of the base vertex set Vo. 


Hence, Vy comprises supervertices that adhere to the hierarchical structure up to 7 levels. 


2. Similarly, Ey C P"(Vo), meaning that Ey contains superedges that align with the structure of n- 
SuperHyperGraphs. 


3. The labeling functions ? and i assign additional properties to vertices and edges but do not alter 
the structural definition of n-SuperHyperGraphs. 


Thus, H meets all structural requirements of an n-SuperHyperGraph. oO 


3.4 Signed n-superhypergraph 


A signed graph is a graph where each edge is assigned a positive or negative sign, modeling relationships 


with polarity . The hypergraph counterpart is known as a signed hypergraph [152 
. We extend these concepts using superhypergraphs. The related definitions and theorems are 


provided below. 


Definition 3.26. [292] The incidence matrix of H, denoted by ®(H), is a matrix of dimensions |V(H)|x|E(H)|, 
where the entry ®(H);,; = (vi, e;) indicates the incidence relationship between the i-th vertex and the j-th 
edge. 


Definition 3.27. [292] A signed hypergraph H is formally defined as an ordered triple H = (V(H), E(4), ¢), 
where: 


* V(A) is a nonempty finite set of vertices. 
¢ E(#) is anonempty finite set of edges, where each edge e € E(H) is a subset of V(H), i.e., e C V(A). 
° »: V(A)xE(A) — {-1,0, 1} is an incidence function, which assigns a value to each pair (v, e), where: 


- y(v,e) = 1: vis positively incident with e. 
-— y(v,e) =—1: v is negatively incident with e. 


— y(v,e) =0: vis not incident with e. 


Example 3.28. (cf. [292\]) In the context of signed hypergraphs, the following special cases are well-known: 


¢ A signed graph is a specific instance of a signed hypergraph where all edges have exactly two incident 
vertices, i.e., d(e) = 2 for all e € E(H). 


¢ A hypergraph is a particular case of a signed hypergraph where the incidence function satisfies y(v, e) € 
{0, 1} for all (v, e), meaning all incidences are positive. 
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Definition 3.29. Let Vo be a finite set of base vertices. Define the n-th iterated power set of Vo recursively as 
before. 


A Signed n-SuperHyperGraph is defined as an ordered triple H = (V(H), E(#), y), where: 


° V(H) Cc P" (Vo) is anonempty finite set of supervertices. 
¢ E(H) C P”"(Vo) is anonempty finite set of superedges. 
° y: V(A) x E(A) = {-1,0, 1} is an incidence function, assigning a value to each pair (v, e), where: 


- y(v,e) = 1: v is positively incident with e. 
- y(v,e) =—1: v is negatively incident with e. 


— y(v,e) =0: v is not incident with e. 


Theorem 3.30. A Signed n-SuperHyperGraph generalizes the concept of a Signed Hypergraph. 


Proof. When n = 0, V(H) € P°(Vo) = Vo and E(H) C P°(Vo) = Vo. In this scenario, the supervertices and 
superedges are elements of the base set Vo. 


The incidence function y : Vo x Vo — {-1,0, 1} defines the relationships between vertices and edges as in a 
standard Signed Hypergraph. 


Thus, the Signed n-SuperHyperGraph reduces to a Signed Hypergraph when n = 0, and therefore generalizes 
it. Oo 


Theorem 3.31. Signed n-SuperHyperGraphs are n-SuperHyperGraphs. 


Proof. A Signed n-SuperHyperGraph H = (V(A), E(4), ¢) satisfies the structure of an n-SuperHyperGraph 
as follows: 


1. By definition, V(H) C P”(Vo), where P”(Vo) is the n-th iterated power set of the base vertex set Vo. 
Hence, V(H) comprises supervertices that satisfy the hierarchical structure up to n levels. 


2. Similarly, E(H) C P"(Vo), meaning that E(H) contains superedges that conform to the structure of 
n-SuperHyperGraphs. 


3. The incidence function y : V(H) x E(H) — {-1,0, 1} introduces signed relationships between super- 
vertices and superedges but does not alter their structural definitions. 


Thus, H meets all structural requirements of an n-SuperHyperGraph. oO 


3.5 Probabilistic n-SuperHyperGraph 


A Probabilistic Graph is a graph where edges are assigned probabilities, capturing uncertainty in connections 


(cf. ). The Probabilistic Hypergraph is an extension of this concept to hypergraphs, 
where hyperedges are associated with probabilities |166) . Various studies have explored 


its applications and properties. This concept is further generalized to n-SuperHyperGraphs. The related 
definitions and theorems are outlined below. 


Definition 3.32. (cf. |178}/281]) Probability is a measure quantifying the likelihood of an event occurring, 
ranging from 0 (impossible) to | (certain). 


Definition 3.33 (Probabilistic Graph). [105 A Probabilistic Graph is defined as a triplet G = (V, E, A), 


where: 


¢ Visa finite set of vertices. 
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* EC () is a set of edges, where each e € E is an unordered pair of vertices from V. 
* A: VxV = [0,1] is an affinity matrix or probability matrix, where A(i, 7) represents the probability 
or weight of connection between vertices v;,v; € V. 
Edge Weight: For each edge e = {v;,v;} € E, the weight w(e) is defined as: 


w(e) = A(y;, vj). 


Vertex Degree: The degree of a vertex v € V is defined as: 


dvy= >) w({v, u}). 


ueV,{v,useE 


Adjacency Matrix: The adjacency matrix M of the probabilistic graph is given by: 


A(vi,vj), if {vi,vj} € E, 
0, otherwise. 


man={ 


Definition 3.34 (Centroid in Hypergraphs). [166] Let V be a finite set of vertices, and A : V x V > [0, 1] be 
a similarity matrix, where A(i, j) quantifies the similarity between vertices v;, vj; € V. 


A vertex v; € V is called the centroid of a hyperedge e C V if: 


1. v; is chosen based on a predefined criterion, such as: 


¢ Maximum similarity to other vertices: 


Vv; =ar. max )” A V,V;)- 
J oer ( i) 


viee 
¢ Predefined property, such as an initial label or domain-specific ranking. 
2. The hyperedge e is formed as: 
e = {v;}U {v% | v; € neighbors of v; based on a similarity threshold or k-nearest neighbors}. 

Definition 3.35 (Probabilistic Hypergraph). A Probabilistic Hypergraph is defined as a triplet G = 
(V, E, A), where: 

¢ Visa finite set of vertices. 

* E CP(V) is a set of hyperedges, where each e € E is a subset of V. 


°° A: VxV = [0, 1] is an affinity matrix that quantifies the similarity or probability of connection between 
vertices. Specifically, A(i, j) represents the similarity between vertices v;,v; € V. 


The incidence matrix H of the probabilistic hypergraph is a |V| x |E| matrix defined as: 


A(vj,vi), if v; € e; and v; is th troid of e;, 
non | (v;,vi), if v; € e; and v; is the centroid of e; 


0, otherwise. 


Hyperedge Weight: For each hyperedge e € E, the weight w(e) is computed as: 


w(e) = >) (vj), 


vice 


where v; is the centroid vertex of the hyperedge e. 
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Vertex Degree: The degree of a vertex v € V is defined as: 


d(v) = > w(e)- H(v,e). 


ecE 


Hyperedge Degree: The degree of a hyperedge e € E is given by: 


0(e) = YS) A, ). 


vee 


Definition 3.36 (Probabilistic n-SuperHyperGraph). Let Vo be a finite set of base vertices. Define the n-th 
iterated power set of Vo recursively as: 


P(Vo) = Vo, PH(Vo) =P (PKVo)), 
where P(A) denotes the power set of the set A. 


An n-SuperHyperGraph is an ordered pair H = (V, E), where: 


° VCP" (Vo) is the set of supervertices. 


° EC P"(Vo) is the set of superedges. 
A Probabilistic n-SuperHyperGraph is defined as a triplet G = (V, E, A), where: 


¢ V and E are as defined above. 


«© A:VxV— (0, 1] is an affinity function assigning a probability or similarity measure between pairs of 
supervertices. 


The incidence matrix H is a |V| x |E| matrix defined by: 


A(vj,vi), if v; € e; and v; is th troid of e;, 
nen | (v;,vi), if v; € e; and v; is the centroid of e; 


0, otherwise. 


superedge Weight: For each superedge e € E, the weight w(e) is calculated as: 
w(e) = > A(vj, Vi), 
viee 


where v; is the centroid supervertex of the superedge e. 


Vertex Degree: The degree of a vertex v € V is defined as: 


d(v) = » w(e): H(v,e). 


ecE 


superedge Degree: The degree of a superedge e € E is given by: 
6(e) = by H(v,e). 


vee 


Theorem 3.37. A Probabilistic n-SuperHyperGraph is an n-SuperHyperGraph. 


Proof. By definition, a Probabilistic n-SuperHyperGraph G = (V, E, A) possesses supervertices V C P” (Vo) 
and superedges E C #”"(Vo), fulfilling the criteria of an n-SuperHyperGraph H = (V,£). The introduction 
of the affinity function A and the probabilistic incidence matrix H adds probabilistic characteristics but does 
not alter the fundamental structure of supervertices and superedges. Therefore, G retains the structure of an 
n-SuperHyperGraph. oO 
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Theorem 3.38. A Probabilistic n-SuperHyperGraph generalizes the Probabilistic HyperGraph. 


Proof. When n = 0, the n-th iterated power set simplifies to P°(Vo) = Vo, so the supervertices and superedges 
reduce to elements and subsets of the base vertex set Vo. In this scenario, the Probabilistic n-SuperHyperGraph 
G = (V, E, A) becomes a Probabilistic HyperGraph with vertex set Vo, hyperedge set E € P(Vo), and affinity 
function A : Vox Vo — [0, 1]. The definitions of the incidence matrix H, hyperedge weights w(e), and degrees 
d(v) and 6(e) coincide with those in the Probabilistic HyperGraph. Thus, the Probabilistic n-SuperHyperGraph 
generalizes the Probabilistic HyperGraph. oO 


Question 3.39. Is it possible to define a Bayesian n-superhypergraph as an extension of Bayesian hypergraphs 
|174 2? Additionally, can the concept of a Markov chain in hypergraphs [49|/220] be extended to 


n-superhypergraphs? What are the potential mathematical structures and applications of such an extension? 


3.6 Independent Set in a Superhypergraph 


An independent set in a graph is a set of vertices such that no two vertices in the set are connected by 
an edge [144/223]. Similarly, an independent set in a hypergraph is a subset of vertices that does not 
contain any hyperedge as a subset, extending the concept of independence to higher-dimensional relationships 


. This concept can be further defined in the context of a superhypergraph. The relevant 
definitions and theorem are presented below. 


Definition 3.40 (Independent Set in a Hypergraph). Let H = (V(H), E(H)) be a hypergraph, where 
V(A) is the set of vertices and E(H) C 2”) is the set of hyperedges. A subset J C V(H) is called an 
independent set in H if I does not contain any hyperedge of H as a subset. Formally, 


Tis independent —=> Ve € E(A), e €£ I. 


Definition 3.41 (Independent Set in an n-SuperHyperGraph). Let H = (V, E) be an n-SuperHyperGraph. A 
subset I C V is called an independent set in H if I does not contain any superedge e € FE asa subset. Formally, 


Tisindependent —> VeceE,e ZI. 


Theorem 3.42. The concept of an independent set in an n-SuperHyperGraph generalizes the notion of an 
independent set in a hypergraph. In particular, a hypergraph is equivalent to a 1-SuperHyperGraph. 


Proof. Let H = (V,E) be a hypergraph. By definition, V C Vo and E ¢ 2”, where Vo is the base set of 
vertices. A hypergraph can be interpreted as a 1-SuperHyperGraph, since: 


P!(Vo) =P(V). 


For a 1-SuperHyperGraph H = (V, E), the vertices and edges satisfy V, E C P!(Vo), and the independence 
condition J C V with e ¢ J for all e € E is exactly the same as the definition of independence in a hypergraph. 


For n > 1, the vertices and edges V, E € P”(Vo) involve higher levels of hierarchical relationships. However, 
the independence condition e ¢ J remains consistent across all levels of n. Thus, the definition of independence 
in n-SuperHyperGraphs generalizes the concept from hypergraphs. 


Therefore, a hypergraph is specifically a 1-SuperHyperGraph, and the concept of independence is naturally 
extended to n-SuperHyperGraphs for n > 1. oO 


3.7. n-SuperHypergraph Ramsey numbers 


The Graph Ramsey Number is the smallest N such that any red-blue edge coloring of Ky contains a red 


Ks or a blue K; 268]. The Hypergraph Ramsey Number is the smallest N such that any 
red-blue coloring of k-element subsets of [NV] contains a monochromatic k-uniform hypergraph of size s or 


t . These concepts are extended to superhypergraphs. The relevant definitions and 


theorems are presented below. 
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Definition 3.43 (Complete Graph). (cf. [2|/68]) A complete graph, denoted Ky, is a graph where: 


¢ The vertex set V(K,,) consists of n vertices: V(K,) = {V1,v2,..-,Vn}- 


¢ The edge set E(K,,) contains all possible (5) edges, where each edge connects two distinct vertices v; 
and v; (i # j). 


In K,,, every vertex has a degree of n — 1, and the graph is maximally connected. 


Definition 3.44 (Graph edge coloring). 371] In general, graph edge coloring is the assignment of 
colors to the edges of a graph such that no two edges sharing the same vertex have the same color. 


Definition 3.45 (Graph Ramsey Number). 268] The Graph Ramsey Number, denoted R(s,t), 
is the smallest positive integer N such that any red-blue coloring of the edges of a complete graph Ky on N 
vertices contains: 


¢ A red K, (a complete subgraph of s vertices with all edges colored red), or 


¢ A blue K; (a complete subgraph of ¢ vertices with all edges colored blue). 


Formally, 
R(s,t) = min {N | V red-blue edge colorings of Ky, Jared Ky ora blue K;}. 


Definition 3.46 (k-Uniform Hypergraph). 278] A k-uniform hypergraph H = (V,E) is a 
hypergraph where: 


¢ V is the set of vertices. 
* EC (); the set of all k-element subsets of V. Each e € E is called a k-uniform hyperedge. 


Definition 3.47 (Monochromatic k-Uniform Hypergraph). A k-uniform hypergraph H = (V, E) is said 
to be monochromatic under a coloring if all hyperedges e € E are assigned the same color. 


More formally, let y : () — {c1,C2,...,Cm} be acoloring function assigning one of m colors to each k-tuple 
of V. The k-uniform hypergraph H = (V, E) is monochromatic if there exists a color c € {c1,C2,...,C€m} such 
that: 


Ve ek, y(e)=c. 


Definition 3.48 (Monochromatic Subset in a k-Uniform Hypergraph). Given a k-uniform hypergraph 
H = (V, E) witha coloring y : (%) — {c1,C2,...,Cm}, a subset S C V is called a monochromatic subset if: 


Vee (i): X(e) =Cc, 


for some fixed color c € {cC1,C2,...,Cm}- 


Definition 3.49 (Hypergraph Ramsey Numbers). Let k, s, and n be positive integers. The k-uniform 
hypergraph Ramsey number, denoted rx(s, 7), is the smallest positive integer N such that, for every red-blue 
coloring of the k-element subsets of an N-element set [N], one of the following holds: 


1. There exists a subset $ € [N] with |S| = s such that every k-tuple of S is red. 


2. There exists a subset T ¢ [N] with |T| = n such that every k-tuple of T is blue. 


Formally, 


rx (s,n) = min N | V red-blue coloring of ea , dmonochromatic k-uniform hypergraph with size s or 'h 
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Definition 3.50 (k-Uniform n-SuperHypergraph). Let n > 1 and k > 1 be integers, and let Vo be a finite set. 
Let V = P”—!(Vo) be the set of vertices. 


A k-uniform n-SuperHypergraph is a hypergraph H = (V, E), where: 


° V=P""!(Vo) is the vertex set. 
° EC Ch, the set of all k-element subsets of V. 


Definition 3.51 (Monochromatic k-Uniform n-SuperHypergraph). Let H = (V, E) be ak-uniform n-SuperHypergraph, 
and let y : (K) — {c1,C2,...,Cm} be a coloring function assigning one of m colors to each edge e € E. We 
say that H is monochromatic if there exists a color c € {c1,C2,...,Cm} such that: 


VeekE, yle)=c. 


Definition 3.52 (n-SuperHypergraph Ramsey Numbers). Let n > 1, k > 1, and s,t be positive integers. The 
n-SuperHypergraph Ramsey number, denoted 7) (s, ft), is the smallest positive integer NV such that, for every 
red-blue coloring y of the edges in Ci with V = P”—!(Vo) and |Vo| = N, one of the following holds: 


1. There exists a subset S$ C V with |S| = s such that all k-element subsets of S are colored red. 


2. There exists a subset T C V with |T| = ¢ such that all k-element subsets of T are colored blue. 


Formally, 

(k) ‘ : . Vv ; , ; ; : ; 
rn (s,t) =min4N | V red-blue coloring y of ab 4 monochromatic k-uniform n-SuperHypergraph of size s or ft} . 
Theorem 3.53. The concept of n-SuperHypergraph Ramsey numbers generalizes hypergraph Ramsey numbers. 


In particular, when n = 1, the n-SuperHypergraph Ramsey number rs, 2) coincides with the classical 
hypergraph Ramsey number rx(s,t). 


Proof. When n = 1, we have: 
P"-! (Vo) = P°(Vo) = Vo. 


Thus, the vertex set is V = Vo. 

The edge set is E ¢ (Y) = (*°). 

This corresponds exactly to a classical k-uniform hypergraph on the vertex set Vo. 

In the classical hypergraph Ramsey problem, we consider the smallest integer N such that any red-blue coloring 
of the edges of the complete k-uniform hypergraph on WN vertices contains a monochromatic complete k-uniform 
hypergraph of size s in red or ¢ in blue. 


Therefore, a (s,t) =rx(s, ft). 


This shows that the n-SuperHypergraph Ramsey numbers generalize the classical hypergraph Ramsey numbers. 
Oo 


Question 3.54. Is it possible to propose Anti-Ramsey theorems in the context of n-SuperHypergraphs? 
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3.8 Tripartite n-SuperHypergraph and Multipartite n-SuperHypergraph 


In general, a tripartite graph is a graph in which the vertex set is divided into three disjoint subsets, with no 


edges connecting vertices within the same subset [251 . Tripartite graphs have been extensively 
studied for practical applications in fields such as personalized recommendation systems [221/373]. A tripartite 


graph can also be viewed as an extended version of a bipartite graph . A multipartite graph is a 
graph where the vertex set is partitioned into k disjoint subsets, ensuring that no two vertices within the same 
subset are adjacent [46/81/98]. These concepts, when extended to hypergraphs, lead to the notions of Tripartite 


Hypergraphs {133} and Multipartite Hypergraphs |1\47]. A more structured version, the k- 
Uniform Multipartite Hypergraph, has also been widely studied in this context |47]. This subsection introduces 


a further generalization of these concepts to superhypergraphs, as described below. It is worth noting that 
in this paper, the definition of a tripartite hypergraph follows the user—item-tag tripartite hypergraph model 


proposed in [372]. 
Definition 3.55 (Tripartite Hypergraph). [372] A tripartite hypergraph is a hypergraph G = (V, H) where: 


© V=UURUT, where U, R, and T are disjoint vertex sets representing users, resources, and tags, 
respectively. 


* H CUxR-x’T, the set of hyperedges, where each hyperedge h = (u,r,t) consists of one user u € U, 
one resource r € R, and one tag t € T. 


Definition 3.56 (Properties of a Tripartite Hypergraph). [372] Given a tripartite hypergraph G = (V, H): 


¢ The hyperdegree of a node v € V is the number of hyperedges in H that contain v. 


¢ The clustering coefficient of a node v € V is the ratio of the actual number of hyperedges involving v to 
the maximum possible number of such hyperedges, based on the degrees of its neighbors (36|/289). 


¢ The average distance is the average shortest path length between two random nodes in G, considering 
paths that traverse hyperedges [71|{72}. 


Definition 3.57 (k-Uniform Multipartite Hypergraph). (cf. (47)) A k-uniform multipartite hypergraph is a 
hypergraph H = (V, E), where: 


e V=V,UWU-:-UV;, is the vertex set, partitioned into k disjoint subsets Vi, Vo,..., Ve, called the vertex 
classes. 


°ECV,xV2xX--- x Vx, the set of hyperedges, where each hyperedge e € E is a k-tuple such that 
jleNV;| = 1 foralli=1,2,...,k. 


Definition 3.58 (Tripartite n-SuperHypergraph). Let Vo be a finite set. The n-th iterated power set of Vo, 
denoted #” (Vo), is defined recursively as: 


P(Yo) =Vo, Pkl(Yo) =P (PK(Vo)), fork 0; 
where #(A) denotes the power set of the set A. 


And let n > 1, and let Up, Ro, and Jp be finite, disjoint base sets representing users, resources, and tags, 
respectively. 


Define the vertex classes: 


U=P""(Up), R=P"™'(Ro), T=P""(I). 
A Tripartite n-SuperHypergraph is a hypergraph G = (V, H), where: 


°° V=UUR UT is the vertex set, partitioned into three disjoint classes. 
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* H CUxXRxXT is the set of hyperedges, where each hyperedge h = (u, r,t) consists of one supervertex 
u € U, one supervertex r € R, and one supervertex f € T. 


Definition 3.59 (k-Uniform Multipartite n-SuperHypergraph). Letn > 1, k > 1, and let Vo,1, Vo,2,..., Vo,~ be 
finite, disjoint base sets. 


Define the vertex classes: 
Vi=P""(Vo,), fori=1,2,...,k. 


A k-Uniform Multipartite n-SuperHypergraph is a hypergraph H = (V, E), where: 


* V=V, UV) U---U Vx is the vertex set, partitioned into k disjoint classes. 


* ECV, xV2x--- XV; is the set of hyperedges, where each hyperedge e = (11, v2,..., Vx) consists of 
one supervertex v; € V; from each vertex class. 


Theorem 3.60. The concept of a Tripartite n-SuperHypergraph generalizes that of a Tripartite Hypergraph. 
Specifically, when n = 1, a Tripartite n-SuperHypergraph reduces to a Tripartite Hypergraph. 
Proof. When n = 1, we have: 

P"-\(Up) = P%(Uo) =Uo, P™ (Ro) = Ror P""'(To) = To. 


Therefore, the vertex classes are: 
U=Uo, R=Ro, T=T. 


The hyperedges are subsets of U x R XT, where each hyperedge h = (u, r,t) consists of one element from each 
of Uo, Ro, and To. 


This matches the definition of a Tripartite Hypergraph, where V = Up U Ro U To, and H € Up X Ro X To. 


Therefore, the Tripartite n-SuperHypergraph with n = 1 is equivalent to a Tripartite Hypergraph. oO 


Theorem 3.61. The concept of a k-Uniform Multipartite n-SuperHypergraph generalizes that of a k-Uniform 
Multipartite Hypergraph. Specifically, when n = 1, a k-Uniform Multipartite n-SuperHypergraph reduces to a 
k-Uniform Multipartite Hypergraph. 


Proof. When n = 1, we have: 
Vi =P"! (Voi) = P°(Vo.2) = Voi, fori=1,2,...,k. 
Therefore, the vertex classes are V; = Vo,;, and the vertex set is V = Vo; UVo2 U--- U Vo.x. 


The hyperedges are subsets of Vj x V2 x --- X Vg, where each hyperedge e = (v1, v2,..., Vx) consists of one 
element from each Vo ;. 


This matches the definition of a k-Uniform Multipartite Hypergraph, where the vertex set is partitioned into k 
classes, and each hyperedge consists of one vertex from each class. 


Therefore, the k-Uniform Multipartite n-SuperHypergraph with n = 1 is equivalent to a k-Uniform Multipartite 
Hypergraph. oO 
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3.9 SuperHypergraphic Sequence 


In this subsection, we explore the concept of a SuperHypergraphic Sequence. In mathematics, a sequence is 
an ordered list of elements, typically numbers, following a specific rule |129| . The degree sequence of 
a graph or hypergraph is defined as the list of vertex degrees, where each degree represents the number of 


edges incident to the corresponding vertex 241]. A hypergraphic sequence is a sequence of 
non-negative integers that satisfies specific combinatorial conditions, ensuring the existence of a corresponding 


hypergraph [218) . We extend these notions to n-SuperHyperGraphs. The related definitions and 
theorems are presented below. 


Definition 3.62 (Degree (Recall)). [283] The degree of a vertex v € V, denoted as d(v), is the number of 
hyperedges in E that contain v, formally defined as: 


d(v) =|{ee E | v € e}F. 


Definition 3.63. [283] A hypergraph H is called simple if it contains no repeated hyperedges. Moreover, if 
every hyperedge in F contains exactly r vertices, the hypergraph is called an r-uniform hypergraph. 


Definition 3.64. [283] The degree sequence of a hypergraph H is the vector of degrees of all vertices, 
represented as: 
d(H) = (d(v1),d(v2),...,d(vn)). 


Given an n-dimensional integer vector d = (dj, d2,..., dy), it is said to be a hypergraphic sequence if there 
exists a simple hypergraph H with d(H) = d. 


Definition 3.65 (Degree of a Supervertex). In an n-SuperHyperGraph H = (V, E), the degree of a supervertex 
v € V, denoted d(v), is defined as the number of superedges in E that contain v: 


d(v) =|{ee E|v €e}l. 


Definition 3.66 (n-SuperHypergraphic Sequence). Given a finite set V of supervertices, an m-tuple of non- 
negative integers d = (d(v,),d(v2),...,d(Vm)) is called an n-SuperHypergraphic Sequence if there exists 
an n-SuperHyperGraph H = (V, £) such that for each supervertex v; € V, the degree d(v;) equals the given 
degree in the sequence, i.e., 


d(v;) =|{e € E |v; €e}| fori=1,2,...,m. 


Theorem 3.67. An n-SuperHypergraphic Sequence generalizes the concept of a hypergraphic sequence. 
Specifically, when n = 0, the n-SuperHypergraphic Sequence reduces to a hypergraphic sequence. 


Proof. Case 1 (n = 0): When n = 0, the n-th iterated power set is P°(Vo) = Vo. Thus, the supervertices are 
the base vertices V = Vo, and the superedges are subsets of Vo, i.e., E € P (Vo). 


An n-SuperHyperGraph H = (V,£) becomes a standard hypergraph in this case. The degree of each vertex 
v € V is calculated as: 
d(v) =|{eeE|vee}l, 


which matches the definition of vertex degrees in hypergraphs. 


Therefore, the degree sequence d = (d(v1), d(v2),...,d(Vm)) is a hypergraphic sequence. 


Case 2 (n > 0): For n > 0, the supervertices V C P” (Vo) include higher-order elements from the iterated 
power set. The degrees of supervertices are defined similarly: 


d(v)=|[{eeE|vee}| forallveV. 


This extends the concept of a degree sequence to n-SuperHyperGraphs, capturing the degrees of supervertices 
at various hierarchical levels. 


Since the definition of an n-SuperHypergraphic Sequence encompasses the standard hypergraphic sequence 


when n = 0, and generalizes it for n > 0, it follows that the n-SuperHypergraphic Sequence is a generalization 
of the hypergraphic sequence. Oo 
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3.10 Query n-superhypergraph 


A Query Hypergraph is a mathematical structure utilized in information retrieval to represent relationships 
between query concepts 370]. This concept is extended to n-SuperHyperGraphs, resulting in the 
definition of a Query n-SuperHyperGraph. The related definitions and theorems are provided below. 


Definition 3.68. A Query Hypergraph H = (V, E, ¢) is defined as follows: 


* Vertices (V): The vertex set V = Q U {D}, where: 


— Q is the set of query concepts, which may include terms, phrases, or other linguistic structures 
derived from a query Q. 


— D represents a document in the retrieval corpus. 


¢ Hyperedges (E): A hyperedge e € E connects a subset of query concepts k € Q with the document D. 
Formally: 
e=(k,D), kCQ@. 


* Weights (y): Each hyperedge e = (k, D) is associated with a weight y(e), which represents the relevance 
or importance of the relationship between the query concept set k and the document D. 


Definition 3.69 (Query n-SuperHyperGraph). Let Vo be the base set of query concepts derived from a query 
Q, and let D represent a document in the retrieval corpus. Define the n-th iterated power set of Vo recursively 
as: 

P(Vo) = Vo, PM (Vo) =P (PK (Vo)) 


The Query n-SuperHyperGraph H = (V, E, ¢) is defined as follows: 


¢ Vertices (V): The vertex set V consists of supervertices, which are elements of the n-th iterated power 
set of the base set Vo augmented with the document D: 


V=P"(Vo) U{D}. 


¢ Superedges (E): The superedge set EF consists of subsets of V, connecting supervertices at various 
hierarchical levels. Each superedge e € E is defined as: 
e=(k,D), keEP"(V). 


* Weights (yp): Each superedge e = (k, D) is associated with a weight y(e), representing the relevance or 
importance of the relationship between the supervertex set k and the document D. 


Theorem 3.70. The Query n-SuperHyperGraph generalizes the Query Hypergraph. 


Proof. When n = 0, the n-th iterated power set reduces to P°(Vo) = Vo, the base set of query concepts. In this 
case: 


* The vertices V become V = Vo U {D}, matching the vertex set in the Query Hypergraph. 


* The superedges E are defined as e = (k,D) with k € P°(Vo) = Vo, so k C Vo. This matches 
the hyperedges in the Query Hypergraph, which connect subsets of query concepts k € Q with the 
document D. 


¢ The weights y(e) remain unchanged. 


Therefore, the Query n-SuperHyperGraph reduces to the Query Hypergraph when n = 0. For n > 0, it extends 
the structure to include higher-level supervertices and superedges, thus generalizing the Query Hypergraph. O 
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Theorem 3.71. A Query n-SuperHyperGraph possesses the structure of an n-SuperHyperGraph. 
Proof. By definition, an n-SuperHyperGraph H = (V, E) consists of: 


* Vertices (V): Elements of the n-th iterated power set P” (Vo), where Vo is the base set. 


¢ Edges (E): Subsets of P” (Vo), connecting supervertices at different hierarchical levels. 
For a Query n-SuperHyperGraph H = (V, E, y), we have: 


* Vertices (V): Defined as P”(Vo) U {D}, where Vo is the set of query concepts and D is the document. 
The additional element D does not alter the hierarchical structure of P”(Vo), as it can be treated as a 
singleton set {D} C P”(Vo). 


° Superedges (E): Defined as e = (k, D) for k € P" (Vo). These superedges are subsets of V and connect 
elements within P” (Vo) U {D}, preserving the hierarchical structure of P” (Vo). 


The weights y(e) do not affect the structural composition of the vertices and superedges, as they are additional 
metadata associated with each superedge. 


Thus, the Query n-SuperHyperGraph H = (V, E, ¢) satisfies the structural requirements of an n-SuperHyperGraph 
H’ =(V’,E’), with: 
V=P"(Vo), E’ =P"(V). 


Therefore, a Query n-SuperHyperGraph possesses the structure of an n-SuperHyperGraph. oO 


3.11 Superhypergraph Energy Functions 


Hypergraph Energy Functions are mathematical tools designed to quantify relationships in hypergraphs by 
optimizing node and edge embeddings for downstream tasks . This concept is extended to superhy- 
pergraphs, and the corresponding definitions are provided below. 


Definition 3.72 (Hyperedge Regularization). (cf. |338\/341]) Hyperedge Regularization is a technique that 
enforces similarity or consistency among nodes within the same hyperedge in a hypergraph. Mathematically, 
for a hypergraph H = (V, E), the regularization term for a hyperedge e € E is often defined as: 


R(e) = >) lly; —yyll*, 


i,jee 


where y; and y; are embeddings of nodes i and j, and || - || denotes the norm. This term penalizes differences 
in embeddings among nodes within the hyperedge e, promoting structural coherence. 


Definition 3.73 (Hypergraph Energy Function). [341] Let H = (V, E) be a hypergraph, where V is the set of 
nodes, E is the set of hyperedges, and B ¢ R!Y!*/T is the binary incidence matrix such that B;x = 1 if node 
v; € ex, and B;, = 0 otherwise. Define: 


* Y € R'VIX4; Node embeddings where each row y; represents the embedding of node v;. 

* Z © R'FIX4: Hyperedge embeddings where each row z, represents the embedding of hyperedge ex. 
* gi(Y): A node regularization term ensuring smoothness or specific properties of Y. 

* go(Z): A hyperedge regularization term ensuring smoothness or specific properties of Z. 


¢ g3(Y,Z): A structural term that encodes the relationships between nodes and hyperedges in the hyper- 
graph. 
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The hypergraph energy function is defined as: 
L(Y, Z) = gi (VY) + g2(Z) + 83(Y, Z), 


where g3(Y, Z) can take the form: 


g3(¥,Z)=ao Dd) Iive— ysl? #41 DD) Ile - zal. 


en CE VioVj Eek ene E Vi€ex 


Here, Ag and 2; are weighting factors that balance the contributions of the terms. 


Definition 3.74 (n-SuperHypergraph Energy Function). Let H = (V, E) be an n-SuperHyperGraph, where V 
is the set of supervertices and EF is the set of superedges. Let d be the dimensionality of the embeddings. 


* For each supervertex v € V, let y, € R@ be its embedding. 

* For each superedge e € E, let ze € R@ be its embedding. 

* Let x, € R® be the feature vector associated with supervertex v. 
* Let ue € R® be the feature vector associated with superedge e. 


¢ Let f,(-; W,) and fe(-; We) be learnable functions (e.g., neural networks) parameterized by weights W,, 
and W., mapping features to embeddings in R¢. 


The n-SuperHypergraph Energy Function is defined as: 
L£YV,Z) =D" Iiyy = fos WIP + Ize = fe(wes We)II?+40 Y) S* Ilyv - ywll#ar D> DY Ilyy — zell?, 


veV ecE ecE V,wee ecE vee 
where Jo and 2; are non-negative hyperparameters controlling the importance of each term. 


Theorem 3.75. The n-SuperHypergraph Energy Function generalizes the hypergraph energy function. Specif- 
ically, when n = 0, the n-SuperHypergraph Energy Function reduces to the standard hypergraph energy 
function. 


Proof. Whenn = 0, the n-th iterated power set reduces to P°(Vo) = Vo. Thus, the supervertices and superedges 
become elements and subsets of the base vertex set Vo, respectively. 


In this case: 


¢ The set of supervertices V C Vo is simply the set of vertices in the hypergraph. 

* The set of superedges E C P(Vo) is the set of hyperedges in the hypergraph. 

¢ The embeddings y, for v € V correspond to the node embeddings in the hypergraph. 

¢ The embeddings z,. for e € E correspond to the hyperedge embeddings in the hypergraph. 


The incidence matrix B € R!V!*I£I is defined as: 


1l, ifvee, 
Bye = ; 
0, otherwise. 


The energy function simplifies to: 


L(Y, Z) =)" llyv — foevs WIP +) Ize — fetes We)II?+40 >) >) Ihyv —ywll?4a1 >) > lly — zell?, 


veV ecE ecE V,wee ecE vee 


which is exactly the standard hypergraph energy function. 


Therefore, the n-SuperHypergraph Energy Function generalizes the hypergraph energy function. oO 
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3.12 Transversal n-SuperHypergraph 


A transversal graph is a type of graph where every edge intersects all subsets of edges, ensuring that no subset 


remains disjoint from the edge set 


Similarly, a transversal hypergraph is defined as a hypergraph where every hyperedge represents a minimal 


hitting set that intersects all hyperedges of the original hypergraph 


This concept is extended to the domain of n-SuperHyperGraphs. The related definitions and theorems are 
provided below. 


Definition 3.76 (Transversal). (cf. ) Let H = (V, E) be ahypergraph. A set T C V is 


called a transversal (or hitting set) of H if: 
TOE, #0, VE, € E. 


A transversal T is minimal if no proper subset T’ C T is a transversal of H. 


Definition 3.77 (Transversal Hypergraph). (cf. ) Let H = (V, E) be a hypergraph. The 
transversal hypergraph of H, denoted Tr(H), is defined as the hypergraph: 


Tr(H) =(V,7), 
where 7 is the family of all minimal transversals of H. 


Definition 3.78 (Base Set). For any element x € V U E of an n-SuperHyperGraph H = (V, E), the base set of 
x, denoted Base(x), is defined recursively as: 


° If x € Vo, then Base(x) = {x}. 


* If x isa set, ie.,x € P*(Vo) for k > 1, then: 


Base(x) = Ss Base(y). 


yex 


Definition 3.79 (Incidence in n-SuperHyperGraph). In an n-SuperHyperGraph H = (V, E), a supervertex 
v € V and a superedge e € E are said to be incident if: 


Base(v) M Base(e) # 0. 


Definition 3.80 (Transversal in n-SuperHyperGraph). A set T C V is called a transversal (or hitting set) of an 
n-SuperHyperGraph H = (V, E) if for every superedge e € E, there exists a supervertex v € T such that v is 
incident to e; that is: 

Base(v) M Base(e) # 0. 


A transversal T is minimal if no proper subset 7’ C T is a transversal of H. 


Definition 3.81 (Transversal n-SuperHyperGraph). Given an n-SuperHyperGraph H = (V, E), the Transversal 
n-SuperHyperGraph of H, denoted Tr(#), is defined as: 


Tr(H) =(V,T7), 
where 7 is the set of all minimal transversals of H. 


Theorem 3.82. The Transversal n-SuperHyperGraph generalizes the Transversal Hypergraph. Specifically, 
when n = 0, the Transversal n-SuperHyperGraph reduces to the classical Transversal Hypergraph. 
Proof. When n = 0, the n-SuperHyperGraph H = (V, E) becomes a standard hypergraph: 

* The 0-th iterated power set is P°(Vo) = Vo. 


¢ The supervertices V C Vo are simply the vertices of the hypergraph. 
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* The superedges E C P°(Vy) = Vo become subsets of Vo, i.e., hyperedges. 


The base set of any vertex v € V is: 
Base(v) = {v}, since v € Vo. 
The base set of any edge e € E is: 


Base(e) = LJ Base(u) = e. 


uce 


The incidence relation simplifies to: 
Base(v) 9 Base(e) = {v} Ne #0 — > vee. 
Therefore, a transversal T C V satisfies: 
TNe#9, Veeck, 


which is the classical definition of a transversal (hitting set) in a hypergraph. 


The minimal transversals in H correspond to the minimal hitting sets in the hypergraph. Consequently, the 
Transversal n-SuperHyperGraph Tr(H) = (V, 7) reduces to the classical Transversal Hypergraph, where 7 is 
the set of all minimal transversals. 


Thus, the Transversal n-SuperHyperGraph generalizes the Transversal Hypergraph. oO 


Theorem 3.83. A Transversal n-SuperHyperGraph possesses the structural properties of ann-SuperHyperGraph. 


Proof. Let H = (V, E) be an n-SuperHyperGraph, where V C P”(Vo) is the set of n-level supervertices, and 
E C P" (Vo) is the set of n-level superedges. 


By definition, the Transversal n-SuperHyperGraph Tr(H) = (V,7) is formed by computing the family 7, 
which consists of all minimal transversals of H. 


The vertices V of Tr() are identical to those of the original n-SuperHyperGraph H, and thus V € P”(Vo). 


Each edge T € J is a minimal transversal of H. A transversal T C V ensures that TM e # O for every e € E. 
Since T C V and V C P" (Vo), we have T C P" (Vo). Hence, TJ C P” (Vo). 


The set 7 is a subset of the n-th iterated power set P”(Vo), which aligns with the edge definition of an 
n-SuperHyperGraph. Therefore, Tr(H) adheres to the structural constraints of an n-SuperHyperGraph. 


Thus, Tr(/) satisfies the vertex and edge definitions of an n-SuperHyperGraph, confirming that it retains the 
structural properties of n-SuperHyperGraphs. oO 


3.13 n-SuperHypernetwork 


A hypernetwork is a related concept to hypergraphs, employing similar principles to represent relationships in 
networks [14|{16|{163]/264]. Extensive research has been conducted in this area. This concept is extended to 
n-SuperHypernetworks, which provide a more general and hierarchical framework. Relevant definitions and 
theorems are detailed below. 


Definition 3.84 (Hypernetwork). [14 A hypernetwork is defined as ahypergraph G = (V, E) equipped 
with a node type mapping function y : V — A, where: 
¢ V is the set of nodes, 


¢ E is the set of hyperedges, where each e € E is anon-empty subset of V, 
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¢ A is the set of node types, 


* (vy) € A specifies the type of each node v € V. 


A hyperedge e € E represents a tuplewise relationship among the nodes in e. The following additional 
properties can be used to classify hypernetworks: 


1. Homogeneous vs. Heterogeneous Hypernetwork: 


¢ The hypernetwork is homogeneous if |A| = 1, i.e., all nodes are of the same type. 


* The hypernetwork is heterogeneous if |A| > 1, i.e., nodes can belong to multiple types | 162| 
369). 


2. Uniformity: 
¢ The hypernetwork is k-uniform if every hyperedge e € E satisfies |e| = k, ie., all hyperedges 
contain exactly k nodes. 
The neighbors of a node v € V are defined as: 
No(v) = {u € V | de € E such that v € e andu € e}. 


Definition 3.85 (Hypernetwork Representation). Given a hypernetwork G = (V, E), the goal of 


hypernetwork representation learning is to learn: 


1. A node embedding function f : V — R4¢, which maps each node v € V to a low-dimensional vector 
f(v) €R4 (cf. ), 


2. A tuplewise similarity function Swupie : T — [0,1], where T is the set of possible tuples of nodes in V, to 
measure the relationships among nodes in tuples (cf. 330 ). 


The representation f(v) should preserve both global and local structural information of the hypernetwork, 
including: 


* Pairwise relationships, reflecting the similarity between two nodes(cf. ); 
¢ Tuplewise relationships, capturing the interactions among more than two nodes within a hyperedge. 


Definition 3.86 (n-SuperHypernetwork). Let Vo be a finite set of base nodes. The n-th iterated power set of Vo 
is defined recursively as: 


P(Vo) =Vo, PE(Vo) =P (PK(Vo)), 


where P(A) denotes the power set of set A. 


An n-SuperHypernetwork is an ordered triple H = (V, E, w), where: 


* VC P"(Vo) is the set of supernodes. 
° EC P"(Vo) is the set of superedges. 


¢ ~: V > Ais anode type mapping function, with A being the set of node types. 
Each supernode v € V can be: 


¢ A single node (v € Vo), 
* A subset of Vo (v € Vo), 
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¢ A subset of subsets of Vo, up to n levels (v € PP” (Vo)). 


Similarly, each superedge e € EF connects supernodes, potentially at different hierarchical levels up to n. 


Definition 3.87 (n-SuperHypernetwork Representation). Given an n-SuperHypernetwork H = (V, E, ¢), the 
goal of n-SuperHypernetwork representation learning is to learn: 


1. Anode embedding function f : V > R“, which maps each supernode v € V to a low-dimensional vector 
f(v) €R¢. 


2. A tuplewise similarity function Stupie : T — [0,1], where T is the set of possible tuples (e.g., superedges) 
in V, to measure the relationships among nodes in tuples. 


The representations aim to preserve both global and local structural information of the n-SuperHypernetwork, 
including: 


¢ Pairwise relationships, reflecting similarities between supernodes. 


¢ Tuplewise relationships, capturing interactions among multiple supernodes within superedges. 


Theorem 3.88. When n = 0, the n-SuperHypernetwork reduces to a hypernetwork, and the n-SuperHypernetwork 
representation reduces to the hypernetwork representation. Therefore, the definitions of n-SuperHypernetwork 
and its representation generalize those of hypergraphs and hypernetworks. 


Proof. Consider n = 0. Then, the 0-th iterated power set is: 
P°(Vo) = Vo. 
Thus, the set of supernodes and superedges become: 


VC P9°(V)=Vo, ECP (Y) =V. 


This means: 


e The supernodes V are simply elements of Vo, i-e., the base nodes themselves. 


¢ The superedges E are subsets of Vo. Since E € Vo, each edge e € E is anode in Vo, which does not align 
with the standard hyperedge definition. This suggests that we should consider n = | for a meaningful 
hyperedge structure. 


Now, consider n = 1: 
P'(Vo) = P(Vo), 


the standard power set of Vo. 


Then: 
VCP (Vo) =P(Yo), ECP'(Vo) =P(Y). 


In this case: 


¢ The supernodes V are subsets of Vo, i-e., sets of nodes. 


¢ The superedges E are subsets of Vo, i.e., hyperedges in the classical sense. 


If we restrict V = Vo, then the supernodes are the base nodes themselves, and the superedges E C P(Vo) are 
standard hyperedges connecting nodes in Vo. 


Thus, the n-SuperHypernetwork H = (V, E, y) with n = 1 reduces to a traditional hypernetwork, where: 
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¢ V C Vo is the set of nodes. 
* E C P(Vo) is the set of hyperedges. 


¢ yg: V — A maps nodes to their types. 


Regarding the representation, the n-SuperHypernetwork representation learning aims to learn embeddings 
f:V— R¢@ and a tuplewise similarity function Stuple. When n = 1, this reduces to learning node embeddings 
and similarity functions for hypernetworks, as commonly done in hypernetwork representation learning. 


Therefore, the definitions of n-SuperHypernetwork and n-SuperHypernetwork representation generalize the 
classical definitions of hypergraphs and hypernetworks. Oo 


Question 3.89. Can the relationships between the aforementioned network concepts and Graph Neural Net- 


works (TS6}T38 . Hypergraph Neural Networks (188 
, and Superhypergraph Neural Networks [118] be formalized into theorems and proven? 
Additionally, is it possible to combine them to develop some form of practical applications? 


3.14 Introduction to Other Known Superhypergraph Classes 


Several other classes of superhypergraphs are already known. To facilitate the future development of research 
in superhypergraphs, we present the definitions of these classes below for reference. These can be seen as 
extensions of analogous concepts in hypergraphs. 


3.14.1 Directed Superhypergraph and Bidirected Superhypergraph 


A Directed Graph is a graph in which orientations are assigned to edges in a standard graph (5)[130). Similarly, 
in the context of hypergraphs, Directed Hypergraphs are well-studied structures (123). A Directed Superhy- 
pergraph is an extension of this concept, assigning orientations to the edges of a Superhypergraph. The formal 
definition is provided below [120]. 


Definition 3.90 (Directed n-SuperHyperGraph). [120] A Directed n-SuperHyperGraph is defined as a tuple: 
H=(V,E), 


where: 


° V CP" (Vo) is the set of supervertices, where Vo is a finite set of base vertices and P”(Vo) represents 
the n-th iterated power set of Vo. 


* EC {(T,H)|T,H € V} is the set of directed superhyperedges, where each e = (T, H) satisfies: 


— T CV: the tail set, representing source supervertices. 


— H CV: the head set, representing target supervertices. 


A directed superhyperedge e = (T, H) generalizes the concept of edges in directed graphs and hypergraphs, 
allowing connections between multiple source and target supervertices. 


Question 3.91. Can the superhypergraph classes introduced in this paper be extended to Directed Superhy- 
pergraphs? Furthermore, what potential mathematical structures and applications could arise from such an 
extension? 


A mixed graph combines undirected and directed edges, enabling both two-way and one-way connections 
between vertices [108 . This framework has been further generalized to mixed hypergraphs 326], which 
adapt the concept to hypergraphs, with their mathematical characteristics studied extensively. 
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Definition 3.92 (Mixed n-SuperHyperGraph). [120] A Mixed n-SuperHyperGraph is defined as a tuple: 
H = (V,S,E,A), 


where: 


* VC P"(Vo) is the set of supervertices. 
¢ SC P"(Vo) is the set of subsets of supervertices, called supervertex sets. 
¢ E ¢ P(S) is the set of undirected superedges. 


° AC {(Z,z)|ZCS,z€ S$, ZN{z} = O} is the set of directed superedges, where each directed superedge 
a = (Z, z) consists of: 


— Z: the tail set, a non-empty subset of supervertex sets. 


— z: the head, a supervertex set. 


Mixed superhypergraphs combine undirected and directed edges, allowing flexible representation of both 
directional and non-directional relationships. 


The idea of a bidirected graph has gained attention in recent years. To expand on this, we outline 
the definitions of bidirected hypergraphs and bidirected superhypergraphs, which extend the principles of 
bidirected graphs. 


Definition 3.93 (Bidirected n-SuperHyperGraph). [120] A Bidirected n-SuperHyperGraph is defined as a 
triple: 
H =(V,E,T), 


where: 


* VC P"(Vo) is the set of supervertices. 
* E CP(V) is the set of superedges. 


* t: VXE — {-1,0, 1} is the bidirection function, assigning orientations to the incidence of supervertices 
and superedges: 


— T(v,e) = 1: Superedge e is directed toward supervertex v. 
— T(v,e) =—1: Superedge e is directed away from supervertex v. 


— t(v,e) =0: Supervertex v is not incident to superedge e. 


This structure allows independent orientations for each supervertex with respect to each incident superedge, 
generalizing the concept of bidirectionality in graphs. 


3.14.2 Multi-Superhypergraph and Pseudo-Superhypergraph 


A notable type of graph is the multigraph, characterized by its allowance for multiple edges (often called 


parallel edges) connecting the same pair of vertices . This concept is further extended to 
hypergraphs, resulting in the multi-hypergraph, which permits the existence of parallel hyperedges. Both 
multigraphs and multi-hypergraphs are widely utilized across various fields, including the study of neural 


networks . This idea has been extended to superhypergraphs, leading to the concept 
of the multi-superhypergraph, which was defined in [120]. The formal definition is provided below. 


Definition 3.94 (Multi-n-SuperHyperGraph). [120] A Multi-n-SuperHyperGraph is defined as a triple: 
H=(V,S,E), 


where: 
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« VCP" (Vo) is a finite set of supervertices, where Vo is a finite set of base vertices and P” (Vo) represents 
the n-th iterated power set of Vo. 


¢ S is a multiset of non-empty subsets of V, called multi-supervertices. Each multi-supervertex s € S 
satisfies s C V, and multiple occurrences of the same subset s are permitted in S. 


¢ F isa multiset of non-empty subsets of S, called multi-superedges. Each multi-superedge e € E satisfies 
e C S, and multiple occurrences of the same subset e are permitted in F. 


This structure extends the n-SuperHyperGraph by allowing repeated subsets within the sets of supervertices 
and superedges, enabling richer modeling of relationships and connections. 


A pseudograph is a graph variant that permits both parallel edges and self-loops, where an edge connects a 
vertex to itself [24/48]204]. This flexibility allows for the depiction of more intricate relationships and complex 
network structures compared to traditional graph models (334353). By extending this concept to hypergraphs, 
a pseudo-hypergraph is introduced, enabling the representation of even more sophisticated connections and 
interactions (18][51) 217. Building on these advancements, the notion of a pseudo-superhypergraph, which 
generalizes the pseudo-hypergraph to superhypergraphs, has been defined in [120]. The formal definition is 
provided below. 


Definition 3.95 (Pseudo-n-SuperHyperGraph). [120] A Pseudo-n-SuperHyperGraph is defined as a triple: 
H=(V,S,E), 


where: 


« VCP" (Vo) is a finite set of supervertices, where Vo is a finite set of base vertices and P” (Vo) represents 
the n-th iterated power set of Vo. 


¢ S is a multiset of elements from V, called pseudo-supervertices. Each pseudo-supervertex s € S isa 
multiset of supervertices from V, allowing: 


— Repetition of the same supervertex within a pseudo-supervertex s. 


— Repetition of the same pseudo-supervertex across S. 


¢ Lisa multiset of elements from S, called pseudo-superedges. Each pseudo-superedge e € E is a multiset 
of pseudo-supervertices from S, allowing: 


— Repetition of the same pseudo-supervertex within a pseudo-superedge e. 
— Repetition of the same pseudo-superedge across E. 


This structure generalizes the n-SuperHyperGraph by incorporating multisets, enabling repeated elements at 
multiple levels of the hierarchy. 


3.14.3. Dynamic Superhypergraph 


In fields such as Neural Networks, dynamic graph concepts like Dynamic Graphs [26 and Dynamic 


Hypergraphs |189| 375] are well-known. Extending these concepts to superhypergraphs, the Dynamic 
Superhypergraph has also been introduced [118]. The definition is presented below. 


Definition 3.96. j118) A Dynamic SuperHypergraph is a sequence of n-SuperHyperGraphs {H“ = (V, EO WE 0 
where each layer / represents a SuperHyperGraph at a specific time or iteration, and: 


« V Cc P"(Vo) is the set of supervertices at layer /, where Vo is the base set of vertices, and P”(Vo) is 
the n-th iterated power set of Vo. 


+ E\) © P"(Vp) is the set of superedges at layer J. 


The evolution of the SuperHyperGraph from layer / to / + 1 may depend on the features or embeddings of the 
supervertices at layer /. 


Question 3.97. Inspired by the concept of HyperStorylines in Dynamic Hypergraphs, is it possible to explore 
the application of SuperHyperStorylines within Dynamic Superhypergraphs? 
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3.14.4 Quasi superhypergraph 


A Quasi-SuperHyperGraph is a graph that is almost a Quasi-SuperHyperGraph [150]. The formal definition is 
provided below. 


Definition 3.98 (Quasi-n-SuperHyperGraph). A Quasi-n-SuperHyperGraph is a triple: 
H =(V,S,®), 
where: 
° VC P"(Vo) is a set of supervertices, where Vo is a finite base set, and P” (Vo) represents its n-th iterated 
power set. 
© S= {Si}5, C P(V) is a family of subsets of V, called super-supervertices. 


° = {y,,; | i # j} is a set of mappings y;,; : S; — S;, called quasi-superedges, representing directed 
connections between super-supervertices. 


3.14.5 Superhypertree 


A Superhypertree is the tree version of a Superhypergraph. In recent years, the graph width parameter known 
as Superhypertree-width has also been defined and studied. The formal definition is provided below [112]. 


Definition 3.99 (n-SuperHyperTree). [112|/131] An n-SuperHyperTree is an n-SuperHyperGraph SHT = 
(V, E) satisfying the following conditions: 
1. Host Tree Condition: There exists a tree T = (Vr, E7), called the host tree, such that: 


¢ The vertex set of T is Vr = V. 


e Each superedge e € E corresponds to a connected subtree of T. 
2. Acyclicity Condition: The host tree T is acyclic, ensuring that SHT does not contain cycles. 


3. Connectedness Condition: For any v,w € V, there exists a sequence of superedges e1,e2,...,ex € E 
such that: 
vee, weez, and e;Nesx, #0 forl <i<k. 


3.15 General Plithogenic n-SuperHyperGraph 


The concept of a Plithogenic Graph [106] serves as a generalization of various 
types of graphs, including Fuzzy Graphs [33} 135]1190]243]2521277] 324|[344], Neutrosophic Graphs 
[165|{186]/284], Vague Graphs [8}/9|/43}:45||271|/272)|286], Intuitionistic Fuzzy Graphs 
6) 173 , and Pentapartitioned Neutrosophic Graphs [79| . It is particularly known for 
its flexibility in handling uncertainty by allowing a customizable number of parameters to represent various 
degrees of vagueness and ambiguity. The General Plithogenic Graph is an extended framework that relaxes the 
constraints of a Plithogenic Graph, thereby offering a more versatile graph structure (111|[250}. The General 
Plithogenic n-SuperHyperGraph is a further extension, applying the principles of the General Plithogenic Graph 
to the domain of SuperHyperGraphs, thus combining the hierarchical structure of n-SuperHyperGraphs with 


the flexibility of Plithogenic Graphs |107| : 


Definition 3.100 (General Plithogenic n-SuperHyperGraph). [107] Let Vo be a finite set of base vertices. 
Define the n-th iterated power set of Vo recursively as: 


P°'(Vo) = Vo, P*(Vo) = P(P*(Vo)), 
where P(A) denotes the power set of the set A. 


A General Plithogenic n-SuperHyperGraph is an octuple: 
HGP ~ (V,E, Ay, Ag, DAFy, DAFg, DCFy, DCF), 


with the following conditions: 
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* V C P"(Vo) is the set of supervertices, where each supervertex is an element of the n-th iterated power 
set of Vo. Thus, a supervertex can be: 
— Asingle vertex v € Vo, 
— A subset of Vo, 
— A subset of subsets of Vo, up to 7 levels, i.e., v € P” (Vo), 
— An indeterminate or fuzzy set (cf. (360}), 
— The null set @. 


E CP" (Vo) is the set of superedges, where each superedge is also an element of P” (Vo). Each superedge 
connects supervertices potentially at multiple hierarchical levels up to n. 


Ay is a finite set of attributes associated with the supervertices. 


Ag is a finite set of attributes associated with the superedges. 


DAFy : V x Ay — [0, 1]* is the Degree of Appurtenance Function for supervertices, assigning to each 
pair (v, avy), with v € V and ay € Ay, a membership degree in [0, 1]°. 


DAFg : E xX Ag — [0,1]* is the Degree of Appurtenance Function for superedges, assigning to each 
pair (e, az), with e € E and ag € Ag, a membership degree in [0, 1]°. 


DCFy : Ay x Ay — [0, 1]’ is the Degree of Contradiction Function for vertex attributes, satisfying: 


DCFy(a,a)=0, DCFy(a,b) =DCFy(b,a), Va,b € Ay. 


DCF¢ : Ag X Ag = [0, 1]’ is the Degree of Contradiction Function for edge attributes, satisfying: 


DCFe(a,a)=0, DCFg(a,b) =DCFg(b,a), Va,b € Ap. 


The degrees of appurtenance assigned by DAFy and DAF¢ may be adjusted or interpreted through the DCFy 
and DCF¢ functions, reflecting plithogenic synthesis of attributes, where multiple conditions (attributes) 
combine, potentially with contradictory influences, to determine the final membership degrees of supervertices 
and superedges. 


Example 3.101. (cf. [111]) The following examples illustrate specific cases of General Plithogenic n- 
SuperHyperGraphs: 


When s =f = 1, the G?°S* js called a Plithogenic Fuzzy n-SuperHyperGraph. 


When s = 2,f = 1, the G?@S" jis called a Plithogenic Intuitionistic Fuzzy n-SuperHyperGraph. Also 
the GP°S# is called a Plithogenic Vague n-SuperHyperGraph. 


When s = 3,f = 1, the G?9S" js called a Plithogenic Neutrosophic n-SuperHyperGraph. 


When s = 4,f = 1, the G?°S* is called a Plithogenic Quadripartitioned Neutrosophic n-SuperHyperGraph 


(cf. (169]269]295). 


When s = 5,f = 1, the G?°S* is called a Plithogenic Pentapartitioned Neutrosophic n-SuperHyperGraph 


(ef. (35]80)229)) 


When s = 6,f = 1, the G?°# is called a Plithogenic Hexapartitioned Neutrosophic n-SuperHyperGraph 


(cf. (254). 


When s = 7,t = 1, the G?°S* is called a Plithogenic Heptapartitioned Neutrosophic n-SuperHyperGraph 


(cf. [56]/246}). 


When s = 8,f = 1, the G?°S* is called a Plithogenic Octapartitioned Neutrosophic n-SuperHyperGraph. 


When s = 9,f = 1, the G?°S* is called a Plithogenic Nonapartitioned Neutrosophic n-SuperHyperGraph. 
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4 Discussion: Generalized n-th Powerset (Power Mathematical structure) 


This section briefly introduces the concept of the Generalized n-th Powerset. We believe that this structure can 
be applied not only in graph theory and set theory but also in other fields. It is our hope that further studies 
will explore its applications and implications. Relevant definitions and theorems are provided below. 


Definition 4.1 (Generalized n-th Powerset). Let H be a set or a mathematical structure, and let P(H) denote 
the classical powerset of H. Define the n-th generalized powerset of H, denoted G,,(#), recursively as: 


G\(H) = G(H), 


Gnii(H) =G(G,(H)) forn> 1, 


where G(H) is a generalized powerset operator that incorporates additional constraints, properties, or structures. 
Examples of G(#) include: 


Labeled subsets: G(H) = {(A, €4) | A © H, €4 € L}, where L is a set of labels. 


Weighted subsets (354: G(A) = {(A,wa) | A © H,wa € R}, where weights w, are assigned to 
subsets. 


Soft subsets : Let U be a universe and E a set of parameters. A soft subset over U is a pair (F, A), 
where A C E and F : A > P(U). For each e € A, F(e) € U represents the set of elements satisfying 
parameter e. 


Graph subsets: G(H) = {(G, Vg, Ec) | Vg & V(A), Eg © E(A)}, where G = (Vg, Eg) is a subgraph 
of H. 


Structured subsets: Subsets with internal structures, such as orderings, multisets, or graph-like properties. 
Filtered subsets: Subsets satisfying a predicate P(A), such that G(H) = {A C H | P(A)}. 


Fuzzy subsets : G(A) = {(A, ua) | A © Aya : A — [0,1]}, where w, defines the degree of 
membership for each element in A. 


Rough subsets : Defined in terms of lower and upper approximations, G(H) = {(A, A, A)| AC 
H}, where: 


A= {x € H | P(x) is definitely true}, A = {x € H| P(x) is possibly true}. 


Neutrosophic subsets 2 G(A) = {(A,T4, 14, Fa) | A S A,T4, 14, Fa : A — [0, 1]}, where: 
0 < Ta(x) + JA(x) + Fa(x) $3 forallx € A, 


and T,4(x), I(x), and F(x) represent the degrees of truth, indeterminacy, and falsity, respectively. 


Plithogenic subsets : G(A) = {(A, v, Pv, pdf, pCF) | A © H}, where: 
— vis an attribute. 
— Pv is the range of possible values for v. 
- pdf: Ax Pv — [0, 1]* is the Degree of Appurtenance Function (DAF). 
— pCF : Pvx Pv = [0,1]' is the Degree of Contradiction Function (DCF) satisfying: 


pCF(a,a)=0, pCF(a,b) = pCF(b,a) foralla,be Pv. 


Theorem 4.2. The Generalized n-th Powerset can represent the structure of supervertices and superedges in 
an n-SuperHyperGraph. 
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Proof. Let H = Vo be the base set of vertices in a graph or hypergraph. The n-th powerset P,,(H) recursively 
defines the n-level structure of subsets of Vo, where: 


P\(H) =P(Vo), Po(H)=P(P(Vo)), ..-, Pal H) = P(Pn-1(H)). 
Each level P,() contains subsets that correspond to vertices, supervertices, or higher-level structures. 


Similarly, consider the set E(H) of edges or hyperedges in H. The n-th powerset P,(E(H)) describes the 
hierarchical structure of edges, superedges, and their generalizations. 


By including additional constraints, such as graph structures (Vc, Eg) for each subset, we can construct subsets 
that represent specific subgraphs or induced structures within the n-th powerset hierarchy. 


For example: 


e At n =0, the vertices are elements of Vo and edges are subsets of Vo. 


¢ At n = 1, P(Vo) defines supervertices as subsets of Vo, and P(E(H)) defines superedges as subsets of 
E(A). 


e At n = 2, P(P(Vo)) includes higher-order structures, such as subsets of supervertices, which are 
themselves subsets of Vo. 


Since the n-th generalized powerset incorporates additional structures like labels, weights, and fuzzy member- 
ships, it can represent complex relationships within supervertices and superedges, generalizing their structure. 


Thus, the Generalized n-th Powerset fully encapsulates the hierarchy of supervertices and superedges. oO 


Definition 4.3 (Generalized Non-Empty n-th Powerset). Define the n-th generalized non-empty powerset of 
H, denoted G*,(H), recursively as: 
Gi(H) = G*(H), 

Cha (H) = G* (Gi, (H)), 
where G*(#) is the non-empty subset operator under the generalized powerset G(H), satisfying G*(H) ¢ 
G(H) \ {0}. 
Definition 4.4 (Fuzzy, Neutrosophic, and Plithogenic n-th Powerset). (cf. (309}) Let H bea set or a mathematical 
structure. Define the n-th fuzzy, neutrosophic, and plithogenic powersets of H, denoted F,,(H), N,(H), and 
Pn, (A), respectively, as follows: 


F\(A) = F(A), Frvi(H) = FUFn(A)), 
N\(H) =N(H),  Nn+i(H) = N(Nn(H)), 
Pni(H) = Pn(H),  Prnsi(H) = Pa(Pny(H)). 


Here: 


° F(A) = {(A, pa) | AS Hypa: A [0, 1]}. 

© N(A) = {(A,T4, [4, Fa) | A C A,Ta, 14, Fa: A > [0, 1]}. 

¢ Pn(A) = {(A,v, Pv, pdf, pCF) | A  H}, with attributes and functions as defined above. 
Example 4.5. Let H = {a,b,c}. Define G(H) as the set of labeled subsets: 

G(H) = {(A,€) | A CH, € € L}, 
where L = {”red”, *blue’”’}. The first generalized powerset G1 (H) is given by: 
Gi(H) = {(0, €), ({a}, €), ({5}, €), ({a, 5}, €),--- | & € Lh. 
For higher n, the elements of G,,(H) are labeled subsets of G,_\(H), creating hierarchical structures with 
additional labels. 
Example 4.6. Let H = {a,b,c}. Define F(H) as the set of fuzzy subsets: 
F(H) = {(A, Ha) | AC Ha: A= [0, 1]}. 


For example: 
(A, Ha) = ({a, b}, Ma), Ha(a) = 0.8, Ha(b) = 0.5. 
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5 Future Tasks 


This section outlines the future directions of this research. Building upon the various graph concepts introduced 
earlier, we aim to explore their applications and underlying mathematical structures in greater depth. 


5.1 Adding Conditions of Uncertain Sets to Superhyperconcepts 


We plan to examine how these concepts evolve when incorporating the frameworks of Fuzzy Sets [280|360//366], 
Neutrosophic Sets 30214304|[317], Soft Sets [228} , Hypersoft Sets [109 
314], superhypersoft sets [55||82| 319], Hyperfuzzy sets [114]]132||183|/320], HyperNeutrosophic 
sets (114), and Rough Sets [255; 258]. These extensions will provide valuable insights into the 


theoretical and practical implications of these graph structures. 


5.2 n-Superhyperword and n-Superhyperlanguage 


In this subsection, we define the notions of a hyperlanguage and an n-superhyperlanguage. Intuitively, a 
hyperlanguage generalizes the concept of a language by allowing its elements to be sets of words 
rather than individual words. We then extend this idea hierarchically to n-superhyperlanguages, which are 
based on iterated power sets of the set of words. Although this definition is still in its conceptual stage, it 
is formally presented below. We anticipate that future research will explore the mathematical structures and 
applications of these concepts. 


Definition 5.1 (Hyperword and Hyperlanguage). [38| 273] Let = be a finite alphabet, and let X* denote 
the set of all finite words over . 


1. A hyperword over X is a nonempty subset of X*. In other words, a hyperword is an element of the power set 
P(x"). 


2. A hyperlanguage over = is a set of hyperwords over &. Thus, a hyperlanguage H is a subset of P(=*). 
Formally: 

HCP(X*). 
A hyperlanguage can therefore be viewed as a set of sets of words over =. 


Definition 5.2 (n-Superhyperword and n-Superhyperlanguage). We now generalize this construction to multiple 
levels. Define the iterated power sets as follows: 


P(x) :=r%, PH!(y*) = P(P*(=*)), for all k > 0. 


1. An n-superhyperword over = is an element of P”(=*). In particular: 
P!(x*) = P(d*) consists of hyperwords, 
P?(=x*) = P(P(Z*)) consists of sets of hyperwords, and so forth. 


2. An n-superhyperlanguage over & is a subset of P”(X*). Formally: 
LePe ys: 
Thus, an n-superhyperlanguage is a set of (n— 1)-superhyperwords, generalizing the concept of a hyperlanguage 
to n-th level power sets of words. 
Theorem 5.3. The notion of an n-superhyperlanguage generalizes the notion of a hyperlanguage. In particular: 


A hyperlanguage is precisely a \-superhyperlanguage. 


Proof. By Definition [5.1] a hyperlanguage is a subset of P(=*). Note that P'(Z*) = P(L*). Thus, a 
hyperlanguage H C P(X") is exactly a 1-superhyperlanguage. 


In other words, setting n = 1 in Definition [5.2] recovers the definition of a hyperlanguage. Hence, n- 
superhyperlanguages form a hierarchy of increasingly complex structures, with hyperlanguages occupying 
the first level of this hierarchy. oO 
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5.3. Natural HyperLanguage Processing and n-superhyperlanguage Processing 


Natural Language Processing (NLP) has been extensively studied in various contexts and applications 


In this subsection, we introduce an extension of NLP utilizing the concepts of hyperlanguage and n-superhyperlanguage, 
leading to the frameworks of Natural Hyperlanguage Processing and n-Superhyperlanguage Processing. Since 

these definitions are currently at the conceptual stage, it is anticipated that future studies will explore more 
refined definitions, as well as research and development into methods of implementation and practical applica- 

tions. 


Definition 5.4 (Natural Language Processing (NLP) ). (cf. ) Let = be a finite alphabet representing 
the vocabulary of a natural language, and let &* denote the set of all finite sequences (words) over X. A 
language £ is asubset £C X*. 


An NLP system is a tuple: 
N = (2, L£,P,M,T), 


where: 


1. &: A finite alphabet of symbols. 
2. £¢ X*: The language, defined by some grammar G. 
3. P : L— [0,1]: A probability model assigning probabilities to each w € L: 
P(w) = P(w | @), 
where 6 represents model parameters. 


4. M: £— O: A mapping function that transforms each w € JL into a structured output o € O (e.g., a 
parse tree, a translation). 


5. J :L£x L£—R: A similarity measure between pairs of words or sentences. 


We now define Natural Hyperlanguage Processing, which extends NLP to operate on hyperlanguages rather 
than languages. 


Definition 5.5 (Natural Hyperlanguage Processing (NHP)). Let = be a finite alphabet, and let H# C P(X*) be 
a hyperlanguage (a set of sets of words). 


A Natural Hyperlanguage Processing system is a tuple: 
NEL ~ (3, H, PHL, MHL HL) 


where: 


1. &: A finite alphabet. 
2. H C P(x"): A hyperlanguage. 
3. P#L :H — [0,1]: A probability model assigning probabilities to hyperwords H € H. 


4. M#E : H — O: A mapping function transforming each hyperword H € H into a structured output 
o€O. 


5. THE: HxH —R: A similarity measure defined between pairs of hyperwords. 


We further generalize to n-superhyperlanguages. 
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Definition 5.6 (Natural n-Superhyperlanguage Processing (NnSHP)). Let & be a finite alphabet, and let 
H\”) ¢ P"(d*) be an n-superhyperlanguage. 


A Natural n-Superhyperlanguage Processing system is a tuple: 
N@® = (r,H™ PM MM FM), 


where: 


1. &: A finite alphabet. 

2. H\ ¢ P"(y*): An n-superhyperlanguage. 

3. P\™ :F™ — [0,1]: A probability model assigning probabilities to n-superhyperwords. 
4, M\” :H™ — O: A mapping function from n-superhyperwords to structured outputs. 
5.7” :H™ x H — R: A similarity measure on n-superhyperwords. 


Theorem 5.7. Natural Hyperlanguage Processing (NHP) generalizes Natural Language Processing (NLP). 


Proof. Consider an NHP system N“”" = (2,H,P?4, M¥#4, THE) where H C P(E"). 


If we restrict H so that every hyperword is a singleton set, i.e., for every H € H, H = {w} for some w € X*, 
then there is a bijection between hyperwords in Hf and words in a language £ C &*. 


Under this restriction: 
Hl, withH={whow. 


In this case, N” reduces to: 
Ce", 


which is structurally identical to the NLP definition (2, £,P, M,7). 


Thus, NLP is a special case of NHP, proving that NHP generalizes NLP. oO 


Theorem 5.8. Natural n-Superhyperlanguage Processing (NnSHP) generalizes both NLP and NHP. 


Proof. By definition, an n-superhyperlanguage H\”) C P”(d*), 
For n = 1, we have H“!) c P(d*), which is a hyperlanguage. Thus, an NISHP system: 
NO = (x, HY pO MY gM) 


coincides with an NHP system: 
NHL — (3, H, PHL, MHL HL), 


Hence, NHP is a special case of NnSHP at n = 1. 


From Theorem we know NHP generalizes NLP. Since NnSHP generalizes NHP, it also generalizes NLP. 
Concretely, by setting n = | and then restricting hyperwords to singletons, we recover the NLP scenario. 


Thus, NaSHP includes both NHP and NLP as special cases, proving that NnSHP generalizes both NLP and 
NHP. Oo 
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Chapter 16 
Antihypergeometry, NeutroHypergeometry, and Superhypergeometry 


Takaaki Fujita | * 
' Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. 


Abstract 


Mathematical structures can generally be extended to Hyperstructures and SuperHyperstructures using the 
power set and n-th powerset. A Geometric Neutrosophic Triplet generalizes classical geometric structures, 
representing objects with degrees of truth (7), indeterminacy (J), and falsehood (F) (61). Using this Ge- 
ometric Neutrosophic Triplet, it is possible to define classical structures, neutrostructures, and antistruc- 
tures (61). This paper defines neutrohypergeometry, antihypergeometry, neutro n-superhypergeometry, and 
anti n-superhypergeometry. 


Keywords: Hyperstructure, Superhyperstructure, Antistructure, Antihyperstructure, Neutrostructure 


1 Preliminaries and Definitions 


This section provides an overview of the fundamental concepts and definitions essential for the discussions in 
this paper. 


1.1 Classical Structure, Hyperstructure, and n-Superhyperstructure 


A Classical Structure represents a general mathematical concept, while a Hyperstructure can be defined using 
the power set, and an n-Superhyperstructure can be defined using the n-th powerset (65). Intuitively, the n-th 
powerset is a repeated application of the powerset operation. Relevant definitions and simple examples are 
provided below. 


Definition 1.1 (Set). [40] A set is a collection of distinct, well-defined objects, referred to as elements. For 
any object x, it can be determined whether x is an element of a given set. If x belongs to a set A, this is denoted 
as x € A. Sets are often represented using curly braces. 


Definition 1.2 (Base Set). A base set S is the foundational set from which complex structures such as powersets 
and hyperstructures are derived. It is formally defined as: 


S = {x | x is an element within a specified domain}. 


All elements in constructs like P(S) or P;,($) originate from the elements of S. 


Definition 1.3 (Powerset). The powerset of a set S, denoted P(S), is the collection of all possible 
subsets of S, including both the empty set and S itself. Formally, it is expressed as: 


P(S) ={A| ACS}. 
Definition 1.4 (n-th Powerset). (cf. [16]/19|[22\[53|/65}) 


The n-th powerset of a set H, denoted P,,(#), is defined iteratively, starting with the standard powerset. The 
recursive construction is given by: 


P\(H) = P(A), Pnii(H)=P(Pn(A)), forn> 1. 
Similarly, the n-th non-empty powerset, denoted P} (#), is defined recursively as: 
P\(H) = P*(H), Phy, (H) = P*(P,()). 


Here, P*(H) represents the powerset of H with the empty set removed. 
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To establish a formal foundation for the concepts of Hyperstructures and Superhyperstructures, we present the 
following definitions and propositions. 


Definition 1.5 (Classical Structure). (cf. (53\[65}) A Classical Structure is a mathematical framework defined 
on a non-empty set H, equipped with one or more Classical Operations that satisfy specified Classical Axioms. 
Specifically: 


A Classical Operation is a function of the form: 
#): H” — H, 


where m > | is a positive integer, and H™ denotes the m-fold Cartesian product of H. Common examples 
include addition and multiplication in algebraic structures such as groups, rings, and fields. 


Definition 1.6 (Hyperoperation). (cf. [45]|71}{73]) A hyperoperation is a generalization of a binary operation 
where the result of combining two elements is a set, not a single element. Formally, for a set S, a hyperoperation 
o is defined as: 

o: SxS P(S), 


where P(S) is the powerset of S. 


Definition 1.7 (Hyperstructure). (cf. [19[53|/65]) A Hyperstructure extends the notion of a Classical Structure 
by operating on the powerset of a base set. Formally, it is defined as: 


H = (P(S),°), 


where S is the base set, P(S) is the powerset of S, and o is an operation defined on subsets of P(S). 
Hyperstructures allow for generalized operations that can apply to collections of elements rather than single 
elements. 


Definition 1.8 (SuperHyperOperations). (cf. (65)) Let H be anon-empty set, and let P(H) denote the powerset 
of H. The n-th powerset P” (H) is defined recursively as follows: 


P'(H)=H, P*'(H)=P(P*(H)), fork >0. 


A SuperHyperOperation of order (m,n) is an m-ary operation: 
eens a PEA): 


where P!(H) represents the n-th powerset of H, either excluding or including the empty set, depending on the 
type of operation: 


* Ifthe codomain is P." (H) excluding the empty set, it is called a classical-type (m, n)-SuperHyperOperation. 


¢ Ifthe codomain is P” (H) including the empty set, it is called a Neutrosophic (m, n)-SuperHyperOperation. 


These SuperHyperOperations are higher-order generalizations of hyperoperations, capturing multi-level com- 
plexity through the construction of n-th powersets. 


Definition 1.9 (n-Superhyperstructure). (cf. (531/65}) An n-Superhyperstructure further generalizes a Hyper- 
structure by incorporating the n-th powerset of a base set. It is formally described as: 


SH n = (Pn(S),9), 


where S is the base set, P,,(S) is the n-th powerset of S, and o represents an operation defined on elements 
of P,(S). This iterative framework allows for increasingly hierarchical and complex representations of 
relationships within the base set. 


In addition, related concepts to n-Superhyperstructure include superhypergraphs (18][26][27|/59]/60 , superhy- 
persoft sets [12|/21||44|[58], superhyperneutrosophic sets , and superhyperfunctions [62||64]. 
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1.2 Classical Geometry, NeutroGeometry, and AntiGeometry 


Geometry is the mathematical study of shapes, sizes, spatial properties, and the relationships between points, 
lines, surfaces, and solids (cf. ). As an extension of this classical concept, 
leveraging frameworks such as Neutrosophic Sets [541{57|/67], the notions of Geometric Neutrosophic Triplet, 
NeutroGeometry, and AntiGeometry have been developed (6/29) 66]. Their definitions 
are provided below. 


Definition 1.10 (Geometric Neutrosophic Triplet). Let S' be a geometric space, and let (A) represent a 
classical geometric concept (e.g., axiom, theorem, transformation, or property). The Geometric Neutrosophic 
Triplet is defined as: 


(Concept, NeutroConcept, AntiConcept), 


where: 


* Concept (Classical Geometry): Concept = (A)(1, 0,0), meaning that A is true for all elements of S with 
degrees: 
T=1, 1=0, F=0. 


¢ NeutroConcept (NeutroGeometry): NeutroConcept = (neutA)(7T,/,F), where T,J,F € [0,1] and 
T+1+F < 3, subject to: 
(1,47) € 1(1,0,0),.(0,.0, 1) 5. 


¢ AntiConcept (AntiGeometry): AntiConcept = (antiA)(0,0, 1), meaning that A is false for all elements 
of S with degrees: 
T=0, /=0, F=1. 


Definition 1.11 (Classical Geometry, NeutroGeometry, and AntiGeometry). [61] 


* Classical Geometry: A geometry in which all axioms are classical and 100% true, represented by: 


Concept(1, 0, 0). 


¢ NeutroGeometry: A geometry with at least one NeutroAxiom (partially true, indeterminate, and false) 
and no AntiAxioms. Formally: 


NeutroConcept(T,/,F), whereT >0, 1>0, F >0. 


¢ AntiGeometry: A geometry with at least one AntiAxiom (100% false), represented by: 
AntiConcept(0, 0, 1). 
Example 1.12 (Examples of Classical Geometry). * Euclidean Geometry [14\|36||41||42]: Based on Eu- 


clid’s five postulates, including: 

. A straight line can be drawn between any two points. 
. A finite straight line can be extended indefinitely. 

. Acircle can be drawn with any center and radius. 


. All right angles are equal. 


nF WN 


. Through a point outside a line, exactly one parallel line can be drawn to the given line. 


* Projective Geometry [3\|5\\7|17)35): Focuses on properties invariant under projection, where points and 
lines are the primary objects, and axioms include: 


1. Any two distinct points lie on a unique line. 


2. Any two distinct lines intersect in at least one point. 


* Affine Geometry : Removes the concept of distance and angle while preserving parallelism. 
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Definition 1.13 (Geometric NeutroSophication and AntiSophication). [61] Let S be a classical geometric 
space, and let (A) represent a classical geometric concept (e.g., axiom, theorem, or transformation). The space 
S can be partitioned into three subspaces using NeutroSophication or AntiSophication: 


* Classical Subspace: Denoted by (A), where the concept is totally true: 


Concept(1, 0,0). 


* Neutro Subspace: Denoted by (neutA), where the concept is partially true, indeterminate, and false: 


NeutroConcept(7,/,F), withT,/,F € [0,1], T+/+F <3. 


¢ Anti Subspace: Denoted by (antiA), where the concept is totally false: 


AntiConcept(0, 0, 1). 
The three subspaces may or may not be disjoint, but their union exhausts the entire space S. 


It should be noted, as a supplementary remark, that Non-Euclidean Geometry can be generalized by Neutro- 
Geometry and AntiGeometry (61). Non-Euclidean Geometry studies geometric spaces where Euclid’s fifth 


postulate (parallel postulate) does not hold, including hyperbolic and elliptic geometries (4)9|[10]/49]/68}/69). 


2 Results in this Paper 


In this section, we present the results of this paper, where we extend existing concepts by introducing newly 
defined notions of Hypergeometry and Superhypergeometry. Additionally, we explore their relationships with 
existing concepts. 


2.1 Classical Hypergeometry 


Classical Hypergeometry is an extension of Geometry, utilizing hyperstructures to generalize its concepts and 
properties. 


Definition 2.1 (Classic Hypergeometry). A Classic Hypergeometry is an extension of a classical geometry by 
allowing hyperoperations on geometric objects. Formally, let 


G = (S,A) 


be a classical geometry on a non-empty set S of geometric elements (points, lines, etc.), with A a set of fully 
true axioms. A Classic Hypergeometry is defined as: 


H, =(P(S), * A), 


where 


¢ P(S) is the powerset of S. 


* x: P(S) x P(S) — P(S) is a hyperoperation on the geometric subsets (e.g., combining sets of points 
or lines yields a set of geometric objects). 


¢ A remains a set of classical axioms, each holding 100% true for all elements in P(S). 


Interpretation: In classic hypergeometry, we still assume classical (total) truth of axioms, but we replace 
standard binary operations (e.g., combining two points to get a line) with hyperoperations that output a set of 
geometric objects instead of a single geometric entity. 
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Theorem 2.2 (Classic Hypergeometry generalizes Classical Geometry). If in a Classic Hypergeometry x is 
restricted to singleton outputs for every pair of geometric objects, then the structure collapses to a classical 
geometry. Conversely, any classical geometry can be embedded into a Classic Hypergeometry by interpreting 
its binary operations as degenerate hyperoperations yielding singleton sets. 


Proof. ( <= ) Part: Suppose in * (the hyperoperation) each subset-output is restricted to be a singleton. 
Concretely, for any A, B € P(S), 
*(A,B) = {y(A, B)} Cc P(S), 


where ¢(A, B) is a single geometric object in S$. This is equivalent to a classic binary operation y : P(S) x 
P(S) — F(S) returning unique outputs. Therefore, the system reverts to standard geometry with classical 
operations (like adding or joining points). All axioms remain classical (100% true). 


( => ) Part: Conversely, given a classical geometry G = (S, A) with a standard binary operation ®: SxS > S$ 
(e.g. combining two points yields a line), define a hyperoperation 
*(A, B) = {®(x, y) | x € A, y € B}. 


for any A, B C S. Each classical axiom in G can be interpreted in Hy = (P(S), x, A) without contradiction, 
effectively embedding classical geometry as a degenerate form of hypergeometry. oO 


2.2 Neutro Hypergeometry and Anti Hypergeometry 
NeutroGeometry and AntiGeometry were defined by introducing NeutroAxioms (partially true) or AntiAxioms 
(entirely false). We now extend these ideas to hypergeometry. 


Definition 2.3 (Neutro Hypergeometry). A Neutro Hypergeometry is a hypergeometry that has at least one 
NeutroAxiom and no AntiAxioms. Formally, let 


HN = (P(S), *, Aw); 


where 


* x: P(S) x P(S) — P(S) is a hyperoperation on geometric objects. 
© Ay = {A}, A2,..., Ay} is a set of axioms on P(S), with each A; being: 
— partially true (T > 0), 
— partially indeterminate (I > 0), 
— partially false (F > 0), 
— no axiom is fully false or fully true across the entire space. 
¢ No AntiAxiom is present (no axiom with T = 0,/ =0, F = 1). 


Definition 2.4 (Anti Hypergeometry). An Anti Hypergeometry is a hypergeometry that has at least one 
AntiAxiom, i.e. an axiom 100% false for all elements in the hyperstructure. Let 


Ho =(P(S), 4A), 


where 


* x is a hyperoperation on P(S). 
¢ Adz includes at least one AntiAxiom Aan with T = 0,/ =0, F = 1 across P(S). 


Theorem 2.5 (Neutro Hypergeometry generalizes NeutroGeometry; Anti Hypergeometry generalizes AntiGe- 
ometry). Restricting a Neutro/Anti Hypergeometry to singleton outputs in its hyperoperation collapses it to the 
corresponding NeutroGeometry or AntiGeometry. Conversely, every NeutroGeometry or AntiGeometry can 
be seen as a degenerate form of Neutro/Anti Hypergeometry with singletons. 


Proof. The proof mirrors Theorem [2.2] If each hyperoperation x yields exactly one geometric object rather 
than a subset, the hyperstructure degenerates into a standard structure with partial or anti axioms. This matches 
NeutroGeometry or AntiGeometry. The converse embedding is also direct by interpreting any classical (partial 
or anti) operation as a hyperoperation that returns singleton sets. oO 
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2.3 Classic/Neutro/Anti n-SuperHypergeometry 


To incorporate higher-order powersets, we move from hypergeometry to n-superhypergeometry. Similar to how 
an (m,n)-superhyperoperation extends an m-ary hyperoperation to the n-th powerset, n-superhypergeometry 
generalizes geometric objects to up to n-layered subsets of subsets. 


Definition 2.6 (Classic n-SuperHypergeometry). A Classic n-SuperHypergeometry is a tuple 
SHG n = (Pn(S), 5 Onn) Ass), 


where: 


¢ f,,(S) is the n-th powerset of a base geometric set S (points, lines, etc.). 
2 «(™") +5” _, P,(S) (or sometimes P*(S)) is an (m, n)-superhyperoperation on geometric objects. 
* Aciass is a set of classical geometric axioms, each holding 100% true across all levels of subsets in P, (S). 


Definition 2.7 (Neutro n-SuperHypergeometry and Anti n-SuperHypergeometry). 


¢ Neutro n-SuperHypergeometry: 
SHGH = (Pn(S), x", An), 
where Ay includes at least one NeutroAxiom (partially true/indeterminate/false) and no AntiAxioms. 


¢ Anti n-SuperHypergeometry: 
SHG = (Pn(S), «"", Aa), 


where A, includes at least one AntiAxiom (100% false). 


In both definitions, *”"”) is an (m, n)-superhyperoperation acting on the geometric objects, potentially yielding 
nested subsets up to n-th level. 


Theorem 2.8 (Classic/Neutro/Anti n-SuperHypergeometry generalizes Classic/Neutro/Anti Hypergeometry). 
Ifn = 1 ina Classic/Neutro/Anti n-SuperHypergeometry, the structure reduces to a Classic/Neutro/Anti Hyper- 
geometry. Conversely, any Classic/Neutro/Anti Hypergeometry can be embedded into an n-SuperHypergeometry 
with n > | by restricting the superhyperoperation to the first powerset level. 


Proof. ( <= ) Part: Setting n = 1 forces P)(S) = PS), which yields a hypergeometry structure * : 
P(S) x P(S) — P(S). The classical, neutro, or anti nature of the axioms remains intact but now at the first 
power set level only. 


( => ) Part: Given a Classic/Neutro/Anti Hypergeometry H{, = (P(S), x, A), define 


*(X1,...,;Xm), (interpreted at level n = 1), 


en) (X1,...,Xm) = 


0, (for higher levels or out-of-scope parameters), 


and interpret the axioms in A as the axioms of SHG,,. This embedding does not affect the nature (classical, 
neutro, or anti) of each axiom; it merely upgrades the codomain from P(S) to P;,(S) in a trivial manner for 
n > 1. Thus, the hypergeometry is a special (degenerate) case of the n-superhypergeometry with minimal 
nesting. oO 


Remark 2.9 (Examples of Classic/Neutro/Anti n-SuperHypergeometry). 1. Classic 2-SuperHypergeometry 
(Euclidean Example): Define a base set S of points in the Euclidean plane, let P2(S) = P(P(S)). The 
operation *”-2) might combine subsets of points at up to two levels, reflecting advanced constructions. 
Axioms remain 100% true (e.g., parallel postulate or circle definitions), so it is Classic. 
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2. Neutro 2-SuperHypergeometry (Mixed Spherical/Hyperbolic Example): A geometry that partially satis- 
fies the parallel postulate for certain subsets (degree of truth, or (JT > 0)), partially invalid or ambiguous 
for other subsets (indeterminacy (J > 0)), and partially conflicting for other subsets (falsity (F > 0)). 
The hyperoperation *”"*) might produce lines or surfaces in nested families of subsets, capturing the 
multi-level uncertain geometry. 


3. Anti 3-SuperHypergeometry (Invalid Axiom): Suppose one axiom (e.g., the parallel postulate or a 
projective property) is declared 100% false in certain substructures, forming an AntiAxiom. The 3- 
SuperHyperoperation outputs triple-layer subsets from #3(S), but the entire axiom is globally false, 
producing an AntiGeometry with superhyper layering. 
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Chapter 17 
Superhypergraph Neural Networks and Plithogenic Graph Neural Networks: 
Theoretical Foundations 
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Abstract: Hypergraphs extend traditional graphs by allowing edges to connect multiple nodes, while su- 
perhypergraphs further generalize this concept to represent even more complex relationships. Neural networks, 
inspired by biological systems, are widely used for tasks such as pattern recognition, data classification, and 
prediction. 

Graph Neural Networks (GNNs), a well-established framework, have recently been extended to Hyper- 
graph Neural Networks (HGNNs), with their properties and applications being actively studied. The Plithogenic 
Graph framework enhances graph representations by integrating multi-valued attributes, as well as membership 
and contradiction functions, enabling the detailed modeling of complex relationships. 

In the context of handling uncertainty, concepts such as Fuzzy Graphs and Neutrosophic Graphs have 
gained prominence. It is well established that Plithogenic Graphs serve as a generalization of both Fuzzy Graphs 
and Neutrosophic Graphs. Furthermore, the Fuzzy Graph Neural Network has been proposed and is an active 
area of research. 

This paper establishes the theoretical foundation for the development of SuperHyperGraph Neural Net- 
works (SHGNNs) and Plithogenic Graph Neural Networks, expanding the applicability of neural networks to 
these advanced graph structures. While mathematical generalizations and proofs are presented, future computa- 
tional experiments are anticipated. 


Keywords: hypergraph, superhypergraph, Neural Network, Neutrosophic Graph, Fuzzy Graph 
MSC2010 (Mathematics Subject Classification 2010): 05C65 - Hypergraphs, 05C82 - Graph theory with 
applications, 03E72 - Fuzzy set theory 


1 Introduction 


1.1 Hypergraphs and Superhypergraphs 
Graph theory, a pivotal area of mathematics, focuses on understanding networks composed of vertices 
(nodes) and edges (connections) {100}|102}. These mathematical structures effectively model relationships, de- 
pendencies, and transitions among elements, making them versatile tools across various domains : 
The foundational significance of graph theory has spurred its development and application in numerous 
disciplines, including: 


* Computational Sciences: Graphs are essential in designing circuits and optimizing computational work- 
flows, as highlighted in recent studies on graph-based optimization techniques : 


¢ Chemistry and Biology: Chemical graph theory models molecular structures and interactions F 
while bioinformatics leverages graphs to study protein structures and gene interactions (6/373) i 


¢ Project Management: Graphs are utilized to analyze workflows and dependencies, facilitating efficient 
resource allocation and scheduling in project management frameworks [202| . 


¢ Probabilistic Modeling: Bayesian networks employ graph structures to represent conditional dependen- 


cies among random variables [277| : 


¢ Graph Databases: Modern data storage and retrieval systems increasingly rely on graph databases for 


their ability to model complex relationships effectively : 
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A hypergraph is a generalization of a conventional graph, extending and abstracting concepts from graph 


theory . Hypergraphs have wide-ranging applications across fields such as machine learn- 
ing, biology, social sciences, and graph database analysis, among others (e.g., 


443). From a set-theoretic perspective, a hypergraph can, without risk of misunderstanding, be viewed as the 
powerset of its vertex set. 

The concept of SuperHyperGraph has recently emerged as a more general extension of hypergraphs, 
generating substantial research interest similar to that seen in the study of hypergraphs . Numerous 
investigations have been carried out in this field 343/346) : 

A Superhypergraph is a type of Superhyperstructure. It can be regarded as an extension of the concept 
of an n-th-Power Set(331] applied to graphs. The definitions of Superhyperstructure and n-th Power Set are 
provided below. 


Definition 1.1 (n-th powerset). (cf.[331| ) The n-th powerset of H, denoted P,,(H), is defined recursively 
as: 
P\(H) = P(A), Pnai(H) =P(Pp(H)) forn > 1. 


Similarly, the n-th non-empty powerset of H, denoted P;,(H), is defined as: 
Pi (H) =P*(H), Pi .,(H) = P*(P;,(A)). 
Definition 1.2. (cf. ) A SuperHyperStructure is a mathematical structure defined as a pair: 
S = (P,(H),O), 
where: 
1. P* (A) is the n-th non-empty powerset of H, which excludes the empty set. 


2. O isa set of operations or relations, called SuperHyperOperators, defined on P*(H). 


Example 1.3 (Example of SuperHyperOperators). (cf.[331| ) A binary SuperHyperOperator o can be de- 
fined as: 
o: P*(H) x P¥(H) > P7 (A). 


For example, given two elements A, B € P*(#), their operation under o might be defined as: 


AoB={C|C= f(A, B) for some function f}. 


Other examples of Superhyperstructures include Superhyperalgebras] 197\}198}/212)}213)/221|/299 ee 
; Superhypertopology[348] /349|/358] [407|(422], Rie cir id oe AE 2 ee t 
sets 127) |265|[347|/360], all of which are well-known in this field. Therefore, research on hypergraphs 
and superhypergraphs 1s significant from both mathematical and practical perspectives. 

For reference, the relationships between Superhypergraphs are illustrated in Figure[I] 


1.2 Graph Neural Networks 

This subsection provides an overview of Graph Neural Networks. In recent years, fields such as machine 
learning (cf. (28)[186)273]/304|/405|/419}), artificial intelligence (cf. (5134]321)374)), and big data (cf. 
[200]257}) have gained significant prominence. This paper focuses on neural networks, which play a pivotal role 
in these domains. 

A neural network is a computational model inspired by biological neural systems, designed for tasks 


such as pattern recognition, data classification, and prediction . Building upon this 


foundation, a Graph Neural Network (GNN) extends neural networks to graph structures, enabling the modeling 
of relationships between nodes, edges, and their associated features 
4401447). 

Building on this concept, Hypergraph Neural Networks (HGNNs) extend traditional Graph Neural Net- 
works (GNNs) by leveraging hyperedges to capture higher-order relationships that involve multiple nodes simul- 
taneously . Related concepts include Hypernetworks, which have been studied 
extensively in works such as |76|}167|/225| . Additionally, networks built on directed graphs, such as 
Directed Graph Neural Networks [177 , and those based on mixed graph structures, such as Mixed 
Graph Neural Networks {163}, are also well-known. 

Given the wide range of applications studied in these areas, research into Graph Neural Networks is of 
critical importance. 
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Fig. 1. Some Superhypergraphs Hierarchy. 


1.3 Uncertain graphs 


The concept of fuzzy sets was introduced in 1965 [430]. Fuzzy sets provide a framework for addressing 


uncertainty in the real world and have been applied in various fields, including graph theory, algebra, topology, 
and logic. Furthermore, extensions of fuzzy sets, such as neutrosophic sets , have been developed to 
handle even more complex forms of uncertainty. 


These concepts for handling uncertainty are highly compatible with real-world applications|47|208}235 


. For instance, neutrosophic sets extend fuzzy sets by introducing three membership degrees: 
truth, indeterminacy, and falsity, making them particularly valuable in scenarios with incomplete or conflicting 


information. Applications include: 


Healthcare Decision-Making: Neutrosophic sets assist in evaluating treatment options by balancing effec- 
tiveness (truth), uncertainty (indeterminacy), and risk (falsity) when data is incomplete or contradictory 
196]. 


Social Network Analysis: They model relationships between users, such as trust, suspicion, and disagree- 


ment, in social networks |108| : 


Fault Diagnosis in Engineering: Neutrosophic sets identify faults in mechanical systems by accounting 
for uncertain and conflicting diagnostic evidence (cf. Ds 


Market Analysis: Businesses use them to analyze customer preferences, integrating positive feedback 
(truth), ambiguous responses (indeterminacy), and negative feedback (falsity) ; 


This paper examines various models of uncertain graphs, including Fuzzy, Intuitionistic Fuzzy, Neu- 


trosophic, and Plithogenic Graphs. These models extend classical graph theory by incorporating degrees of 


uncertainty, enabling a more nuanced analysis of ambiguous and complex relationships 
131132). 


Examples of uncertain graph models include the following: 


Fuzzy Graph: A Fuzzy Graph utilizes membership functions to represent uncertainty in vertices and 


edges, enabling more flexible modeling of relationships [8} ; 


Neutrosophic Graph: A Neutrosophic Graph extends Fuzzy Graphs by incorporating truth, indeterminacy, 


and falsity degrees for vertices and edges, offering a richer data representation 


420]. It is well known that Neutrosophic Graphs can generalize Fuzzy Graphs. 
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¢ Plithogenic Graph: The Plithogenic Graph framework models graphs with multi-valued attributes using 
membership and contradiction functions, providing a detailed representation of complex relationships 
. It is widely recognized that Plithogenic Graphs can generalize Neutrosophic Graphs. 


These concepts, including set-based approaches, are applied in decision-making as well as in neural 
networks and machine learning|96|[142)/238}/246]. This highlights the importance of 
studying concepts related to uncertain graphs. 

For reference, the relationships between Uncertain graphs are illustrated in Figure [2|(cf. ). Since 
Figure[2}is a highly simplified diagram, readers are encouraged to refer to the literature, such as , for further 
details if necessary. 


classical graph 
(Crisp Graph) 


fuzziness toa 
vertex and an edge 


fuzzy graph 


Increase the 


uncertainty Generalization 


Intuitionistic Fuzzy 
Graph 


Increase the 
uncertainty 


plithogenic Graphs 


Graph 
Fig. 2. Some Uncertain graphs Hierarchy(cf. ): 


1.4 Our Contribution 

This subsection highlights the key contributions of our work. While Graph Neural Networks (GNNs) 
for hypergraphs have been extensively studied, no previous research has explored the development of GNNs 
tailored to SuperHyperGraphs. 

In this paper, we introduce the SuperHyperGraph Neural Network (SHGNN), a mathematical extension 
of Hypergraph Neural Networks that leverages the unique structural properties of SuperHyperGraphs. Addition- 
ally, we examine uncertain graph neural models, such as Neutrosophic Graph Neural Networks and Plithogenic 
Graph Neural Networks, which address similar challenges. Importantly, we demonstrate that both Neutrosophic 
and Plithogenic Graph Neural Networks serve as mathematical generalizations of Fuzzy Graph Neural Networks. 

This work is theoretical in nature, focusing on establishing the mathematical framework for SHGNNs 
and PGNNs. It does not include computational experiments or practical implementations. Therefore, we hope 
that computational experiments will be conducted in the future by experts and readers alike. For precise defini- 
tions and detailed notations, readers are encouraged to consult the relevant literature, such as (115). 

In this paper, we conduct a theoretical examination of the relationships between Graph Neural Networks, 
as illustrated in Figure [3] This diagram illustrates that the concept at the arrow’s origin is included in (and 
generalized by) the concept at the arrow’s destination. 

Although not directly related to the Graph Neural Networks discussed earlier, this paper also explores 
several extended concepts in hypergraph theory, including Multilevel k-way Hypergraph Partitioning, Superhy- 
pergraph Random Walk, and the Superhypergraph Turan Problem. As these investigations are limited to theo- 
retical considerations, it is hoped that computational experiments and practical validations will be conducted in 
the future as needed. 


2 Preliminaries and Definitions 

In this section, we provide a brief overview of the definitions and notations used throughout this paper. 
While we aim to make the content accessible to readers from various backgrounds, it is not possible to cover 
all relevant details comprehensively. Readers are encouraged to consult the referenced literature for additional 
information as needed. 
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Fig. 3. Hierarchy of Some Neural Networks. This diagram illustrates that the concept at the arrow’s origin is included in (and 
generalized by) the concept at the arrow’s destination. 


2.1 Basic Graph Concepts 
This subsection outlines foundational graph concepts. For a comprehensive understanding of graph 


theory and notations, refer to | 100} . Additionally, when discussing graph theory, basic set theory 
concepts are often used. Readers are encouraged to consult references such as as needed. 


Definition 2.1 (Graph). A graph G is a mathematical structure defined as an ordered pair G = (V, E), 
where: 


¢ V(G): the set of vertices (or nodes), 
* E(G): the set of edges, which represent connections between pairs of vertices. 


Definition 2.2 (Degree). Let G = (V, E) be a graph. The degree of a vertex v € V, denoted deg(v), is the 
number of edges incident to v. For undirected graphs: 


deg(v) = |{e € E| v € e}I. 
In directed graphs: 
* The in-degree deg” (v) is the number of edges directed into v. 
° The out-degree deg* (v) is the number of edges directed out of v. 
Definition 2.3 (Subgraph). A subgraph G’ of a graph G = (V, E) is a graph G’ = (V’, E’) such that: 
eV’ CV, 
© EF’ CEN {{u,v} | u,v € V’}. 


Definition 2.4 (Self-loop in an Undirected Graph). In an undirected graph G = (V, E), a self-loop is an edge 
that connects a vertex to itself. Formally, an edge e € E is a self-loop if e = {v, v} for some v € V. 


Definition 2.5 (Real numbers). (cf. ) The set of real numbers, denoted by R, is defined as the 
unique complete ordered field. It satisfies the following: 


¢ Field Axioms: R forms a field under addition and multiplication. 
¢ Order Axioms: R is totally ordered and compatible with field operations. 


* Completeness Axiom: Every non-empty subset of R that is bounded above has a least upper bound (supre- 
mum). 


Definition 2.6 (Undirected Weighted Graph). (cf.[66| ) An undirected weighted graph G = (V, E,w) is 
a graph where: 
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¢ V is the set of vertices. 
° EC {{u,v} | u,v € V,u # v} is the set of undirected edges. 
* w: E > Rt‘ isa weight function that assigns a non-negative weight to each edge e € E. 


Each edge {u, v} € E represents a bidirectional connection between u and v, and the weight w({u, v}) indicates 
the strength, cost, or capacity of the connection. 


2.2 Basic Definitions of Algorithm Complexity 


This subsection introduces fundamental definitions for analyzing the algorithms described in later sec- 
tions. 


Definition 2.7 (Algorithms). Algorithms are step-by-step, well-defined procedures or rules for solving a 
problem or performing a task, often implemented in computing. 


Definition 2.8 (Time Complexity). (cf. ) The time complexity of an algorithm is the total amount of 
computational time required to execute it, expressed as a function of the input size. Let T(n, m) denote the time 
complexity for inputs of size n and m. The total time complexity is defined as: 


T(n,m) = max{Tstep1 (n,m), Tstep2 (1, M), 0-05 Tstepk (1, m)}, 
where Tstepi(”, m) represents the time complexity of the i-th step of the algorithm. 


Definition 2.9 (Space Complexity). (cf.|283}| ) The space complexity of an algorithm is the total amount of 
memory it requires, expressed as a function of the input size. This includes: 


¢ Input space: memory required for storing the input data, 
¢ Auxiliary space: additional memory for temporary variables and data structures used during computation. 


Formally, the space complexity S(n, m) is: 
S(n,m) = Sinput (7, m) + Sauxiliary (7 m). 


Definition 2.10 (Big-O Notation). (cf. 320]) Big-O notation provides an asymptotic upper bound on the 
growth rate of a function. Let f(m) and g(n) be functions that map non-negative integers to non-negative real 
numbers. We write: 


f(n) € O(g(n)) 


if there exist positive constants c > 0 and ng > 0 such that: 


f(n) <c-g(n), Vn no. 


Readers may refer to the Lecture Notes or the Introduction for additional details as needed (cf. 
). 


2.3 Basic Graph Neural Network Concepts 
Here are several definitions of Graph Neural Networks (GNNs). Readers may refer to the lecture notes 


or the introduction for further details(cf. (3)[94)[111]/205|269]297)[3 16|[324]/415]/440}). 


Definition 2.11. (cf. ) A matrix is a rectangular array of numbers, symbols, or expressions, arranged 
in rows and columns. Formally, an m x n matrix A is defined as: 


ayi a\2 — Gin 

a2\ a22 — 42n 
A= ; > 

Amit m2 °*** G&mn 


where: 
¢ mis the number of rows, 
¢ nis the number of columns, 


* ajj represents the element in the 7-th row and j-th column. 
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Definition 2.12 (Adjacency Matrix). (cf. 451) The adjacency matrix of a graph G = (V,£) with 
vertex set V = {v],v2,...,Vn} and edge set E is ann Xn matrix A = [a;;], defined as: 


1 if (Vi, V7) € E, 
asx 
Wf 0 otherwise. 


Definition 2.13 (Weight matrix). (cf.[276| ) A weight matrix is a matrix used in mathematical and compu- 
tational models, particularly in neural networks, to represent the connection strengths between elements, such 
as nodes in a graph or neurons in a layer. 


Let X € R*4 be the input data matrix, where: 
* nis the number of data points (rows), 
¢ dis the number of features (columns). 
The weight matrix W € R¢xP maps the input space to an output space, where: 
¢ dis the dimension of the input features, 
* p is the dimension of the output space. 


The transformation is expressed as: 
Z = Xw, 


where Z € R’*? is the resulting matrix in the output space. 
In the context of neural networks or graph models, the entries w;; in W represent the weight or strength 
of influence between the 7-th input feature and the j-th output feature. 


Definition 2.14 (Feature Vector). (cf. ) Let O be an object or observation, and let F = {f1, fo,..-, fn} 


be a set of features, where f; : O — Ris a function mapping O to the real numbers R. A feature vector of O is 


defined as: 
x= [fi (O), f2(O), see fn(O)]" € R", 


where n is the number of features, and x is an element of the n-dimensional real vector space R”. 


Definition 2.15 (Dataset). (cf. ) A dataset is a finite set of data points. Formally, it is defined as: 
D= {x; | xj € X,i= 1.2 atecn te 


where x; is the i-th data point in the input space X, and n is the total number of data points. 


Definition 2.16 (Normalization). (cf. ) Normalization is a process of scaling a set of val- 
y [0,1] or 


ues to fit within a specific range, typicall —1,1]. Given a dataset {x1,x9,...,%,}, normalization 
transforms each value x; into a normalized value xy using the formula: 


,_ xX} — min(x) 
? max(x) — min(x)’ 


where: 
* min(x) = min{x1,x2,...,Xy} is the minimum value in the dataset, 
* max(x) = max{x],x2,...,Xn} is the maximum value in the dataset. 


If the range is [—1, 1], the transformation is adjusted as: 


xX; — min(x) 


“i max(x) — min(x) ~ 


Definition 2.17 (Graph Neural Network (GNN)). (cf.[449}|453]) Let G = (V,E) be a graph, where V = 
{v1,v2,..-,Vn} is the set of vertices and E € V x V 1s the set of edges. Each vertex v; € V is associated 
with a feature vector x; € R@, and each edge (v;,v;) € E may optionally have a feature e;; € RK, 


A Graph Neural Network (GNN) computes node representations ni” € R@ at each layer ¢, using the 
graph structure and associated features. 
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Definition 2.18 (Key Components of Graph Neural Network). (cf. ) Several key components of Graph 
Neural Networks are outlined below. 
1. Node Initialization: At the initial layer (t = 0), the node representations are initialized as: 


nO =x;, Wy eV. 


2. Message Passing(cf. ): At each layer f, messages are exchanged between connected nodes. 
The messages received by a node v; from its neighbors are computed as: 


mi? = » dm(h\” hY, €;,), 
vjeN(i) 
where: 
¢ N(i) is the set of neighbors of v;, 
* dm: R¢ x R¢ x RK  R? is the message function. 


3. Node Update: (cf. ) The representation of each node is updated using the received messages: 
nit?) = bu(n?, m{!*)), 


where oy, : R¢ xR? = R¢ is the update function. 
4. Readout Function: For graph-level tasks, a global representation zG is computed by aggregating node 
representations: 


Tr 
2G = br ({h,” |v; € V}), 
where ¢y is the readout function (e.g., summation, averaging, or max-pooling). 
Example 2.19 (Readout Function Examples). (cf. ) A readout function ¢y computes a global repre- 
sentation of a graph by aggregating node representations. Below are some commonly used examples: 


Mean Readout Function: (cf. ) The mean readout function computes the average of all node repre- 


sentations: i 
(T)),. uae (T) 
dr (thy? | vi € V}) vi a, 


where ni?) is the final representation of node v; at the last layer T. 


Max-Pooling Readout Function: — (cf.(27|301) ) The max-pooling readout function selects the maximum 
value for each feature across all node representations: 


br (cn{” [vi € v}) = max ni, 
v,eV : 
where the max operator is applied element-wise to the feature vectors. 


Sum Readout Function:  (cf.|89| ) The sum readout function aggregates all node representations by sum- 


mation: ip 
or ({h} ) | vie V}) = > nf, 
vieV 


This function is particularly useful when the graph size varies, as it preserves the total magnitude of features. 


Definition 2.20 (General Framework). (cf. 453]) The node update rule for all nodes at layer ¢ can be 
expressed in matrix form: 


HOD) = g, (Hn, aw) 
where: 


« H! € R”*4 is the matrix of node representations, 
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¢ A € R”*” is the adjacency matrix, 


* W) are learnable weight matrices. 


Definition 2.21 (Graph Convolutional Network). (cf.[54]80 ) For a Graph Convolutional Network 
(GCN), the propagation rule is: 
HUtD 26 (An Ww") ; 


where: 
« A=D~!/2AD~!/2 is the normalized adjacency matrix, 
¢ A=A+Tis the adjacency matrix with self-loops, 
+ Dis the diagonal degree matrix of A, 
* o is an activation function (e.g., ReLU). 
To understand Graph Convolutional Networks intuitively, consider the following example. 


Example 2.22 (Graph Convolutional Network). Imagine a social network(cf.(319]) where each person (node) 
has an attribute such as their interest in a specific topic (e.g., sports, music, or technology). Edges between nodes 
represent relationships or friendships between people. Each person also has initial attributes (node features), 
such as a score representing their interest in these topics. 

The goal of the GCN is to predict a person’s overall interest profile by combining their own features with 
information from their friends (neighboring nodes). 

At each layer of the GCN: 


1. The node collects information from its neighbors. For example, a sports enthusiast might update their 
profile based on their friends who are also interested in sports. 


2. This information is aggregated using the normalized adjacency matrix A, ensuring that contributions from 
neighbors are weighted appropriately. 


3. The aggregated information is then transformed using a learnable weight matrix W""), and a non-linear 
activation function o is applied to introduce complexity to the model. 


By stacking multiple layers of this process, each node gains a more comprehensive understanding of 
its broader neighborhood in the graph. For instance, after two layers, a person’s profile reflects not only their 
immediate friends’ interests but also those of their friends’ friends. 

This process allows GCNs to effectively learn and propagate information over the graph structure, mak- 
ing them powerful tools for tasks like node classification, graph classification, and link prediction. 


2.4 Hypergraph Concepts 

A hypergraph extends the concept of a traditional ea a allowing edges, called hyperedges, to connect 
any number of vertices, rather than being restricted to pairs[51[140[152}{154] . This flexibility makes hypergraphs 
highly effective for modeling complex relationships in various domains, such as computer science and biology 


(114])148)|195)/294]. The formal definitions are provided below. 


Definition 2.23 (Hypergraph). (51/60) 60] A hypergraph is a pair H = (V(H), E(H)), where: 
¢ V(A) is a nonempty set of vertices. 


¢ E(#) is a set of subsets of V(H), called hyperedges. Each hyperedge e € E(H) can contain one or more 
vertices. 


In this paper, we restrict our discussion to finite hypergraphs. 
Example 2.24 (Hypergraph). Let H = (V(H), E(#)) be a hypergraph with: 

V(A) = {v1,v2,v3, v4}, E(H) = {{v1, vo}, {v2, v3, va}, {vif}. 
Here: 


¢ V(A1) is the set of vertices: vj, v2, V3, V4. 
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¢ E(A) is the set of hyperedges: {v1, v2}, {v2, v3, v4}, and {v1}. 
Proposition 2.25. A hypergraph is a generalized concept of a graph. 


Proof. This is evident. 


Definition 2.26 (subhypergraph). For a hypergraph H = (V(H), E(#)) and a subset X C V(A), the 
subhypergraph induced by X is defined as: 


H[X] = (X, {en X |e € E(A)}). 
Additionally, the hypergraph obtained by removing the vertices in X is denoted as: 
H\ X :=H[V(A) \ X]. 
For further details on hypergraph notation and foundational concepts, refer to (60/90). 


2.5 SuperHyperGraph 
A SuperHyperGraph is an advanced structure extending hypergraphs by allowing vertices and edges to 


be sets. The definition is provided below [340 : 


Definition 2.27 (SuperHyperGraph ). Let Vo be a finite set of base vertices. A SuperHyperGraph 
is an ordered pair H = (V, E), where: 


* V © P(Vo) is a finite set of supervertices, each being a subset of Vo. That is, each supervertex v € V 
satisfies v C Vo. 


¢« E © P(V) is the set of superedges, where each superedge e € E is a subset of V, connecting multiple 
supervertices. 


Example 2.28 (SuperHyperGraph). Let Vo = {x, x2, x3} be the base vertex set. Define the supervertices as: 


V = {{x1, x2}, {x3}, {x}. 


Let the superedges be: 
E = {{{x1,x2}, {x3}}, {fxr}, fxs} }}- 


Here: 
¢ V contains subsets of Vo: {x1, x2}, {x3}, {27}. 
¢ E contains relationships among these supervertices: {{x ,,x2}, {x3}} and {{x1}, {x3}}. 


This SuperHypergraph extends the concept of a hypergraph by allowing supervertices (subsets of the 
base vertex set) to participate in superedges. 


Proposition 2.29. A superhypergraph is a generalized concept of a hypergraph. 


Proof. This is evident. 


Proposition 2.30. A superhypergraph is a generalized concept of a graph. 


Proof. This is evident. 


When expressed concretely, including hypergraphs, a superhypergraph can be represented as follows. In 
this way, hypergraphs can be described and generalized using superhypergraphs. 


Definition 2.31 (Expanded Hypergraph of a SuperHyperGraph). Given a SuperHyperGraph H = (V, £), the 
Expanded Hypergraph H’ = (Vo, E’) is defined as follows: 


¢ The vertex set is Vo, the set of base vertices. 
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¢ For each superedge e € E, define the corresponding hyperedge e’ € E’ by 
e’ = UJ Vy, 


where v € V are supervertices in e. Then 


E’ ={e' |ee E}. 


Example 2.32 (Expanded Hypergraph). Consider the SuperHyperGraph H = (V, E) defined as follows: 
¢ The base vertex set is Vo = {x1, x2, x3}. 


¢ The supervertices are: 


V= {{x1,x2}, {x3}, {x1 }}. 


¢ The superedges are: 


E = {{{x1,x2}, {x3}}, {fxr}, fxs} }}- 
The Expanded Hypergraph H’ = (Vo, E’) is constructed as follows: 
¢ The vertex set remains Vo = {x1, x2,x3}, which is the base vertex set. 


¢ For each superedge e € E, the corresponding hyperedge e’ is obtained by taking the union of all super- 


vertices v ine: 
=| Jv. 


vee 
¢ The expanded edge set E’ is: 
= J) v= faa.x2} U £3} = (21,22, 23}, 
ve{{x1,x2},{x3}} 


e= (J v= fxr} U {x3} = fx, x3}. 
ve{{xi},{x3}} 


Thus, the expanded edge set is: 
E’ = {{x1,x2,%3}, {x1,x3}}- 


To summarize: 


¢ The Expanded Hypergraph H’ has the vertex set: 
Vo = {%1,%2, 23}. 


¢ The edge set is: 
E’ = {{x1,x2,%3}, {41,x3}}- 


This construction illustrates how the supervertices and superedges in a SuperHyperGraph are transformed into 
vertices and edges in the corresponding Expanded Hypergraph. 


Theorem 2.33. The Expanded Hypergraph of a SuperHyperGraph generalizes a Hypergraph. 


Proof. Let H = (V, E) be a SuperHyperGraph with V as the set of supervertices, where each supervertex v € V 
is a subset of a base vertex set Vy. Let H’ = (Vo, E’) be the Expanded Hypergraph derived from H, where: 


E’={e' |e’ =|Jv, e€ E}. 


vee 


To prove that the Expanded Hypergraph H’ generalizes a Hypergraph, consider the following cases: 
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Case 1: SuperHyperGraph reduces to a Hypergraph. If each supervertex v € V corresponds to exactly one 
base vertex in Vo, then V = Vo. In this case, each superedge e € E is a subset of Vg, and the expansion rule: 


e'=(Jv 


vee 


yields e’ = e. Therefore, H’ = (Vo, E’) is identical to the original Hypergraph H, showing that the Expanded 
Hypergraph is equivalent to a Hypergraph when H is already a Hypergraph. 


Case 2: General SuperHyperGraph. When H is a general SuperHyperGraph, each supervertex v € V may 
represent a subset of Vo. The expansion process aggregates all base vertices in Vo that are part of the supervertices 
in each superedge e € E. This allows H’ = (Vo, E’) to represent relationships among base vertices in Vo in a 
way that subsumes the structure of a Hypergraph. 

The Expanded Hypergraph H’ retains the flexibility to represent any Hypergraph by treating each vertex 
v € Vasa single base vertex in Vo. Simultaneously, it extends the concept of a Hypergraph by allowing vertices 
in E to represent subsets of base vertices, enabling more complex relational structures. 

Since the Expanded Hypergraph H’ encompasses both the structure of Hypergraphs and the extended 
relational complexity of SuperHyperGraphs, we conclude that the Expanded Hypergraph of a SuperHyperGraph 
generalizes a Hypergraph. 


2.6 HGNN:Hypergraph Neural Network 


The Hypergraph Neural Network is a concept designed to utilize the general Graph Neural Network at a 
higher level, and it has been studied extensively across numerous frameworks and concepts 


. The definitions are provided below. 
Definition 2.34 (Hypergraph Neural Network). [115] Let G = (V, E, W) be a hypergraph, where: 


¢ V={v1,V2,...,Vn} is the set of vertices. 

°« E = {e1,e2,...,@m} is the set of hyperedges, where each hyperedge e; € V connects a subset of vertices. 

¢ W = diag(w1,w2,...,Wm) is a diagonal matrix of hyperedge weights, where w; > 0 represents the 
weight of hyperedge e;. 


The Hypergraph Neural Network (HGNN) is a neural network framework designed for representation 
learning on hypergraphs. It utilizes the hypergraph structure to aggregate features from vertices and their con- 
nections through hyperedges. The key components of HGNN are defined as follows: 


Incidence Matrix The incidence matrix H € R"*” of the hypergraph G is defined as: 


Hee = 1, if vertex v; € e;, 
J 0, otherwise. 


Vertex and Hyperedge Degrees The degree of a vertex v; € V is defined as: 
d(vj) = > Ajj w;- 
ej cE 
The degree of a hyperedge e; € E is defined as: 
6(e;) = > Hijj. 
vieV 


Let Dy € R"*” and Dg € R™*"” be the diagonal matrices of vertex degrees and hyperedge degrees, 
respectively, where: 
(Dy)ii =d(vi), (De);j7 = 5(e;). 


Hypergraph Laplacian _(cf.75|[137}) The hypergraph Laplacian A is defined as: 


-1/2 
V 


-1/2 


= =LzT 
A=I-Dy'"HWD;! HD”, 


where / is the identity matrix. 
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Spectral Convolution on Hypergraph (cf.[38][251}) The convolution operation in HGNN is performed in 
the spectral domain using the hypergraph Laplacian. Given a feature matrix X € R"*4, where each row x; 
represents the feature vector of vertex v;, the output feature matrix Y € R”*° is computed as: 


-1/2 


= =lyT p-1/2 
¥ =o (Dy'?HwD;! HD, "?xe), 


where: 
* o@ is anonlinear activation function (e.g., ReLU). 
* © ec R¢* js the learnable weight matrix. 


Node Classification Task For a node classification task, let X°) be the input feature matrix. A multi-layer 
HGNN can be defined recursively as: 


x0) = ¢ (Dy HWDgH Dy PXO@®), 


where / denotes the layer index, © is the learnable weight matrix for layer /, and X (+1) is the feature matrix 
output at layer /+ 1. 


Output Layer In the final layer, the softmax function is applied to the output features to produce class proba- 
bilities for each node: ; 
Y= softmax(X“), 


where L is the total number of layers and Y € R”*¢ contains the predicted probabilities for c classes. 


Proposition 2.35. A Hypergraph Neural Network can generalize a Classical Graph Neural Network. 


Proof. This is evident from the definitions. 


2.7 Uncertain Graph 

The concept of the Fuzzy Set, introduced approximately half a century ago, has spurred the development 
of various graph theories aimed at modeling uncertainty (430). In this section, we outline definitions for several 
frameworks, including Fuzzy Graphs, Intuitionistic Fuzzy Graphs, Neutrosophic Graphs, and Single-Valued 
Pentapartitioned Neutrosophic Graphs. 

A Fuzzy Graph is frequently analyzed in the context of a Crisp Graph . To provide a foundation, 
we begin by presenting the definition of a Crisp Graph (i227). 


Definition 2.36 (Crisp Graph). (cf.(121)) A Crisp Graph G = (V, E) is defined as follows: 
1. V: Anon-empty finite set of vertices (or nodes). 
2. E © {{u,v} | u,v € Vandu # v}: A set of unordered pairs of vertices, called edges. Each edge is 
associated with exactly two vertices, referred to as its endpoints. An edge is said to connect its endpoints. 
Special Cases 
¢ A graph G with E = 0 is called an edgeless graph. 


Next, we introduce the concepts of Fuzzy Graph, Intuitionistic Fuzzy Graph, Neutrosophic Graph, Hes- 
itant Fuzzy Graph, Quadripartitioned Neutrosophic Graph (QNG), and Single-Valued Pentapartitioned Neutro- 
sophic Graph. Readers are encouraged to refer to survey papers (e.g., ) for more detailed information 
if needed. 


Definition 2.37 (Unified Framework for Uncertain Graphs). (cf. (123}) Let G = (V,E) be a classical graph, 
where V is the set of vertices and E is the set of edges. Depending on the type of graph, each vertex v € V and 
edge e € E is associated with membership values to represent various degrees of truth, indeterminacy, falsity, 
and other measures of uncertainty. 


1. Fuzzy Graph (cf. (53) 136]144]/267/279]/300)404)) 


¢ Each vertex v € V is assigned a membership degree o-(v) € [0, 1]. 
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¢ Each edge e = (u,v) € E is assigned a membership degree pu(u, v) € [0, 1]. 


2. Intuitionistic Fuzzy Graph (IFG) (cf. |9| ) 


¢ Each vertex v € V has two values: wa(v) € [0,1] (degree of membership) and v,4(v) € [0,1] 
(degree of non-membership), satisfying wa(v) + v4(v) < 1. 


¢ Each edge e = (u,v) € E has two values: wp(u,v) € [0,1] and vg(u, v) € [0,1], with wa (u,v) + 
vp(u,v) <1. 


3. Neutrosophic Graph (cf. ) 


¢ Each vertex v € V is associated with a triplet 


o(v) = (or(v), o1(v), oF(V)) 
, where 
or(v), o1(v), or(Y) € [0, 1] 
and o7(v) +o7(v) + oF(y) < 3. 
¢ Each edge e = (u,v) € E is associated with a triplet u(e) = (ur(e), ur(e), ur(e))- 


4. Hesitant Fuzzy Graph (cf. (39|[146][281}/286)|417}) 

¢ Each vertex v € V is assigned a hesitant fuzzy set o(v) € [0, 1]. 

¢ Each edge e = (u,v) € E is assigned a hesitant fuzzy set u(e) € [0, 1]. 
5. Quadripartitioned Neutrosophic Graph (QNG) (cf. [190] 191/1939313/327)) 


¢ Each vertex v € V is associated with a quadripartitioned neutrosophic membership 


o(v) = (a1 (Vv), 02(v), 03(v), o4(v)) 
, where 
(Vv), 02(v), 03(v), 74(7) € [0, 1] 


and 
o\(v) + 09(v) + 03(v) +04(v) < 4 


* Each edge e = (u,v) € E is associated with a quadripartitioned membership 


a(e) = (a1 (e), o2(e), 73(e), o4(e)) 
, satisfying: 
oi(e) < min{o;(u), 71 (v)}, 
o2(e) < min{o2(u), 72(v)}, 
o3(e) < max{o3(u),03(v)}, 
o4(e) < max{o4(u), 74(v)}. 


6. Single-Valued Pentapartitioned Neutrosophic Graph (cf. ) 


¢ Each vertex v € V is assigned a quintuple 


o(v) = (o1(v), 02(), 03(v), 4(Y), o5(V)) 


, where 
cal (vy), o7(v), 03 (v), o4(v), 05 (v) € [0, 1] 


and 
o(v) + 02(v) + 03(v) + o4(v) +. 05(v) <5 


590 


* Each edge e = (u,v) € E is assigned a quintuple 


a(e) = (o1(e), o2(e), 73(e), o4(e), o5(€)) 
, satisfying: 
Oe oi(e) < min{o;(u),o1(v)}, 
o2(e) < min{o(u), 2(v)}, 
o3(e) = max{o3(u),03(v)}, 
o4(e) = max{o4(u),o4(v)}, 
o5(e) = max{o5(u),o5(v)}. 


We provide examples of Fuzzy Graphs and Neutrosophic Graphs applied to real-world scenarios. These 
examples demonstrate how Uncertain Graphs are well-known for their ability to model various phenomena in 


the real world[7[18)64]/160/192|/329). 


Example 2.38 (Fuzzy Graph: Social Network with Varying Friendship Strengths). Consider a social network 
where individuals are connected based on their friendships, with varying strengths (cf. ). This 
can be modeled using a fuzzy graph, where vertices represent individuals, and edges represent friendships with 
varying degrees of strength. 


Definition: Let G = (V, E) be a fuzzy graph where: 
¢ V = {Alice, Bob, Carol, Dave} is the set of individuals. 


« E CV XV represents the friendships between individuals. 


Membership Functions: 


* Vertex Membership Degrees (o(v)): The membership degree of each vertex represents the individual’s 
level of activity or influence in the social network: 


o(Alice) = 0.9 (Highly active user), 
o(Bob) =0.7 (Active user), 
o(Carol) =0.5 (Moderately active user), 


ao (Dave) = 0.3 (Less active user). 


¢ Edge Membership Degrees (t1(u, v)): The membership degree of each edge represents the strength of the 
friendship: 
(Alice, Bob) = 0.8 (Strong friendship), 


(Bob, Carol) = 0.6 (Moderate friendship), 
(Carol, Dave) = 0.4 (Weak friendship), 
(Alice, Dave) = 0.2 (Very weak friendship). 


Alice is highly active in the network, engaging frequently, while Dave is the least active. Alice and Bob 
share a strong friendship, while Carol and Dave have a weak connection. 

This fuzzy graph allows for a nuanced analysis of social networks by modeling the varying strengths of 
relationships and activity levels, aiding in tasks like community detection or recommendation systems (cf.[71| 


). 
Example 2.39 (Neutrosophic Graph: Disease Transmission Network with Uncertainty). In epidemiology, un- 
derstanding the spread of disease through a population is crucial. A neutrosophic graph can model the uncer- 
tainty in infection statuses and transmission probabilities (cf. ye 
Definition: Let G = (V, E) be a neutrosophic graph where: 

¢ V = {Patient1, Patient2, Patient3, Patient4} represents individuals. 


« E CV XV represents potential transmission paths. 
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Membership Functions: 


* Vertex Membership Triplets (o(v) = (o7(v), 07(v), 7F(v))): Each vertex is assigned degrees of truth 
(or), indeterminacy (c7), and falsity (oF): 


o-(Patientl) = (0.9,0.1,0.0) (Highly likely infected), 
o-(Patient2) = (0.5,0.4,0.1) (Uncertain status), 
o-(Patient3) = (0.2,0.3,0.5) (Possibly not infected), 
o-(Patient4) = (0.0,0.1,0.9) (Highly likely not infected). 


¢ Edge Membership Triplets (u(e) = (ur(e), u1(e), uF (e))): Each edge is assigned degrees of truth, 
indeterminacy, and falsity: 


y(Patient1, Patient2) = (0.8,0.1,0.1) (High likelihood of transmission), 
p(Patient2, Patient3) = (0.4,0.4,0.2) (Uncertain transmission), 
p(Patient3, Patient4) = (0.1,0.2,0.7) (Low likelihood of transmission), 
y(Patient1, Patient4) = (0.2,0.3,0.5) (Possible but unlikely transmission). 


Patient! is highly likely infected and may transmit the disease to Patient2. The transmission between 
Patient2 and Patient3 is uncertain. Patient4 is highly unlikely to be infected, with low chances of transmission 
from others. 

Neutrosophic graphs can aid in modeling uncertain infection and transmission dynamics, supporting 
efforts in contact tracing, resource allocation, and risk assessment. 


Proposition 2.40. Neutrosophic graphs can generalize Fuzzy Graphs. 


Proof. This follows directly (cf. ). 


A Plithogenic Graph is a generalized graph based on the concept of a Plithogenic Set. This graph is 
known for its ability to generalize structures such as Fuzzy Graphs and Neutrosophic Graphs described earlier. 
The definition is provided below (338). 


Definition 2.41. Let G = (V,E) be a crisp graph where V is the set of vertices and 
et 0 


ECVxVis thes edges. A Plithogenic Graph PG is defined as: 


PG = (PM, PN) 


where: 


1. Plithogenic Vertex Set PM = (M,1, Ml, adf,aCf): 


¢ M C Vis the set of vertices. 

¢ / is an attribute associated with the vertices. 

¢ M1 is the range of possible attribute values. 

° adf : Mx MI — [0,1]* is the Degree of Appurtenance Function (DAF) for vertices. 
° aCf : MIx MI = [0,1]* is the Degree of Contradiction Function (DCF) for vertices. 


2. Plithogenic Edge Set PN = (N,m, Nm, bdf, bCf): 


°« NC E is the set of edges. 

* mis an attribute associated with the edges. 

¢ Nm is the range of possible attribute values. 

° bdf : Nx Nm — [0,1]* is the Degree of Appurtenance Function (DAF) for edges. 

° bCf : Nmx Nm = [0,1]! is the Degree of Contradiction Function (DCF) for edges. 


The Plithogenic Graph PG must satisfy the following conditions: 
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. Edge Appurtenance Constraint: For all (x, a), (y,b) € M x MI: 


bdf ((xy), (a, b)) < min{adf(x, a), adf(y,b)} 


where xy € N is an edge between vertices x and y, and (a,b) € Nmx Nm are the corresponding attribute 
values. 


. Contradiction Function Constraint: For all (a, b), (c,d) € Nm x Nm: 


bCf ((a,b), (c, d)) < min{aC f(a, c), aC f(b, d)} 


. Reflexivity and Symmetry of Contradiction Functions: 


aC f(a,a) = 0, Va € MI 
aC f(a, b) = aC f(b, a), Va,b€ MI 
bC f(a, a) =0, Va e Nm 
bC f(a, b) = bC f(b, a), Va,b€ Nm 


Example 2.42. (cf. ) The following examples of Plithogenic Graphs are provided. 


When s = t = 1, PG is called a Plithogenic Fuzzy Graphs. 

When s = 2,t = 1, PG is called a Plithogenic Intuitionistic Fuzzy Graphs. 

When s = 3,t = 1, PG is called a Plithogenic Neutrosophic Graphs. 

When s = 4,t = 1, PG is called a Plithogenic quadripartitioned Neutrosophic Graphs (cf.(193[302[327)). 
When s = 5,t = 1, PG is called a Plithogenic pentapartitioned Neutrosophic Graphs (cf. (56][92|[256)). 
When s = 6,¢ = 1, PG is called a Plithogenic hexapartitioned Neutrosophic Graphs (cf.(287)). 

When s = 7,t = 1, PG is called a Plithogenic heptapartitioned Neutrosophic Graphs (cf.(62|271)). 
When s = 8,t = 1, PG is called a Plithogenic octapartitioned Neutrosophic Graphs. 


When s = 9,t = 1, PG is called a Plithogenic nonapartitioned Neutrosophic Graphs. 


2.8 Fuzzy Graph Neural Network (F-GNN) 


In this subsection, we introduce the concept of the Fuzzy Graph Neural Network (F-GNN). A Fuzzy 


Graph Neural Network (F-GNN) is a graph inference model that combines the principles of fuzzy logic and 
graph neural networks (GNNs). It is specifically designed to address fuzzy and uncertain data within graph- 


structured information (cf.[78} 116} ). Below, we present the formal definition of 
F-GNN. 


Definition 2.43. An F-GNN is defined as a quintuple: 


F-GNN = (G, fy, Fe,R8,D), 


where: 


G = (V, E) is a graph where V represents the set of vertices and E' represents the set of edges. 


Fy and Fp are the fuzzification functions for vertices and edges, respectively. These functions map vertex 
and edge attributes to fuzzy membership values: 


Fy :Xy > [0,1)”, Fe: Xz — [0,1], 


where M is the number of fuzzy subsets, and Xy and X¢ denote the attribute spaces for vertices and 
edges. 
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¢ R represents the rule layer, which encodes fuzzy rules of the form: 


N 
IF vertex v; satisfies Fy (v;) THEN D(v;) outputs the prediction, 


i=] 
where D is the defuzzification layer. 


¢ D is the defuzzification function, which aggregates the outputs of the rule layer to produce a crisp output 
for each vertex or edge. 


Definition 2.44. Given an input graph G = (V, E) with vertex features Xy and edge features X¢, F-GNN 
operates as follows: 


1. Fuzzification Layer: Each vertex v € V and edge e € E is fuzzified using membership functions: 
Fv(v) = [m1 (v), H2(v),---,um(v)], Fee) = [i (e), w2(e),---, 4m (e)] - 
2. Rule Layer: A set of fuzzy rules is defined to aggregate neighborhood information. For example: 
IF v € Am AND u € An THEN yg = fe (4%, Xu), 
where Aj, An are fuzzy subsets, x1, x, are vertex features, and f; is a trainable function. 
3. Normalization Layer: The firing strength of each rule is normalized: 
“ rk 
i a 
aj=1 rj 
where r, is the firing strength of the k-th rule. 


4. Defuzzification Layer: The normalized rule outputs are aggregated to produce crisp predictions: 
K 
y= >i Pe: fe(2)- 
k=1 


Definition 2.45. For a multi-layer F-GNN, the /-th layer is defined as: 
H® = o (fo (a), a) +H), 


where: 
« H) is the output of the /-th layer. 
* go is anon-linear activation function (e.g., ReLU). 
¢ Ais the adjacency matrix of the graph. 
¢ fg is a trainable function. 


The final output of the F-GNN is: 
Y = Softmax (Ht) : 


where L is the number of layers in the F-GNN. 
Theorem 2.46. A Fuzzy Graph Neural Network (F-GNN) generalizes a Graph Neural Network (GNN). 


Proof. To prove this, we show that the definition of an F-GNN encompasses the definition of a GNN as a special 
case. 
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1. Graph Structure: Both GNNs and F-GNNs operate on a graph G = (V, E), where V is the set of vertices, 
and E ¢ V x V is the set of edges. While GNNs use crisp edge connections, F-GNNs extend this by assigning 
fuzzy membership values to vertices and edges through the fuzzification functions fy and FF: 


Fy :Xy > (0,1, Fe:Xe > [0,1]™. 


When M = 1 and membership values are restricted to binary {0,1}, the F-GNN reduces to a standard GNN, 
where Fy and Fg represent crisp vertices and edges. 


2. Message Passing: Ina GNN, messages between nodes are exchanged using functions ¢,, and aggregated 
at each node v; as: 
1 
m(*) = yy, dm(hi?, h'”) e;;), 
vjEN(i) 


where N(Z) is the set of neighbors of v;. 
In an F-GNN, the message passing incorporates fuzzy membership values through the rule layer R, 
which defines fuzzy rules such as: 


IF VIE Am AND Vi € An THEN fx (hi, hj, ei;), 


where Ay, and Ay are fuzzy subsets, and f; is a trainable function. If fuzzy subsets Am and An are crisp (e.g., 
Am = An = {1}), the F-GNN reduces to the standard message passing mechanism of a GNN. 


3. Node Updates: In a GNN, node updates are defined as: 
ao = u(ht?,m("*)), 


where ¢,, is a node update function. 
In an F-GNN, node updates are governed by fuzzy rules and defuzzification, aggregating over normalized 
firing strengths: 


K 
y= >) fe: fe(hi), 
k=1 


where 7, is the normalized firing strength of the k-th fuzzy rule. If there is only one rule (K = 1) and no 
fuzzification is applied, the F-GNN node update simplifies to the standard GNN node update. 


4. Generalization: The fuzzification and defuzzification layers in an F-GNN extend the crisp operations of a 
GNN by introducing degrees of membership, enabling the model to handle uncertainty and imprecision. When 
these additional features are disabled (e.g., by setting M = 1 and K = 1), the F-GNN reduces exactly to a GNN. 

Since every operation in a GNN is a special case of the corresponding operation in an F-GNN, we 
conclude that the F-GNN generalizes the GNN. 


3 Result: SuperHypergraph Neural Network 
In this section, we explore the SuperHyperGraph Neural Network. 


3.1 SuperHypergraph Neural Network 

In this subsection, we explore the definition and theoretical framework of the SuperHypergraph Neural 
Network. This concept is a mathematical extension of the Hypergraph Neural Network. It is important to note 
that this study is purely theoretical, with no practical implementation or testing conducted on actual systems. 


Definition 3.1 (SuperHypergraph Neural Network). Let H = (V, E) be a SuperHyperGraph with base vertices 


Vo, and let H’ = (Vo, E’) be its Expanded Hypergraph. Let X € R!VolX¢ be the feature matrix for the base 
vertices. Define: 


. * . Uy . . 
° The incidence matrix H’ € R!Volxl£'! with entries 


6 ifv; Ee’, 
= J 


0, otherwise. 


¢ The diagonal vertex degree matrix Dy € IRIVolxIVol with entries 


|E"| 
(Dy)ii = dv (vi) = » Hi; w(e') 


J= 


where w(e') is the weight of hyperedge e.. 
¢ The diagonal hyperedge degree matrix Dr € RIZ'IXIE"| with entries 


|Vo| 


(De)jj = dE (ej) = > Ajj. 
i=l 


The convolution operation in the SHGNN is defined as 


-1/2 ae 


Y=o(Dy H'WD;' HD xe), 


where: 
° Ye RIMIX¢ is the output feature matrix. 
* We RIE'IXIF'| is the diagonal matrix of hyperedge weights. 
* @ € R@*© is the learnable weight matrix. 
* o is an activation function (e.g., ReLU[44/[234)). 


Theorem 3.2. A SuperHypergraph Neural Network (SHGNN) inherently possesses the structure of a SuperHy- 
perGraph H = (V, E), where: 


1. The vertex set V corresponds to the subsets of the base vertices Vo used in the SHGNN. 


2. The edge set E corresponds to the relationships (superedges) among the supervertices, as encoded in the 
hyperedge-weighted incidence matrix H’. 


Proof. By definition, the SuperHyperGraph vertex set V C P(Vo) consists of subsets of the base vertex set Vo. In 
the SHGNN, the input feature matrix X € R!Yolx4 defines the features associated with each base vertex v; € Vo. 
These features are subsequently aggregated and processed in layers, preserving the subset structure of V. 

The edge set E in a SuperHyperGraph is defined as E € P(V), connecting multiple supervertices. In the 
SHGNN, the relationships between subsets (supervertices) are captured by the hyperedges e € EF, represented 
in the weighted incidence matrix H’. The matrix H’ explicitly encodes whether a base vertex vj € Vo belongs 
to a hyperedge e € E’, thereby maintaining the SuperHyperGraph’s structure. 


The convolution operation in the SHGNN, defined as: 


-1/2 -1/2 


¥ =o (Dy'?H'wo;z'H'D,'?xe), 
propagates and updates features across the graph while preserving the structural relationships encoded in H. 
This operation respects the adjacency relationships among subsets of Vo as defined by the superedges. 

The SHGNN’s architecture, including its vertex and edge representations and layer-wise operations, 
directly corresponds to the mathematical structure of a SuperHyperGraph H = (V, £). Therefore, the SHGNN 


inherently possesses the structure of a SuperHyperGraph. 


Theorem 3.3. The Hypergraph Neural Network (HGNN) is a special case of the SuperHypergraph Neural 
Network (SHGNN). Specifically, when all supervertices are singleton subsets of Vo, and all superedges connect 
these singleton supervertices, the SHGNN reduces to the HGNN. 
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Proof. Assume that all supervertices are singletons, i.e., 
V = {{vi} | vi € Vo}. 


Then, each superedge e € E connects supervertices that correspond directly to base vertices in Vo. 
For each superedge e € E, the corresponding hyperedge in the Expanded Hypergraph is 


e'=|Jv=(oa=ilv= tii} ee}. 


vee vee 


Thus, the Expanded Hypergraph H’ = (Vo, E’) is identical to the original hypergraph defined over Vo with 
hyperedges E’. 
The convolution operation in SHGNN becomes 


_ -1/2 aig Hae 
Y=o(Dy HWD;'H' Dy x6), 


which is exactly the convolution operation used in the Hypergraph Neural Network (HGNN) . 
Therefore, the SHGNN reduces to the HGNN in this case, demonstrating that SHGNN generalizes 


HGNN. 


Corollary 3.4. The Graph Convolutional Network (GCN) is a special case of the SHGNN when all hyperedges 
connect exactly two vertices. 


Proof. When all hyperedges e. in the Expanded Hypergraph H’ satisfy le’i| = 2, the hypergraph Laplacian 


simplifies to the graph Laplacian. Consequently, the SHGNN convolution operation reduces to the GCN opera- 
tion. 


3.2. Algorithm for SuperHypergraph Neural Network (SHGNN) 
We present a detailed algorithm for implementing the SuperHypergraph Neural Network (SHGNN), 
along with an analysis of its time and space complexity. The algorithm is described below. 
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Algorithm 1: SuperHypergraph Neural Network Convolution 


Input: 
¢ SuperHyperGraph H = (V, E) with base vertices Vg (where |Vo| = 7); 


¢ Feature matrix X « R"*4; 


¢ Hyperedge weights w(e') for each hyperedge e" € E’; 


* Weight matrix @ « R?*°; 
¢ Activation function o. 


Output: Output feature matrix Y € R"*° 


1. Expand SuperHyperGraph to obtain Expanded Hypergraph H’ = (Vo, E’); 
foreach superedge e € E do 

e’—Useev;// Expand to base vertices 

Add e’ to E’; 


end 


2. Construct incidence matrix H’ € R"*™, where m = |E’|; 
Initialize H’ as a sparse zero matrix; 
for j — 1 tomdo 

foreach vertex v; € e, do 


12 end 


13 3. Compute vertex degrees Dy; 
4 fori — 1 tondo 

, 7»). 
dy (vi) = Lint Ai, ; w(e'); 
(Dy)it — dy(vi); 


17 end 


18 4. Compute hyperedge degrees DE; 
19 for 7 — 1 tom do 
de(e,) — I, Hh; 


(De) jj — dele’); 


22 end 


23 5. Normalize incidence matrix H; 

24 Compute Do ” and DS (diagonal matrices); 
25 foreach non-zero element H;, do 

2 | Ay — (Dy) AE, w(e) - DBD: 
27 end 

28 6. Compute intermediate matrix M; 

29 Compute S — Hp? 


Vv 
30 Compute M+ H-S;// Sparse matrix multiplication 


X;// Sparse matrix multiplication 


31 7. Compute output features Y; 
2 Y-oa(M-@); 
33 return Y; 


Theorem 3.5. Given a SuperHyperGraph H = (V, E), base vertices Vo, feature matrix X, weight matrix ©, and 
activation function o”, the algorithm computes the output feature matrix Y according to the SHGNN convolution 
operation: 

-1/2 


= -1/2 a -—l pT 
¥=o(Dy'?H'woz!H'D, xe), 
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where H’ is the incidence matrix of the Expanded Hypergraph H’ = (Vo, E’), Dy and Dg are the vertex and 
hyperedge degree matrices, and W is the diagonal matrix of hyperedge weights. 


Proof. The algorithm follows the steps required to compute the SHGNN convolution operation: 


1. 


Expansion to H’: The algorithm correctly expands each superedge e € E into a hyperedge e’ € E’ by 
taking the union of all base vertices in the supervertices of e. This ensures that H’ accurately represents 
the Expanded Hypergraph. 


. Construction of H’: By iterating over each hyperedge e’, and setting Hi, = 1 forall v; € e, the incidence 


matrix H’ is correctly constructed. 


. Degree Matrices Dy and Dg: The degrees are computed as per their definitions: 


m n 
dy(vi) = )\ Hi; -wle4), dele’) = )) Hi; 
j=l i=1 


The diagonal matrices Dy and Dg are correctly populated with these degrees. 


. Normalization and Computation of H: The normalized incidence matrix A is computed using the degrees 


and weights, matching the formula: 


7 -1/2 - 
Ay = (Dy )ii - Hi, -w(e',) - (Dz) j7- 


. Convolution Operation: The algorithm computes: 


Y=o (a HD, '?xe) : 


which simplifies to: 
-1/2 
4 


= =1 yr py-1/2 
Y=o(D H'WD;,|H"" Dy, x6), 


as per the SHGNN convolution definition. 


6. Activation Function: The application of o ensures the non-linear transformation is applied to the output. 


SHGNN convolution, ensuring correctness. 


Thus, each step of the algorithm correctly implements the corresponding mathematical operation in the 


Theorem 3.6. Let n = |Vo| be the number of base vertices, m = |\E'| be the number of hyperedges in the 
Expanded Hypergraph, d be the input feature dimension, c be the output feature dimension, and nnz(H’) be the 
number of non-zero entries in the incidence matrix H’. The time complexity of the algorithm is: 


O(|E|-k-s+nnz(H’)-(d+1)t+n-d-c), 


where k is the average number of supervertices per superedge, and s is the average size of a supervertex. 


Proof. We analyze the time complexity of each step in the algorithm: 


1. 


Expansion to H’: 


¢ For each superedge e € E, the expansion e’ = Ue v involves O(ks) operations, where k is the 
average number of supervertices in e, and s is the average size of a supervertex. 


* Total time for this step: O(|E|-k-s). 


2. Construction of H’: 


¢ For each hyperedge e, we iterate over its vertices vj € e’, and set Ai =1. 


¢ Time complexity: O(nnz(H’)). 


3. Compute Dy: 


¢ For each vertex v;, sum over hyperedges where H ii =1. 
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¢ Time complexity: O(nnz(H’)). 
4. Compute DE: 
¢ For each hyperedge e, sum over vertices where H ii =1. 
¢ Time complexity: O(nnz(H’)). 
5. Normalize H: 
¢ Multiplying diagonal matrices and updating non-zero entries. 
¢ Time complexity: O(nnz(H’)). 
6. Compute S = AOD oe: 


¢ Sparse matrix-vector multiplication. 
* Time complexity: O(nnz(H’) - d). 


7. Compute M = H.-S: 


¢ Sparse matrix-vector multiplication. 
* Time complexity: O(nnz(H’) - da). 


8. Compute Y =a (M -@): 
¢ Dense matrix multiplication: O(n-d-c). 
¢ Activation function application: O(n - c). 
Adding up the time complexities: 
O (\E|-k-s+nnz(H’)-(1+d)+n-d-c). 
Thus, the time complexity of the algorithm is as stated. 
Theorem 3.7. The space complexity of the algorithm is: 
O (nnz(H’)+n-(d+c)+m-d+d-c), 
where n, m, d, c, and nnz(H") are as previously defined. 
Proof. We account for the space used by the algorithm: 
1. Incidence Matrix H’: 


¢ Stored in sparse format. 


¢ Space complexity: O(nnz(H’)). 
2. Degree Matrices Dy and Dg: 


¢ Diagonal matrices. 


* Space complexity: O(n +m). 
3. Feature Matrix X: 

¢ Space complexity: O(n - d). 
4. Weight Matrix ©: 

* Space complexity: O(d-c). 
5. Intermediate Matrices S and M: 


* SER”™*4: O(m-ad). 
* MeR"*4: O(n-d). 


6. Output Matrix Y: 
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* Space complexity: O(n - c). 
Adding up the space complexities: 
O (nnz(H’)+n+m+n-d+m-d+n-c+d-c). 
Simplifying, and noting that n + m is dominated by n - d and m - d, we have: 


O (nnz(H’)+n-(d+c)+m-dtd-c). 


Thus, the space complexity is as stated. 


Theorem 3.8. [f the Expanded Hypergraph H' is sparse, i.e., nnz(H’) = O(n), then the algorithm operates in 
linear time and space with respect to the number of vertices n. 


Proof. When H’ is sparse, nnz(H’) = O(n). Substituting this into the time and space complexities: 
Time Complexity: 
O(\E|-k-stn-(d+1)+n-d-c). 
If |E| - k - s = O(n) (which holds if the average superedge and supervertex sizes are bounded), the total time 
complexity becomes O(n: d-c). 
Space Complexity: 
O(n+n-(d+c)+n-d+d-c)=O(n:(d+c)+d-c). 


Thus, both time and space complexities are linear in n when H’ is sparse and superedge/supervertex 
sizes are bounded. 


3.3. n-SuperHyperGraph Neural Network 
A SuperHyperGraph can be generalized to an n-SuperHyperGraph. This is defined based on the concept 
of the n-th powerset. The formal definition is provided below. 


Definition 3.9 (Power Set). (cf.[97)) Let S be a set. The power set of S, denoted by P(S), is defined as the set 
of all subsets of S, including the empty set and S itself. Formally, we write: 


P(S) ={T|T CS}. 


The power set P(S) contains 2/5! elements, where |S| represents the cardinality of S. This is because each 
element of S can either be included in or excluded from each subset. 


Definition 3.10 (n-th PowerSet (Recall)). (cf. 352]) Let H be a set representing a system or structure, 
such as a set of items, a company, an institution, a country, or a region. The n-th PowerSet, denoted as P;,(H), 
describes a hierarchical organization of H into subsystems, sub-subsystems, and so forth. It is defined recursively 
as follows: 


1. Base Case: 
P3(H) i= H. 


2. First-Level PowerSet: 
Pi (H) = P(A), 


where P(H) is the power set of H. 
3. Higher Levels: For n > 2, the n-th PowerSet is defined recursively as: 


Pay = PtP | 2): 


Thus, P;; (H) represents a nested hierarchy, where the power set operation P is applied n times. Formally: 


Pr(H) = P(P(---P(H)-+-)), 


where the power set operation F is repeated n times. 
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Example 3.11 (n-th PowerSet of a Simple Set). Let H = {a, b} be a set. The computation of P;(H) for different 
n is as follows: 


1. Base Case (n = 0): 
Po(H) = H = {a,b}. 


2. First-Level PowerSet (n = 1): 
Pi (H) = P(H) = {0, {a}, {b}, {a, b}}. 
3. Second-Level PowerSet (n = 2): 
P3(H) = P(P(H)) =P ({0, {a}, {b}, {a, b}}). 


The elements of P3 (A) are all subsets of P(H), such as: 
P3(H) = {0, {0}, ({a}}, {Ld}, (La, b}}, (0, {a}},..., {0, {a}, {b}, {a, b}}}. 


4. Third-Level PowerSet (n = 3): 
P3(H) = P(P3(H)). 


The elements of P3 (A) are all subsets of PS (H), forming a higher-order hierarchy. 


This process illustrates how the n-th PowerSet recursively expands the original set H into increasingly 
complex hierarchical structures. 


Theorem 3.12. The n-th power set generalizes the power set. 


Proof. This is evident. 


Definition 3.13 (n-SuperHyperGraph). (cf. ) Let Vo be a finite set of base vertices. Define the n-th iterated 
power set of Vo recursively as: 


PY) =Vo, PH(Vo) =P (PE(Vo)), 
where f(A) denotes the power set of set A. 
An n-SuperHyperGraph is an ordered pair H = (V, E), where: 
* VC P"(Vo) is the set of supervertices, which are elements of the n-th power set of Vo. 
* EC P"(Vo) is the set of superedges, also elements of P" (Vo). 
Each supervertex v € V can be: 
« A single vertex (v € Vo), 
¢ A subset of Vo (v € Vo), 
¢ A subset of subsets of Vo, up to n levels (v € P”(Vo)), 
¢ An indeterminate or fuzzy set(cf.[430}), 
¢ The null set (v = 0). 
Each superedge e € E connects supervertices, potentially at different hierarchical levels up to n. 


Theorem 3.14. An n-SuperHyperGraph can generalize a superhypergraph. 


Proof. This follows directly from the definition. Refer to as needed for further details. 


Corollary 3.15. An n-SuperHyperGraph generalizes both hypergraphs and classical graphs. 


Proof. The result follows directly. 


Theorem 3.16. An n-SuperHyperGraph has a structure based on the n-th PowerSet. 
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Proof. This follows directly from the definition. Refer to as needed for further details. 


Definition 3.17 (Expanded Hypergraph for n-SuperHyperGraph). Given an n-SuperHyperGraph H = (V,£), 
the Expanded Hypergraph H’ = (Vo, E’) is defined as follows: 


¢ The vertex set is Vo, the base vertices. 


¢ For each superedge e € E, the corresponding hyperedge e’ € E’ is defined by recursively expanding all 
elements to base vertices: 
e’ = Expand(e) = UJ Expand(v), 


vee 


where the expansion function Expand is defined recursively: 


{v}, if v € Vo, 
E d(v) = 
apenas) fae Expand(u), if v C P¥(Vo), k <n. 
Theorem 3.18. The Expanded Hypergraph for an n-SuperHyperGraph generalizes the Expanded Hypergraph 
of a SuperHyperGraph. 


Proof. Let H = (V,E) be an n-SuperHyperGraph and H’ = (Vo, E’) its Expanded Hypergraph, where Vo 
represents the base vertices. By definition, for each superedge e € E, the corresponding hyperedge e’ € E’ is 
obtained through recursive expansion of all elements in e to base vertices using the function Expand. 

If H is a SuperHyperGraph (i.e., n = 1), each supervertex v € e is either a base vertex or a subset of base 
vertices. Thus, the expansion process simplifies to: 


e'=( Jy, 


which matches the definition of the Expanded Hypergraph for a SuperHyperGraph. 
For n > 1, the recursive nature of Expand allows the expansion of n-nested supervertices into base 
vertices. This generalization accommodates the additional levels of nesting present in n-SuperHyperGraphs, 
ensuring the resulting hyperedges e’ in H’ are consistent with the definition of an Expanded Hypergraph. 
Hence, the definition of the Expanded Hypergraph for n-SuperHyperGraphs subsumes that for Super- 
HyperGraphs, making it a generalization. 


We consider the following network. 


Definition 3.19 (Network for n-SuperHyperGraph). Let X € R!VolX¢ be the feature matrix for base vertices Vo, 
where x; € R@ is the feature vector of vertex v; € Vo. 
Define the incidence matrix H’ € R!Y0IXIE"| of the Expanded Hypergraph H’ by: 


ah i ifv; € ei. 


yy 0, otherwise. 
Define the diagonal vertex degree matrix Dy € RIVoIxIVol and hyperedge degree matrix Dr € RIF'IxIE"] 
by: 
|E"| 
(Dy)ii = dy(vi) = y H;,w(e’), 
j=l 


[Vol 
(De)j; = de(e’) = )) Hi. 
i=1 
Here, w(e') is the weight assigned to hyperedge e’.. 
The convolution operation in the n-SHGNN is defined as: 


-1/2 
V 


- -1yyrt p-1/2 
¥=o(Dy\?H'wo;zH Dy"? x0), 


where: 
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* Y e RIWIX¢ js the output feature matrix. 

* We RIE'IXIF'| is the diagonal matrix of hyperedge weights. 

* @ € R@*© is the learnable weight matrix. 

* o is an activation function (e.g., ReLU[I75)). 
Theorem 3.20. The SuperHyperGraph Neural Network (SHGNN) is a special case of the n-SHGNN when n = 1. 
Proof. When n = 1, the n-SuperHyperGraph reduces to a standard SuperHyperGraph: 

VCP(Vo), ECPIV). 

The expansion operation simplifies to: 


{v}, ifv eV, 


Expand) {! ifv CVo 


Thus, the definitions and algorithms of n-SHGNN coincide with those of SHGNN. Therefore, SHGNN is a 
special case of n-SHGNN when n = 1. 


As algorithms for n-SuperHyperGraphs, the following two algorithms are considered. 


Algorithm 2: Expanded Hypergraph Construction 


Input: An n-SuperHyperGraph H = (V, E) 
Output: Expanded Hypergraph H’ = (Vo, E’) 
1 Initialize E’ = 0; 

2 foreach superedge e € E do 

3 e’ — Expand(e); 

4 Add e’ to E’; 

5 end 

6 return H’ = (Vo, E’); 


Algorithm 3: n-SHGNN Convolution Operation 
Input: 
+ Feature matrix X € RIVoIx¢, 


¢ Expanded Hypergraph H’ = (Vo, E’). 
¢ Hyperedge weight matrix W. 

¢ Learnable weight matrix 0. 

¢ Activation function a. 


Output: Output feature matrix Y € RI Volxc 


1 Compute incidence matrix H’; 
2 Compute degree matrices Dy and Dg; 


3 Normalize matrices: H = Dy? H'wo;!; 
4 Compute Y =o (an D,'xe): 
5 return Y; 
Theorem 3.21. The n-SHGNN convolution algorithm correctly computes the output feature matrix Y as per the 
convolution operation defined for n-SuperHyperGraphs. 
Proof. The algorithm follows the steps of the convolution operation: 
1. Constructs the Expanded Hypergraph H’ by expanding superedges e to base vertices Vo. 


2. Computes the incidence matrix H’ accurately. 
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3. Calculates degree matrices Dy and Dg according to their definitions. 


4. Performs normalization and computes A. 


5. Computes the convolution Y = 7 (au Dy '?xe). 


Each step adheres to the mathematical definitions, ensuring correctness. 


Theorem 3.22. Let N = |Vo|, M = |E|, d be the feature dimension, c be the output dimension, and k be 
the maximum size of expanded hyperedges. The time complexity of the n-SHGNN convolution algorithm is 
O(Mk" + Nac). 


Proof. We examine the complexity of each step in the algorithm. 


¢ Expanded Hypergraph Construction: 
— For each superedge e, Expand(e) may involve up to k” operations. 
— Total time: O(Mk"). 
¢ Incidence Matrix Computation: 
— Time proportional to the number of non-zero entries: O(Nk"). 
¢ Degree Matrices and Normalization: 
— Time: O(N + |E’|). 
* Convolution Computation: 


— Matrix multiplications involving sparse matrices. 
— Time: O(Ndc). 


Total time complexity is dominated by O(Mk" + Ndc). 
Theorem 3.23. The space complexity of the n-SHGNN convolution algorithm is O(Nk" + Nd + Ne). 
Proof. We examine the complexity of each step in the algorithm. 
¢ Incidence Matrix H’: 
— Space: O(Nk"). 
¢ Degree Matrices: 
— Space: O(N + |E’|). 
¢ Feature Matrices: 


— Input X: O(Nd). 
— Output Y: O(Nc). 


Total space complexity is O(Nk”" + Nd + Ne). 
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3.4 Dynamic Superhypergraph Neural Network 

In this subsection, we define the Dynamic Superhypergraph Neural Network, building upon the concept 
of the Dynamic Hypergraph Neural Network (204. A Dynamic Hypergraph Neural Network models evolving 
relationships within hypergraphs, learning from time-varying node and hyperedge interactions to facilitate dy- 


namic data analysis (cf. ). The Dynamic Hypergraph Neural Network can also be 
viewed as an extension of dynamic graph neural networks]118}159 to the domain of hypergraphs. The 


definitions and theorems of related concepts are provided below. 


Definition 3.24 (Dynamic Hypergraph). [204] A Dynamic Hypergraph at layer | is represented as H; = (V, E)), 
where: 


¢ V is the set of vertices corresponding to data samples. 


¢ E, is the set of hyperedges at layer /, dynamically constructed based on the feature embeddings X; of the 
vertices at layer /. 


Hyperedges in £7 are constructed using clustering or nearest-neighbor methods to capture local and global 
relationships among vertices. 


Definition 3.25 (Dynamic Hypergraph Neural Network (DHGNN)). A Dynamic Hypergraph Neural Net- 
work (DHGNN) is a neural network architecture where each layer / consists of: 


¢ Dynamic Hypergraph Construction (DHG): Updates the hypergraph H; = (V, £;) based on the feature 
embeddings X; from the previous layer. 


¢ Hypergraph Convolution (HGC): Performs feature aggregation from vertices to hyperedges and vice versa 
to produce updated embeddings X71. 


The output of the /-th layer is: 
Xi41 = 0 (W)X; + HGC(H;, X))), 


where W; is a learnable weight matrix and o is an activation function. 


Definition 3.26. A Dynamic SuperHypergraph is a sequence of n-SuperHyperGraphs {H O = (vO, BM) ra 0° 
where each layer / represents a SuperHyperGraph at a specific time or iteration, and: 


+ VO Cc PN(Vp) is the set of supervertices at layer /, where Vo is the base set of vertices, and P”(Vo) is 
the n-th iterated power set of Vo. 


« EY Cc P"(Vo) is the set of superedges at layer /. 


The evolution of the SuperHyperGraph from layer / to / + 1 may depend on the features or embeddings 
of the supervertices at layer /. 


Theorem 3.27. A Dynamic SuperHypergraph {HY = (vO, BU generalizes the concept of a SuperHy- 
perGraph H = (V,E), as: 


1. Each static layer H ) is a valid SuperHyperGraph. 


2. The sequence of layers allows for dynamic evolution, which extends the static structure of a single Super- 
HyperGraph to include temporal or iterative dynamics. 


Proof. We prove this theorem in two steps: 
1. Static Layer Correspondence: By definition, each layer H) = (V“), E™) satisfies the properties of 
a SuperHyperGraph: 


© VO) cpn (Vo), ensuring that the vertices are subsets of the n-th iterated power set of the base vertex set 
Vo. 


© ED cpn (Vo), ensuring that the edges connect subsets of vO, 
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Thus, each individual H) is a valid SuperHyperGraph. 

2. Dynamic Evolution: In a Dynamic SuperHypergraph, the evolution from layer / to / + 1 is governed 
by transformations applied to the supervertices or superedges. These transformations can be defined using 
feature propagation, embedding updates, or external conditions. This dynamic evolution introduces a temporal or 
iterative dimension to the SuperHyperGraph structure, which cannot be captured by a static SuperHyperGraph. 

A SuperHyperGraph H = (V, E) can be viewed as a special case of a Dynamic SuperHypergraph where 
all layers H © are identical for J = 0,..., Z, and no evolution occurs between layers. 

The Dynamic SuperHypergraph {H Oy generalizes the static SuperHyperGraph H by adding a layer- 
wise temporal or iterative structure. 


Theorem 3.28. A Dynamic SuperHypergraph generalizes a Dynamic Hypergraph. 


Proof. A Dynamic Hypergraph is a special case of a Dynamic SuperHypergraph when n = 0 or when the 
supervertices are simply the base vertices Vo. 

In a Dynamic Hypergraph, at each layer /, we have a hypergraph H ® = (V,E ), where V is a fixed 
set of vertices, and E“) is the set of hyperedges at layer J. 

In a Dynamic SuperHypergraph, when we set n = 0 and vO = Vo for all /, the supervertices reduce to 
the base vertices, and the structure becomes a sequence of hypergraphs {H = (Vo, E ® )}, which is exactly a 
Dynamic Hypergraph. 

Therefore, Dynamic SuperHypergraphs generalize Dynamic Hypergraphs. 


Definition 3.29 (Dynamic SuperHypergraph Neural Network (DSHGNN)). A Dynamic SuperHypergraph Neu- 
ral Network (DSHGNN) is a neural network where at each layer /, a new SuperHyperGraph H ® = (vO, EO ) 


is constructed based on the feature embeddings X © at that layer. The DSHGNN performs convolution opera- 
tions on these dynamically constructed superhypergraphs. 
Specifically, the output of layer / is given by: 


XCD = 6 (DOP HOW pO OT DO“ xDQ@0), 


where: 
© HY =(V, EM) is the SuperHyperGraph at layer /. 
« H’\) is the incidence matrix of the Expanded Hypergraph H’“!) = (Vo, E’). 
° Dy and pe are the degree matrices at layer /. 


« W) is the diagonal hyperedge weight matrix at layer /. 


« @) is the learnable weight matrix at layer /. 
* o is an activation function. 


Theorem 3.30. A Dynamic SuperHypergraph Neural Network has the structure of a Dynamic SuperHyper- 
graph. 


Proof. In a Dynamic SuperHypergraph Neural Network, at each layer /, a new SuperHyperGraph H M = 
(VE) is constructed based on the embeddings X ©. The network updates the embeddings X 2) by per- 
forming operations that involve the structure of H™). 

Since the sequence of superhypergraphs {H (4 evolves over the layers of the network, and each H © is 
a SuperHyperGraph, the network inherently operates on a Dynamic SuperHypergraph. 

Therefore, the Dynamic SuperHypergraph Neural Network has the structure of a Dynamic SuperHyper- 


graph. 


We present the algorithm for dynamically constructing the superhypergraph at each layer based on the 
current feature embeddings. 
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Algorithm 4: Dynamic SuperHypergraph Construction (DSHC) at Layer / 
Input: 
* Current feature embeddings X ¢€ RIVolxd, 


¢ Parameters: number of supervertices s, supervertex size k, number of superedges f, superedge size m. 


Output: Dynamic SuperHyperGraph H O = (vO, EM), 
1 1. Construct Supervertices; 


2 Perform clustering (e.g., k-means) on X © to obtain s clusters; 
3 For each cluster c;, form a supervertex vj = {v; € Vo | vj belongs to c;}; 


4 Set V&) = {v1,V2,.--,Vsh3 


5 2. Construct Superedges, 
6 Perform higher-level clustering or grouping on supervertices to form ¢ superedges; 


7 For each group g;, form a superedge e; = {v; € vO | v; belongs to g;}; 
s Sct EY = {e1,€2,...,er}3 


9 return H) = (VO, EO), 


Theorem 3.31. The DSHGNN algorithm computes the feature embeddings X (+1) at each layer | correctly 
according to the convolution operation defined for the dynamically constructed superhypergraph H @), 


Proof. The DSHGNN algorithm follows these steps: 


1. Dynamic SuperHypergraph Construction: The algorithm constructs H © pased on XM), ensuring that the 


supervertices V ) and superedges EY capture the relationships inherent in the current feature embed- 
dings. 


2. Expanded Hypergraph Construction: The Expanded Hypergraph 1 a(t) accurately reflects the connections 
between base vertices Vo through the supervertices and superedges in H Y), 


3. Incidence Matrix and Degree Matrices: The incidence matrix H’) and the degree matrices Ds? and 
po are computed correctly as per the definitions. 


4. Convolution Operation: The convolution operation is performed exactly as defined, applying the appro- 
priate normalization and combining the feature embeddings with the learnable parameters 0). 


5. Activation Function: The non-linear activation o is applied to introduce non-linearity. 


Thus, the algorithm correctly implements the DSHGNN convolution operation, ensuring that X (PFI) is 
computed accurately at each layer. 


Theorem 3.32. Let n = |Vo| be the number of base vertices, s be the number of supervertices, t be the number 
of superedges, d be the feature dimension, and c be the output dimension. The time complexity of the DSHGNN 
algorithm at each layer is: 

O (ndk + sdk +tsk +nc), 


where k is the average size of supervertices and superedges. 


Proof. We analyze the time complexity step by step. 


Dynamic SuperHypergraph Construction 
* Clustering to form supervertices: O(nd) (e.g., k-means clustering). 


¢ Forming superedges from supervertices: O(sd) (clustering supervertices). 
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Expanded Hypergraph Construction 


+ For each superedge e, forming e’ = Uyce v: O(k*) per superedge, assuming k is the average size of v 
and e. 


* Total time: O(tsk). 

Convolution Operation 
* Multiplications involving sparse matrices H’\): O(nnz(H’“ )d). 
* Since nnz(H’“)) ~ nk, total time: O(ndk). 


Total Time Complexity Combining the above: 


O (nd + sd + tsk +ndk +nc) = O (ndk + sdk + tsk +nc). 


Assuming s, ¢, and k are much smaller than n, the dominant term is O(ndk). 


Theorem 3.33. The space complexity of the DSHGNN algorithm at each layer is: 


O (na t+sd+ nnz(H’)) + dc) : 


where nnz(H (0) ) is the number of non-zero entries in the incidence matrix H mW), 
Proof. We account for the space used: 

¢ Feature embeddings X and XCD, O(nd). 

¢ Supervertices and their embeddings: O(sd). 

* Incidence matrix H’): O(nnz(H’)). 

* Weight matrices 0): O(dc). 


Total space complexity: 
O (na + sd+nnz(H’) + dc) 


Theorem 3.34. The Dynamic Hypergraph Neural Network (DHGNN) is a special case of the Dynamic Super- 
Hypergraph Neural Network (DSHGNN). Specifically, when all supervertices in DSHGNN are singleton subsets 


of Vo (i.e, Vv € VO y= {v;} for some v; € Vo), the DSHGNN reduces to the DHGNN. 


Proof. When all supervertices are singletons: 


vy) = {{v}, {va},..., {vn }}- 


Each supervertex corresponds directly to a base vertex in Vo. The superedges EF © then connect these 
singleton supervertices, effectively becoming hyperedges over Vo. 
The Expanded Hypergraph H MD has hyperedges e’ formed as: 


e=(Jv=(Jtvi =i li € et. 


vee vee 


Thus, the Expanded Hypergraph H’ ) is identical to the hypergraph used in DHGNN at layer /. 
The convolution operation in DSHGNN becomes: 


XO = 9 (DOO WO DOO TOP xe), 


which matches the convolution operation in DHGNN. 
Therefore, DSHGNN reduces to DHGNN when supervertices are singletons, proving that DSHGNN 
generalizes DHGNN. 
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3.5 Multi-Graph Neural Networks and Their Generalization 

Multi-Graph Neural Networks have been proposed in recent years[42 1]. However, we demonstrate that 
they can be mathematically generalized within the framework of n-SuperHyperGraph Neural Networks. Below, 
we present the relevant definitions and theorems, including related concepts. 


Definition 3.35. (cf. (57) A multi-graph is a generalization of a graph that allows multiple edges, also called 
parallel edges, between the same pair of vertices. Formally, a multi-graph G is defined as: 


G=(V,E,¢), 
where: 
¢ V isa finite set of vertices (nodes). 
¢ E isa finite set of edges. 


*o:E = {{u,v} | u,v € V} is a mapping that associates each edge e € E with an unordered pair of 
vertices u,v € V. For directed multi-graphs, y(e) maps to ordered pairs (u, v). 


Properties 


¢ Parallel Edges: Unlike a simple graph, a multi-graph allows multiple edges between the same pair of 
vertices. 


¢ Loops: Depending on the context, a multi-graph may also allow edges that connect a vertex to itself, 
called loops. 


¢ Representation: Each edge e is distinguished by its unique identity in E, even if it connects the same 
vertices as another edge. 


Theorem 3.36. An n-SuperHyperGraph generalizes a multi-graph. 


Proof. To show that an n-SuperHyperGraph can generalize a multi-graph, we construct a mapping from a multi- 
graph G = (V, E, y) to an n-SuperHyperGraph H = (V’, E’) and demonstrate that the operations and represen- 
tations in G can be captured within H. 
In the multi-graph G, the vertex set is V. In the n-SuperHyperGraph H, let the base vertex set Vo 
correspond directly to V. Thus, each vertex v € V in G is represented as a supervertex v € Vp CP" (Vo) in A. 
Each edge e € E in the multi-graph G is mapped to a superedge e’ € E’ in H. Specifically: 


e’ ={u,v}, where y(e) = {u,v}, andu,v € Vo. 


For parallel edges, each edge e in G is assigned a unique identity and mapped to a distinct superedge in E’. 
Thus, £’ may contain multiple superedges connecting the same pair of vertices, replicating the parallel edge 
property of a multi-graph. 

If G allows loops (edges connecting a vertex to itself), such edges e € E can be mapped to superedges 
e’ = {v, v} in H. This is valid in the n-SuperHyperGraph framework since v € Vo. 

For n > 1, the n-SuperHyperGraph structure provides additional hierarchical levels that are not utilized 
in the basic mapping of a multi-graph. Thus, a multi-graph is a special case of an n-SuperHyperGraph where 
n = | and all supervertices and superedges reside at the base level (P°(Vo) = Vo). 

The construction above demonstrates that the vertex and edge structures of any multi-graph G can be 
faithfully represented within an n-SuperHyperGraph H. Additionally, the n-SuperHyperGraph framework sup- 
ports the generalization to hierarchical and nested structures beyond what is possible in a multi-graph. Therefore, 
n-SuperHyperGraphs generalize multi-graphs. 


Definition 3.37. [421] A Multi-Graph Neural Network (MGNN) is an extension of Graph Neural Networks 
(GNNs) designed to operate on multi-graphs. In a multi-graph, multiple edges (possibly of different types) are 
allowed between the same pair of nodes. This structure enables the modeling of complex relationships in data 
where interactions can occur through various channels or modalities. 

Formally, let G = (V, E,T) be a multi-graph, where: 


¢ V is the set of nodes. 


« ECV xVxXT is the set of edges. 
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¢ T is the set of edge types. 


Each edge e = (u,v,t) € E represents an interaction of type t € T between nodes u and v. 
In an MGNN, the message passing and aggregation functions are adapted to handle multiple edge types. 
The node representation update typically involves aggregating messages over all edge types: 


nit) le ni”. @D am wt (my? ni” ,ef,) . 


eT ye NY 
where: 
. hn’? is the representation of node v at layer ¢. 


° Nt is the set of neighbors of node v connected via edges of type ¢’. 


+ wy is the message function for edge type ¢’. 
¢ ¢ is the node update function. 


¢ @ denotes an aggregation operator (e.g., sum, mean, max). 
+ ef), is the feature of edge (u, v, 1’). 


Theorem 3.38. An n-SuperHyperGraph Neural Network (n-SHGNN) can generalize a Multi-Graph Neural 
Network (MGNN). 


Proof. To prove this theorem, we need to demonstrate that any MGNN can be represented as a special case of 
an n-SHGNN for some appropriate n. 


Mapping the Multi-Graph to an n-SuperHyperGraph Let G = (V, £,7) be a multi-graph, where multiple 
edges of different types can exist between the same pair of nodes. We aim to construct an n-SuperHyperGraph 
H =(V’,E’) such that the MGNN operations on G can be emulated by an n-SHGNN operating on H. 


Construction of the n-SuperHyperGraph 
¢ Base Vertices: Let Vo = V, the original set of nodes in the multi-graph. 


¢ Supervertices: For each edge type t € T, define a supervertex v; at the first level of the power set (n = 1): 


vz = {v € Vo | v participates in at least one edge of type r}. 


* Superedges: For each edge e = (u,v,t) € E, define a superedge e’ connecting the corresponding nodes 
and the supervertex v;: 
e’ = {u,v, vz}. 


By constructing supervertices corresponding to each edge type and connecting them via superedges 
to the nodes involved in edges of that type, we encapsulate the multi-graph’s multiple edge types within the 
n-SuperHyperGraph structure. 

In the n-SHGNN, message passing can proceed as follows: 


* Nodes exchange messages via superedges, which now represent the multi-graph’s edges along with their 
types. 


¢ The supervertex v; serves as a mediator that allows nodes connected by edges of type ¢ to share informa- 
tion specific to that edge type. 


The MGNN’s handling of multiple edge types through type-specific message functions y’ can be repli- 
cated in the n-SHGNN by defining superedges and supervertices that correspond to these types. The hierarchi- 
cal structure of the n-SuperHyperGraph allows for the encapsulation of edge type information within the graph 
topology. 

For more complex multi-graphs or for edge types that have hierarchical relationships, a higher n can be 
chosen to capture the necessary levels of nesting. However, for standard MGNNs, setting n = 1 suffices. 

Since we can construct an n-SuperHyperGraph H such that the MGNN operations on G are equivalent 
to n-SHGNN operations on H, it follows that an n-SHGNN can generalize an MGNN. 
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3.6 Revisiting Definitions for SHGNN 


In this subsection, we revisit several definitions relevant to the SuperHyperGraph Neural Network (SHGNN). 
Specifically, we briefly examine concepts such as the SuperHyperGraph Laplacian, SuperHyperGraph Convolu- 
tion, SuperHyperGraph Clustering, and SuperHyperGraph Degree Centrality. 


3.6.1 SuperHyperGraph Laplacian 


The SuperHyperGraph Laplacian can be specifically defined as follows. We prove that it generalizes the 
HyperGraph Laplacian. For clarity, the Graph Laplacian is a matrix representing a graph’s structure, used to 


analyze connectivity and spectral properties (cf. ). 
Definition 3.39 (HyperGraph Laplacian). (cf.(75}[137| ) Define the incidence matrix H € R”*’" of the hyper- 
graph H by: 
1, ifvj ee; 
H;; =i” u J? 
2 (0 otherwise. 


Define the diagonal vertex degree matrix Dy € R’*" with entries: 


m 
(Dy)ii = dv (vi) = » Ayjw(e;), 
j=l 
where w(e;) is the weight assigned to hyperedge e ;. 
Define the diagonal hyperedge degree matrix De € R'*™ with entries: 


(De) jj = de(ej) = > iy. 


i=] 
The hypergraph Laplacian L € R"*" is defined as: 
L=1-D,'?HwpD;!H" D,, 
where W € R”*’” is the diagonal matrix of hyperedge weights w(e;), and / is the identity matrix. 


Definition 3.40 (SuperHyperGraph Laplacian). To define the Laplacian for a SuperHyperGraph, we construct 
the Expanded Hypergraph H’ = (Vo, E’): 


¢ The vertex set is Vo. 
¢ For each superedge e € E, the corresponding hyperedge e’ € E’ is: 
= UJ v. 
vee 


Define the incidence matrix H’ € R!Volxl£’1. 


" 1, if v; € eb 
H: —— J 
J 0, otherwise. 
Define the diagonal vertex degree matrix Dy € R!Volx!Vol ; 
|E’| 
(Dy)ii = dv (vi) = », H; ,w(e'). 
mn 


J 


Define the diagonal hyperedge degree matrix DE € RIF'IXIE|, 


[Vol 
(Dz)j; = de(e’) = >) Hi. 
i=] 
The SuperHyperGraph Laplacian L € RIVolx!Vol is defined as: 
L=1-D,'?H'WD;!H"'D 


where W is the diagonal matrix of hyperedge weights w(e'). 


-1/2 
V ? 
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Theorem 3.41. The SuperHyperGraph Laplacian L generalizes the hypergraph Laplacian. Specifically, when 
all supervertices are singleton sets (i.e., V = Vo), the SuperHyperGraph Laplacian reduces to the hypergraph 
Laplacian. 


Proof. When V = Vo, each supervertex v € V is a singleton set {v}. Consequently, each superedge e C V 
corresponds directly to a hyperedge in the hypergraph H = (V, E). 
In the Expanded Hypergraph H’, each hyperedge e’ is: 


e=(Jv=[Jiviqe. 


vee vee 


Thus, H’ coincides with the incidence matrix H of the hypergraph. The degree matrices Dy and Dr 
become D,, and D¢ of the hypergraph. 
Therefore, the SuperHyperGraph Laplacian L reduces to: 


-1/2 


L=1-D,'?HwD;!H" D,?, 


which is the hypergraph Laplacian. Hence, the SuperHyperGraph Laplacian generalizes the hypergraph 
Laplacian. 


3.6.2 SuperHyperGraph Convolution 
Define SuperHyperGraph Convolution and examine its relationship with HyperGraph Convolution. For 
clarity, Graph Convolution is an operation aggregating node features and their neighbors’ information, capturing 


graph structure for learning (cf. ). 


Definition 3.42 (HyperGraph Convolution). (cf.[38]/251]) In Hypergraph Neural Networks, the convolution 
operation aggregates information from hyperedges to vertices. 
Given: 


+ Feature matrix X « R™*4¢ , where x; is the feature vector of vertex v;. 
¢ Learnable weight matrix © € Rexc, 


The hypergraph convolution is defined as: 
Veo (p,'?Hw-'H™D,"?xe) 
where o is an activation function (e.g., ReLU). 


Definition 3.43. Let X ¢ R!VolX4 be the feature matrix for the base vertices Vy, where each row x; corresponds 
to the feature vector of vertex v; € Vo. The convolution operation is defined as: 


-1/2 


Y=o(Dy'?H'wo;z!H Dy "?x0), 


where: 
* o is an activation function (e.g., ReLU). 
* @ € R@*¢ is a learnable weight matrix. 


¢ Other matrices are as previously defined. 


Theorem 3.44. The SuperHyperGraph convolution operation generalizes the hypergraph convolution. When 
V = Vo, the SuperHyperGraph convolution reduces to the hypergraph convolution. 


Proof. With V = Vo and H’ = H, the convolution formula becomes: 


fee (o.'?HwD-'H™D,"?xe) 


which is the hypergraph convolution formula. Thus, the SuperHyperGraph convolution generalizes the 
hypergraph convolution. 
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3.6.3 SuperHyperGraph Clustering 
Define SuperHyperGraph Clustering and examine its relationship with HyperGraph Clustering /67}/138} 
. Note that graph clustering partitions a graph into groups of nodes (clusters) such that nodes within 


the same cluster are highly connected : 
Definition 3.45 (Graph Clustering). (cf. ) Let G = (V, E, w) be a weighted graph, where: 


¢ V is the set of vertices, 
« ECV x V is the set of edges, 
* w: E > R' assigns a positive weight to each edge. 
A clustering of the graph G is a partition of the vertex set V into k disjoint subsets: 
C = {C,,Co,..., Ck}, 
such that: 
i ECV, 
2. CNC; =O fori # j. 


Each subset C; is called a cluster. The quality of the clustering is often measured by evaluating the edge weights 
within clusters (intra-cluster similarity) and between clusters (inter-cluster dissimilarity). 


Example 3.46 (Clustering a Simple Graph). Consider the graph G = (V, E, w) with: 
V={A,B,C,D,E}, E={(A,B),(A,C), (B,C), (B,D), (C, E)}, 
and edge weights: 
w(A,B)=1, w(A,C)=2, w(B,C)=2, w(B,D)=1, w(C,E) =3. 


A possible clustering is: 
C, = {A,B,C}, Cy = {D, E}. 


Evaluation: 


¢ Intra-cluster weight (within C, ): 
w(A, B) + w(A,C) + w(B,C) =14+24+2=5. 
¢ Inter-cluster weight (between C, and C2): 
w(B, D)+w(C, EE) =1+3 =4. 


This clustering balances high intra-cluster similarity and low inter-cluster dissimilarity, making it a good 
partition. 


Definition 3.47 (HyperGraph Clustering). (cf.(67||138} ) In hypergraph clustering, the goal is to parti- 


tion the vertex set V into k clusters {C,, C2,..., Cx} that minimize the normalized cut: 
“ cut(Ci, Ci) 
NCut(C) = » ae 
where: 


= cut(Ci,C) = Deeg w(e) OO 


* vol(C;) = dvjeC; dy (vj). 
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Definition 3.48 (SuperHyperGraph clustering). A clustering of a SuperHyperGraph H = (V, E) is a partition 
C = {C,,Co,..., Cx} of the base vertex set Vo, where each cluster C; € Vo. 

The normalized cut criterion for clustering in a SuperHyperGraph is defined using the Laplacian L of 
the Expanded Hypergraph H’. The objective is to minimize: 


k 


NCut(C) = » ie D 
i= 
where: 
* vol(C;) = Lvj;ec; dv(vy), 
* vol(Cj, Cj) = DweGaneay vik 
CG =Vo\C). 


Theorem 3.49. The clustering methods for SuperHyperGraphs generalize those for hypergraphs. In particular, 
spectral clustering using the SuperHyperGraph Laplacian reduces to hypergraph spectral clustering when V = 
Vo. 


Proof. In hypergraph spectral clustering, the Laplacian of the hypergraph is used to compute eigenvectors cor- 
responding to the smallest non-zero eigenvalues, which are then used to partition the vertex set Vg. 
For the SuperHyperGraph, when V = Vo, the Laplacian L becomes the hypergraph Laplacian. Therefore, 
spectral clustering on the SuperHyperGraph reduces to spectral clustering on the hypergraph. 
Hence, clustering methods in SuperHyperGraphs generalize those in hypergraphs. 


3.6.4 Degree Centrality in Superhypergraph 
We discuss the concept of degree centrality in a superhypergraph. Degree centrality measures the im- 
portance of a node in a graph by counting the number of direct connections (edges) it has (cf.[37|/441]). 


Definition 3.50 (degree centrality in hypergraph). In hypergraphs, the degree centrality of a 
vertex v; is: 


m 
C(vi) = dy (vi) = y Ayjw(e;). 
j=l 
Definition 3.51 (degree centrality in superhypergraph). The degree centrality of a base vertex v; € Vo in super- 
hypergraph is defined as: 
|E"| 
C(vi) = dy(vi) = 1 Hi, w(e'). 
j=l 


Theorem 3.52. The degree centrality defined for SuperHyperGraphs generalizes the degree centrality in hyper- 
graphs. Specifically, when V = Vo, the centrality measure reduces to the hypergraph degree centrality. 


Proof. When V = Vo, the degree centrality formula becomes: 


|E| 
Civ) = a Ay; w(e;), 
j=l 


which is the standard degree centrality in hypergraphs. 
Therefore, the SuperHyperGraph centrality measure generalizes the hypergraph centrality measure. 
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3.6.5 n-SuperHyperGraph Attention 

We provide precise mathematical definitions of Hypergraph Attention and extend it to n-SuperHyperGraphs, 
defining the n-SuperHyperGraph Attention mechanism. Note that graph Attention leverages attention mecha- 
nisms to dynamically weigh neighbor nodes, enhancing message-passing efficiency and representation learning 


in graph neural networks (cf.[61}}68) )s 
Definition 3.53 (Hypergraph Attention). [38| In Hypergraph Attention, we introduce 


learnable attention coefficients to the incidence matrix to capture the importance of connections between vertices 
and hyperedges. 
For each vertex v; and hyperedge e;, we compute an attention coefficient a;; defined as: 


exp (o (a™ [x; || w;])) 


7 icc, &xP(F (aT xe Mux) 


where: 
¢ o is anonlinear activation function (e.g., LeakyReLU). 


° a€ R isa learnable weight vector. 

¢ || denotes vector concatenation. 

° x; = x;0 and u' = u;®, where © € R?*4" is a shared weight matrix. 
* uj; is the feature representation of hyperedge e ;, typically defined as: 


w= oy De 


| il VE Ee] 


° &; = {e; € € | Hj; = 1} is the set of hyperedges incident to vertex v;. 


The attention-based incidence matrix H has entries H; j= ij. 
The hypergraph attention convolution operation is then defined as: 


X' = o (D,|AwD;' A" x) 


Definition 3.54 (n-SuperHyperGraph Attention). In n-SuperHyperGraph Attention, we introduce attention co- 
efficients between supervertices and superedges. 


For each base vertex v; € Vg and superedge e’. € 6’, we compute an attention coefficient aj; as: 


exp (o (a™ [x; || u;])) 


wT Sie, xP (0 (a Bai uD)’ 


where: 


* x; is the feature vector of base vertex v;. 


~ 


* uj is the feature representation of superedge e’., defined as an aggregation of features of the elements 


SK 


(which can be supervertices or sets thereof) in e’.. 


_ 


¢ &; is the set of superedges incident to base vertex v;. 


The attention-based incidence matrix H”) has entries ie = Qij- 
The n-SuperHyperGraph attention convolution operation is defined as: 


X'=o0 (Dy A™ woe ATX) , 


Theorem 3.55. The n-SuperHyperGraph Attention mechanism generalizes the Hypergraph Attention mecha- 
nism. Specifically, when n = 1, the n-SuperHyperGraph Attention reduces to the standard Hypergraph Attention. 
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Proof. Consider the case when n = 1. Then: 
P'(Vo) = P(Vo), 


so the supervertices V“) c P(Vp). 

However, to align with the standard hypergraph setting, we consider V ) = Vp, and &()) = {e 7SVol 
e; # O}, which is exactly the set of hyperedges in a standard hypergraph. 

In the attention mechanism, the attention coefficients aj; are computed between vertices v; € Vo and 
hyperedges e; C Vo. 

Thus, when n = 1, the n-SuperHyperGraph Attention reduces to the standard Hypergraph Attention 
mechanism. 

Therefore, the n-SuperHyperGraph Attention generalizes the Hypergraph Attention. 


4 Result: Uncertain Graph Neural Networks 
In this section, we explore uncertain graph networks, including Fuzzy Graph Neural Networks, Neutro- 
sophic Graph Neural Networks, and Plithogenic Graph Neural Networks. 


4.1 Neutrosophic Graph Neural Network (N-GNN) 

In this subsection, we define the concept of the Neutrosophic Graph Neural Network (N-GNN) and 
demonstrate how it generalizes the Fuzzy Graph Neural Network (F-GNN). This framework extends the Fuzzy 
Graph Neural Network by incorporating the structure of Neutrosophic Graphs. The following sections provide 
the formal definitions and related theorems. 


Definition 4.1 (Neutrosophic Graph Neural Network (N-GNN)). A Neutrosophic Graph Neural Network (N- 
GNN) is a graph inference model that integrates neutrosophic logic into the framework of graph neural networks 
to handle uncertain, indeterminate, and inconsistent data in graph-structured information. Formally, an N-GNN 
is defined as a quintuple: 

N-GNN = (G, Nv. NE.RN.DN), 


where: 
¢ G=(V,E) is a graph with vertex set V and edge set E. 


¢ Ny and N¢F are the neutrosophic fuzzification functions for vertices and edges, respectively. These func- 
tions map vertex and edge attributes to neutrosophic membership triplets: 


Ny: Xy > (0,12, Ne: Xe > [0,1], 


where each output is a triplet (u7, “7, UF) representing the degrees of truth-membership, indeterminacy- 
membership, and falsity-membership. 


¢ Ry represents the rule layer, which encodes neutrosophic rules to aggregate neutrosophic information 
from neighboring nodes and edges. 


* Dy is the neutrosophic defuzzification function, which aggregates the outputs of the rule layer to produce 
crisp outputs for each vertex or edge. 


Definition 4.2 (Operations in N-GNN). Given an input graph G = (V,£) with vertex features Xy and edge 
features Xz, the N-GNN operates as follows: 


1. Neutrosophic Fuzzification Layer: Each vertex v € V and edge e € E is fuzzified into neutrosophic 
membership triplets using membership functions: 


Nv(v) = (ur), M1), HEY), Ne(e) = (ur(e), Mr(e), HF (e)) « 
2. Rule Layer: A set of neutrosophic rules is defined to aggregate neutrosophic information. For example: 


IF v has (wy, 7, -) AND u has (wp, ey He) THEN yx = fe (NV (vr), Nv), 


where f; is a trainable function that operates on neutrosophic membership values. 
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3. Normalization Layer: The firing strength rz, of each rule is calculated and normalized: 


rk =Comb(Ny(v),Ny(u)), Fe = 


where Comb is a combination function suitable for neutrosophic logic. 


4. Defuzzification Layer: The normalized rule outputs are aggregated to produce crisp predictions: 
K 
w= Ss Peo fk vs Xu) - 
k=l 


Definition 4.3 (Stacked N-GNN Architecture). For a multi-layer N-GNN, the /-th layer is defined as: 
HO <6 (A? (H-), 4) +HED), 


where: 
« H) is the output of the /-th layer. 
* o is anon-linear activation function (e.g., ReLU). 


¢ Ais the adjacency matrix of the graph. 


of ae is a trainable function incorporating neutrosophic operations. 


The final output of the N-GNN is: 
Y = Softmax (u) : 


where L is the number of layers in the N-GNN. 


Theorem 4.4. The Neutrosophic Graph Neural Network (N-GNN) generalizes the Fuzzy Graph Neural Network 
(F-GNN). 


Proof. In an N-GNN, each vertex and edge is associated with a neutrosophic membership triplet (u7, 7, HF). 
Consider the special case where the indeterminacy and falsity components are zero for all vertices and edges, 
iLe., uz(v) = 0 and wr(v) = 0 forall v € V, and similarly for edges. Then, the neutrosophic membership reduces 
to the fuzzy membership: 

ur(v)=o(v), Wel, 


where o-(v) is the fuzzy membership degree in F-GNN. Under these conditions, the N-GNN operations reduce 
to those of the F-GNN. Therefore, the N-GNN generalizes the F-GNN. 


Theorem 4.5. A Neutrosophic Graph Neural Network (N-GNN), as defined, has the structural properties of a 
Neutrosophic Graph. 


Proof. To prove this, we verify that the structure of the N-GNN satisfies the defining properties of a Neutro- 
sophic Graph. 


1. Vertices and Edges in Neutrosophic Graphs: In a Neutrosophic Graph G = (V,£), each vertex v € V 
is associated with a triplet 7(v) = (o7(v), 07(v), 7F(V)) where or (v),07(v), oF (Vv) € [0,1] and or(v) + 
o(v)+oFr(v) < 3. Similarly, each edge e € E is associated with a triplet u(e) = (ur(e), ur(e), UF (e)) 
satisfying the same constraints. 

In the N-GNN, the neutrosophic fuzzification layer assigns triplets to vertices and edges: 


Nv(v) = (ur(v), wv), Mev), Nee) = (ur(e), ur(e), HF (e)), 


where py, 47, 4F € [0,1] and the sum constraint is explicitly ensured during the mapping process. Thus, the 
first property of a Neutrosophic Graph is satisfied. 
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2. Neutrosophic Membership Consistency: In a Neutrosophic Graph, the membership of an edge depends 
on the membership of its incident vertices. For instance: 


er(e) < min{or(u),o7(v)}, wre) < max{o7(u),o7(v)},  wr(e) = max{or(u),oFr(V)}, 


for an edge e = (u,v). 

In the N-GNN, during the aggregation step in the rule layer, the neutrosophic membership values for 
edges are derived from the memberships of adjacent vertices according to neutrosophic logical rules. This 
ensures that edge memberships are consistent with vertex memberships, satisfying the second property. 


3. Propagation of Neutrosophic Membership: A Neutrosophic Graph allows the propagation of neutro- 
sophic properties through its structure. In the N-GNN, the rule and aggregation layers propagate vertex and 
edge memberships throughout the network while preserving the neutrosophic constraints. 

Let Ry represent the rule layer and Ay represent the aggregation mechanism. For a vertex v, the output 
neutrosophic triplet at layer / is computed as: 


ov) = An (Ry (oY (w), uD (e)) | w € neighbors(v)}) 


where o-(/-1) (wu) and ped (e) represent the triplets from the previous layer. This propagation mechanism 
ensures that the neutrosophic graph structure is preserved across layers. 


4. Defuzzification to Classical Graph Outputs: The defuzzification layer in the N-GNN converts neutro- 
sophic triplets into crisp outputs while maintaining consistency with the original neutrosophic structure. This 
aligns with the final output of a Neutrosophic Graph. 

Each layer of the N-GNN maintains the structure and properties of a Neutrosophic Graph. Therefore, a 
Neutrosophic Graph Neural Network inherently possesses the structure of a Neutrosophic Graph, as required. 


4.2 Plithogenic Graph Neural Network (P-GNN) 
Next, we define the Plithogenic Graph Neural Network (P-GNN) and show how it generalizes both 
N-GNN and F-GNN. 


Definition 4.6 (Plithogenic Graph Neural Network (P-GNN)). A Plithogenic Graph Neural Network (P-GNN) is 
a graph inference model that integrates plithogenic logic into the framework of graph neural networks to handle 
data with degrees of appurtenance and contradiction in graph-structured information. Formally, a P-GNN is 
defined as: 

P-GNN = (G,Py.PE.Rp,Dp), 


where: 
¢ G=(V,E) is a graph with vertex set V and edge set E. 


¢ Py and P- are the plithogenic fuzzification functions for vertices and edges, respectively. These func- 
tions map vertex and edge attributes to plithogenic membership values, which include degrees of appur- 
tenance and contradiction. 


* Rp represents the rule layer, which encodes plithogenic rules to aggregate plithogenic information from 
neighboring nodes and edges. 


¢ Dp is the plithogenic defuzzification function, which aggregates the outputs of the rule layer to produce 
crisp outputs for each vertex or edge. 


Definition 4.7 (Operations in P-GNN). Given an input graph G = (V,£) with vertex features Xy and edge 
features Xz, the P-GNN operates as follows: 


1. Plithogenic Fuzzification Layer: Each vertex v € V and edge e € E is fuzzified into plithogenic member- 
ship values using degrees of appurtenance and contradiction. 


2. Rule Layer: A set of plithogenic rules is defined to aggregate plithogenic information. For example: 
IF v has DAF ay AND u has DAF a, AND DCF 6), THEN yx = fx (Pv(v),Pv(u)), 


where f; is a trainable function that operates on plithogenic membership values. 
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3. Normalization Layer: The firing strength rz of each rule is calculated and normalized, taking into account 
degrees of contradiction. 


4. Defuzzification Layer: The normalized rule outputs are aggregated to produce crisp predictions. 


Definition 4.8. For a multi-layer P-GNN, the /-th layer is defined similarly, incorporating plithogenic operations 
(J) 
in : 

J@ 


Theorem 4.9. The Plithogenic Graph Neural Network (P-GNN) generalizes both the Neutrosophic Graph Neu- 
ral Network (N-GNN) and the Fuzzy Graph Neural Network (F-GNN). 


Proof. InaP-GNN, each vertex and edge is associated with degrees of appurtenance and contradiction. Consider 
the special case where the degrees of contradiction are zero for all vertices and edges, and the plithogenic 
membership reduces to neutrosophic membership with degrees of truth, indeterminacy, and falsity. Under this 
condition, the P-GNN reduces to an N-GNN. 
Further, if we also set the indeterminacy and falsity components to zero, the neutrosophic membership 
reduces to fuzzy membership, and the P-GNN reduces to an F-GNN. 
Therefore, the P-GNN generalizes both the N-GNN and the F-GNN. 


Corollary 4.10. The Plithogenic Graph Neural Network can generalize the Hesitant Fuzzy Graph Neural Net- 
work [162). 


Proof. A Hesitant Fuzzy Set [375| can be generalized by a Plithogenic Set. Similarly, a Hesitant Fuzzy 
Graph can be generalized by a Plithogenic Graph. Therefore, following the same reasoning as for Neutrosophic 
Graphs, the Plithogenic Graph Neural Network generalizes the Hesitant Fuzzy Graph Neural Network. 


Theorem 4.11. A Plithogenic Graph Neural Network (P-GNN), as defined, possesses the structural properties 
of a Plithogenic Graph. 


Proof. Ina Plithogenic Graph PG = (PM, PN), each vertex v € M is associated with: 

¢ An attribute / and a set of possible values M1. 

¢ A Degree of Appurtenance Function (DAF) adf : M x MI — [0,1]°. 

« A Degree of Contradiction Function (DCF) aC f : MI x M1 = [0,1]'. 
Similarly, each edge e € N is associated with: 

¢ An attribute m and a set of possible values Nm. 

¢ A DAF bdf :Nx Nm — [0,1]*. 

¢ ADCF bCf : Nmx Nm = [0,1]'. 


The plithogenic fuzzification functions Py and Pz in the P-GNN assign these plithogenic memberships, satis- 
fying the structural requirements. 
In a Plithogenic Graph, for all (x, a), (y, b) € M x M1, 


bdf ((xy), (a, b)) < min{adf (x, a), adf(y, b)}. 


In the rule layer R p of the P-GNN, edge DAFs are computed based on vertex DAFs using logical rules, ensuring 
this constraint. 
Plithogenic graphs impose reflexivity and symmetry constraints: 


aC f(a,a) =0, Va € MI, 
aC f (a, b) = aC f(b, a), Va,b € Ml, 
bC f(m,m) = 0, Vm € Nm, 


bCf(m,n) = bCf(n,m), Vm,ne Nm. 


The P-GNN enforces these constraints through its contradiction functions aC f and bC f, ensuring compliance. 
The P-GNN propagates plithogenic properties through the rule layer R p and defuzzification layer Dp, 
maintaining structural consistency. 
The P-GNN satisfies all the defining properties of a Plithogenic Graph, thus proving the theorem. 
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Theorem 4.12. In a P-GNN, the degrees of appurtenance and contradiction are preserved during the aggrega- 
tion process across the network layers. 


Proof. The plithogenic aggregation functions in the P-GNN operate as follows: 


1. At layer /, the updated DAF for vertex v is computed as: 
(1) = (1-1) i (i-1) = 
adf (v.ly) = Ap ({adf"—) (uly) | w € neighbors(v)}, {bdf!—! (e, me) | = (v,u)}), 


where Ap is the plithogenic aggregation function. 
2. The updated DCFs are computed analogously, ensuring contradiction information is preserved. 


As Ap is closed under plithogenic operations, the degrees of appurtenance and contradiction remain valid. 
Hence, the theorem is proven. 


Theorem 4.13. The P-GNN can model higher levels of uncertainty and contradiction compared to traditional 
Graph Neural Networks (GNNs). 


Proof. The P-GNN incorporates degrees of contradiction through the DCF, which traditional GNNs do not 
explicitly model. Plithogenic logic extends beyond fuzzy and neutrosophic logic by introducing contradiction 
degrees, enabling superior expressiveness. 

Thus, the P-GNN’s ability to handle contradiction degrees allows it to model complex data with inherent 
uncertainty and contradictions, thus proving the theorem. 


Theorem 4.14. Under certain conditions, the P-GNN converges to a stable solution that reflects the underlying 
plithogenic graph structure. 


Proof. The iterative updates in the P-GNN maintain the plithogenic constraints, ensuring boundedness and 
stability. The use of contraction mappings in the aggregation functions ensures convergence to a fixed point 
under suitable conditions. Thus, the P-GNN converges to a stable state that preserves the plithogenic properties, 
confirming the theorem. 


The algorithm for the Plithogenic Graph Neural Network is described below. We also analyze its validity, 
time complexity, and other relevant aspects. 
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Algorithm 5: Plithogenic Graph Neural Network (P-GNN) 


Input: Graph G = (V, E); Vertex features Xv; Edge features X¢; Number of layers L 
Output: Predictions Y 


1 foreach vertex v € V do 


2 Compute degrees of appurtenance and contradiction for v: 
3 ay — DAF(v) 

4 6y — DCF(v) 

5 end 

6 foreach edge e = (u,v) € Edo 

7 Compute degrees of appurtenance and contradiction for e: 
8 ae — DAF(e) 

9 de — DCF(e) 

10 end 


u1 Initialize vertex representations: 


12 HO <— Xy(v), Wwev 
13 for! — 1 toLdo 


14 foreach vertex v € V do 

15 Aggregate messages from neighbors: 

16 mW) e » Yuv- oH) 
ueN(v) 

17 Update vertex representation: 

w || a —o(4® (al, mi?) 

19 end 

20 end 


21 Compute final predictions: 
22 Y, <— Softmax (a) , Wev 
Remark 4.15 (Algorithm Explanation). A brief description of the algorithm is provided below. 


¢ Input: The algorithm takes as input a graph G = (V,E), vertex features Xy, edge features Xz, and the 
number of layers L. 


Degrees of Appurtenance and Contradiction: For each vertex and edge, compute the Degree of Appurte- 
nance Function (DAF) and Degree of Contradiction Function (DCF) as defined in the plithogenic frame- 
work. 


¢ Message Passing: For each vertex v, aggregate messages from its neighbors N(v), weighted by a coeffi- 
cient Yyy that incorporates the degrees of appurtenance and contradiction: 


Yuv = Comb (Qu, Ouv) ; 
where Comb(-) is a combination function suitable for plithogenic logic. 


¢ Update Rule: Update the vertex representations using a trainable function f, a and an activation function 
o (e.g., ReLU). 


¢ Output: After L layers, compute the final predictions using the Softmax function. 


Theorem 4.16 (Algorithm Validity). The P-GNN algorithm correctly computes the predictions Y according to 
the plithogenic logic framework. 


Proof. The P-GNN algorithm integrates plithogenic logic into the message-passing framework of graph neural 
networks. By computing the degrees of appurtenance (ay, we) and contradiction (5), 6¢) for each vertex and 
edge, the algorithm captures the plithogenic properties of the graph. 

During message passing, the aggregation coefficient y,,,, combines the appurtenance and contradiction 
degrees using a suitable combination function. This ensures that messages are weighted appropriately based on 
the plithogenic relationships between vertices. 
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The update rule incorporates the aggregated messages and the previous vertex representation, allowing 
the model to learn complex patterns in the data. The use of activation functions and trainable parameters ensures 
that the model can approximate any continuous function, according to the universal approximation theorem. 

Therefore, the algorithm correctly implements the plithogenic logic within the graph neural network 
framework, leading to accurate predictions Y. 


Theorem 4.17 (Time Complexity). The time complexity of the P-GNN algorithm is O(L-(|V|d+|E|d)), where 
|V| is the number of vertices, |E| is the number of edges, and d is the dimensionality of the feature vectors. 


Proof. The time complexity analysis is as follows: 


¢ Degrees Computation: 


— For vertices: Computing ay and 6, for all v € V takes O(|V]|) time. 
— For edges: Computing ae and 6¢ for all e € E takes O(|F|) time. 
¢ Initialization: Initializing Ao for all v € V takes O(|V|d) time. 
¢ Message Passing and Update (per layer): 
— Aggregation: For each vertex v € V, aggregating messages from neighbors involves: 


m= Spay etl? 
ueN(v) 


Assuming the average degree is k, this takes O(kd) time per vertex, totaling O(|V|kd) per layer. 
— Update: Updating HW for all v € V takes O(|V|d) time per layer. 
* Total per Layer: O(|V|kd) (since k is constant for sparse graphs, this simplifies to O(|V|d)). 
* Total for L Layers: O(L - |V|d) 
* Overall Time Complexity: Including the degrees computation and message passing over L layers: 
O(|V|+|E|+L- |V|d) =O(L- |V|d + |E|) 


For graphs where |E| is O(|V|) (sparse graphs), the complexity simplifies to O(L - |V|d). 


Theorem 4.18 (Space Complexity). The space complexity of the P-GNN algorithm is O(|V|d + |E]). 
Proof. The space complexity analysis is as follows: 


¢ Vertex Representations: Storing HW for all v € V and all / = 0,...,L requires O(L - |V|d) space. 


However, if we overwrite Au » with HD at each layer (i.e., do not store all previous layers), the space 
required reduces to O(|V|d). 


¢ Degrees of Appurtenance and Contradiction: Storing a, 6, for all v € V requires O(|V|) space. Simi- 
larly, storing @e, de for all e € E requires O(|E|) space. 


¢ Aggregation Messages: Storing md for all v € V requires O(|V|d) space. 
¢ Total Space Complexity: Combining the above, the total space complexity is: 
O(|V|d + |E|+|V|) = O(V|d + |E|) 


Since |V|d generally dominates |V|, and for sparse graphs |E| is O(|V|), the overall space complexity 
remains O(|V|d). 
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4.3 Fuzzy Hypergraph Neural Network 

The concept of a Fuzzy Hypergraph Neural Network integrates the principles of Hypergraph Neural 
Networks and Fuzzy Neural Networks. It can also be understood as a neural network representation of a Fuzzy 
Hypergraph. Similar to Fuzzy Graphs, extensive research has been conducted on Fuzzy Hypergraphs 


. The relevant definitions and theorems are presented below. 


Definition 4.19 (Fuzzy Hypergraph). Let X be a finite set of vertices, and let E be a finite family of non- 
trivial fuzzy subsets of X, where each fuzzy set A € E is defined by a membership function uw, : X — [0,1]. A 
pair H = (X, E) is called a Fuzzy Hypergraph if the following conditions are satisfied: 


¢ X =\J{supp(A) | A € EF}, where the support of a fuzzy set A is defined as supp(A) = {x € X | wa(x) > 
O}. 


¢ E is the fuzzy edge set, consisting of fuzzy subsets of X. 


The height of a fuzzy hypergraph H, denoted h(#), is defined as: 


h(H) = max {max (14 (x) | Ae EF}. 


A Fuzzy Hypergraph H = (X, E) is: 
¢ Simple if E contains no repeated fuzzy edges and, for any A, B € E with A C B, it follows that A = B. 
¢ Support Simple if A,B € E, A C B, and supp(A) = supp(B), then A = B. 


Definition 4.20 (Crisp Level Hypergraph of a Fuzzy Hypergraph). Let H = (X, E) be a Fuzzy Hypergraph. For 
a threshold c € (0, 1], the c-cut (or c-level) of a fuzzy edge A € E is defined as: 


Ac = {x € X | a(x) = ch}. 
The c-level hypergraph H. = (X¢, E-) of H is defined as: 
Xe=|J{dc| AEE} Ec = {Ae | A€ E}. 


Theorem 4.21. (cf. ) A Fuzzy Hypergraph generalizes both Fuzzy Graphs and (crisp) Hypergraphs. 
Proof. A Fuzzy Graph G = (X, E, uy, we) is a special case of a Fuzzy Hypergraph H = (X, E), where: 
¢ The vertex membership function xy : X — [0, 1] in G corresponds to the vertex set X in H. 


¢ Each edge membership function zz : X x X — [0, 1] in G can be represented as a fuzzy subset A € E in 
H, where A C X and wa(x) = max{ug (x,y) | y € X}. 


Thus, a Fuzzy Graph is a Fuzzy Hypergraph where each edge connects at most two vertices. 
A Hypergraph H* = (X, E) is a special case of a Fuzzy Hypergraph H = (X, E), where: 


¢ Each edge A € E in H™* is acrisp subset of X, corresponding to a fuzzy edge in H with a(x) € {0,1} 
for all x € X. 


¢ The membership function of each fuzzy edge A in H reduces to an indicator function, w(x) = 1ifx e€ A, 
and y4(x) = 0 otherwise. 


Hence, a Hypergraph is a Fuzzy Hypergraph where all edges are crisp subsets. 


Definition 4.22 (Fuzzy incidence matrix). The fuzzy incidence matrix Hr € R"*™ of the fuzzy hypergraph H 
is defined by: 


(Hy )ij = HA; (Xi), 


where x; € X and A; € E. 
The fuzzy degree of a vertex x; € X is defined as: 


d(xi) = )\(Ap)igwj, 
j=1 


J 


where w; is the weight of fuzzy hyperedge A ;. 
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The fuzzy degree of a hyperedge A; € E is defined as: 
n 
6(Aj) = Apis: 
i=] 


Let Dy € R"” and De € R™*" be the diagonal matrices of fuzzy vertex degrees and fuzzy hyperedge 
degrees, respectively: 
(Dy)ii = (xi), (DE); = 6(Aj). 


Theorem 4.23. The fuzzy incidence matrix H can represent both a Fuzzy Hypergraph and a Hypergraph as 
special cases. 


Proof. Let H = (X,£E) be a Fuzzy Hypergraph, where X = {xj,x2,...,Xn} is the set of vertices and E = 
{A}, A2,..., Am} is the fuzzy edge set. Each fuzzy edge A; is defined by a membership function yu Aji x7 


[0, 1]. The fuzzy incidence matrix Hy € R"*”” is defined as: 
(Hy )ij = Ha, (xi), 


where p14; (xi) € [0, 1] represents the degree of membership of vertex x; in the fuzzy edge Aj. 
The rows of Hy correspond to the vertices x; € X, and the columns correspond to the fuzzy edges 
Aj; € E. The support of each fuzzy edge A; can be recovered as: 


supp(A;) = {xj € X | (Hp)iz > OF. 


The vertex degrees d(x;) and hyperedge degrees 5(A;) are defined in terms of Hy, as shown in the definition of 
the fuzzy incidence matrix. Thus, Hf fully encodes the structure of the Fuzzy Hypergraph. 
A Hypergraph H = (X, E) is a special case of a Fuzzy Hypergraph where all membership values are 
binary, 1.e., Aj (xi) € {0, 1}. In this case, the incidence matrix H reduces to the classical incidence matrix H, 
where: 
1, ifx;€ A; 
H);;= > y> 
ij i otherwise. 
For binary j1 4, (xi), the support of each edge A; is: 
supp(Aj) = {xj € X | wa; (ai) = 1}, 
which matches the standard definition of a hyperedge in a Hypergraph. The vertex and hyperedge degree defini- 


tions also simplify to their classical counterparts: 


d(x;) = Sai: 6(Aj) = care 


j=l i=1 


The fuzzy incidence matrix Hy generalizes the classical incidence matrix H, allowing it to represent 
both Fuzzy Hypergraphs and Hypergraphs. By setting Aj (x;) € [0, 1], it represents a Fuzzy Hypergraph, and 
by restricting Aj (x;) to binary values, it represents a Hypergraph. 


Definition 4.24 (Fuzzy Hypergraph Laplacian). The fuzzy hypergraph Laplacian A ¢ is defined as: 


Ap =1-Dy'HsWDz' HYD,” 
where W = diag(w1,w2,...,Wm) is the diagonal matrix of fuzzy hyperedge weights, and / is the identity 


matrix. 


Theorem 4.25. The Fuzzy Hypergraph Laplacian A ¢ generalizes the Hypergraph Laplacian L. 
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Proof. 1. Generalization Setup: 
The fuzzy hypergraph Laplacian A ¢ is defined as: 


Ap=l- Dy ByWDe HED, 


where H is the fuzzy incidence matrix, and W is the diagonal matrix of fuzzy hyperedge weights. The hyper- 
graph Laplacian L is a special case of this construction, defined as: 
Lat=p, “Hwor hp. : 


2. Connection Between H and H ¢: 
The classical incidence matrix H is binary, with entries: 


1, ifv; € e;, 
Hy; = Ne 
0, otherwise. 


In contrast, the fuzzy incidence matrix H¢ allows entries ae € [0,1], representing the degree of membership 
of vertex v; in hyperedge e;. When Hf is restricted to binary values, it coincides with H. 


3. Generalization of Matrices: 


¢ Vertex Degree Matrix: In the classical case, the diagonal vertex degree matrix D, has entries: 


(Dy)ii = yy Aj jw(e;). 


j=l 


In the fuzzy case, this generalizes to: 


(Dy)ii = > Hi w(e;), 
j=l 


allowing He, to take non-binary values. 


¢ Hyperedge Degree Matrix: Similarly, the hyperedge degree matrix De generalizes to: 
ie 
(De) jj =) Hi. 
i=] 


4. Substitution in A ¢: 
Substituting the generalized Hy, Dy, and Dg into Af, we recover the classical Laplacian L when Hf is binary. 
This shows that L is a special case of A ¢. 

Since A ¢ reduces to L under binary constraints on H ¢ and the associated matrices, A ¢ is a generalization 
of L. 

Thus, the Fuzzy Hypergraph Laplacian generalizes the Hypergraph Laplacian by extending the binary 
incidence matrix to a fuzzy membership matrix, enabling the representation of partial or uncertain membership 
relationships. 


Definition 4.26 (Fuzzy Hypergraph Neural Network). An Fuzzy Hypergraph Neural Network (F-HGNN) is a 
neural network designed to operate on fuzzy hypergraphs. Given a fuzzy hypergraph H = (X, £) with fuzzy 
incidence matrix Hy, vertex feature matrix X € R"*4, and fuzzy hyperedge weight matrix W, the F-HGNN 
performs convolution operations defined as: 
= ~1/2 =1 yt py 1/2 
¥=0(D,'?H,wD; HTD, xe), 


where: 
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* o is an activation function (e.g., ReLU). 


* @ € R@*© is the learnable weight matrix. 
¢ Y € R”*¢ is the output feature matrix. 


Definition 4.27 (Multi-Layer F-HGNN). For a multi-layer F-HGNN, the /-th layer’s output is computed as: 
I+1) _ ~1/2 -lpt p22 yDel 
xO) <9 (Dy? a pwoR HTD? x90), 


where X) is the input feature matrix, and ©) is the learnable weight matrix at layer /. 


Theorem 4.28. The Fuzzy Hypergraph Neural Network (F-HGNN) generalizes both the Hypergraph Neural 
Network (HGNN) and the Fuzzy Graph Neural Network (F-GNN). 


Proof. We will prove that: 


1. When the fuzzy hypergraph reduces to a crisp hypergraph (i.e., membership functions w(x) € {0, 1}), 
the F-HGNN reduces to the HGNN. 


2. When the hyperedges are fuzzy edges connecting at most two vertices, the F-HGNN reduces to the F- 
GNN. 


Case I: F-HGNN Reduces to HGNN 

Assume that the fuzzy hypergraph H = (X, E) is crisp; that is, for all A € E and x € X, the membership 
functions 4(x) € {0, 1}. 

In this case, the fuzzy incidence matrix H¢ becomes the standard incidence matrix H of a hypergraph, 
where: 
1, if Xi E A yp 


(Ap ig = Ha; i) = o otherwise. 


Similarly, the fuzzy vertex degrees d(x;) and hyperedge degrees 6(A;) become the standard degrees in 
a hypergraph. 
Therefore, the F-HGNN convolution operation simplifies to: 


¥ =o (D,'?HwD;'AT Dy '?xe), 
which is exactly the convolution operation in the Hypergraph Neural Network (HGNN). 

Case 2: F-HGNN Reduces to F-GNN 

Assume that each fuzzy hyperedge A; € E connects at most two vertices. This means that the supports 
of A; are such that | supp(A;)| < 2. 

In this case, the fuzzy hypergraph reduces to a fuzzy graph, where edges are fuzzy and connect two 
vertices. The fuzzy incidence matrix H ¢ becomes analogous to the adjacency representation in a fuzzy graph. 

The convolution operation in F-HGNN becomes similar to that in Fuzzy Graph Neural Networks, where 
messages are passed between connected vertices, weighted by the fuzzy membership degrees. 

Therefore, the F-HGNN generalizes the F-GNN in this case. 

Since F-HGNN reduces to HGNN when the fuzzy hypergraph is crisp, and reduces to F-GNN when 
hyperedges connect at most two vertices, we conclude that F-HGNN generalizes both HGNN and F-GNN. 


Theorem 4.29. A Fuzzy Hypergraph Neural Network (F-HGNN) retains the structure of a Fuzzy Hypergraph. 


Proof. The Fuzzy Hypergraph Neural Network (F-HGNN) operates on the fuzzy incidence matrix H ¢ of a Fuzzy 
Hypergraph H = (X, E). All transformations, including convolution operations, rely on H ¢, which encodes the 
fuzzy edge membership functions 4 (x) of A € E. 

Since the operations preserve the relationships defined by Hf, the structure of the Fuzzy Hypergraph H 
is inherently retained throughout the F-HGNN’s computations. 


Question 4.30. Is it possible to extend the concept by utilizing Neutrosophic Hypergraphs 
255] and Plithogenic Hypergraphs [258]? 
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5 Other SuperHyperGraph Concepts 
In this section, we explore concepts related to SuperHyperGraphs that are not directly connected to the 
topics discussed above. 


5.1 Multilevel k-way Hypergraph Partitioning 
Multilevel graph partitioning is an approach to divide a graph into smaller parts by iteratively coarsening, 


partitioning, and refining it for optimization . In Hypergraph Theory, concepts such as Mul- 
tilevel Hypergraph Partitioning and Multilevel k-way Hypergraph Partitioning 


are frequently studied. These concepts are well-known for their applications in fields like VLSI design. This 
section considers the definition of Multilevel k-way n-SuperHyperGraph Partitioning. 


Definition 5.1 (Multilevel k-way Hypergraph Partitioning). Given a hypergraph H = (V,E), where V 
is the set of vertices and E is the set of hyperedges, and a positive integer k, the goal of multilevel k-way 
hypergraph partitioning is to partition the vertex set V into k disjoint subsets {V, V2,..., Vx}, such that: 


1. The size of each subset satisfies the balancing constraint: 


IV 


Mi. <Wil<e-o, We (1.2...) 


k-c7 
where c > | is the imbalance tolerance factor. 
2. An objective function f defined over the hyperedges E is optimized. Common objectives include: 
¢ Minimizing the hyperedge cut: 
Feut = » (spanned _partitions(e) — 1), 
ecE 


where spanned _partitions(e) is the number of subsets V; spanned by the hyperedge e. 


¢ Minimizing the sum of external degrees (SOED): 


fSOED = = external_degree(e), 
ecE 


where external_degree(e) is the number of subsets V; that the hyperedge e spans. 
The multilevel k-way partitioning algorithm consists of three phases: 


* Coarsening Phase: The hypergraph H is iteratively coarsened into a series of smaller hypergraphs 
A, H,...,H¢ 
by merging vertices to reduce complexity. 


¢ Initial Partitioning Phase: The smallest hypergraph Hy is directly partitioned into k subsets using an 
efficient partitioning algorithm. 


¢ Uncoarsening Phase: The partitioning is progressively refined as it is projected back to the original 
hypergraph H, using refinement algorithms such as FM or greedy approaches to optimize the objective 
function while maintaining the balancing constraint. 


Definition 5.2 (Multilevel k-way n-SuperHyperGraph Partitioning). Given an n-SuperHyperGraph H = (V, E), 
where V is the set of supervertices and E is the set of superedges, and a positive integer k, the goal of multilevel k- 
way n-SuperHyperGraph Partitioning is to partition the supervertex set V into k disjoint subsets {V,,V2,..., Vx}, 
such that: 


1. The size of each subset satisfies the balancing constraint: 


IV IV| 
pe se Mlse yp: Vi € {1,2,...,k}, 


where c > | is the imbalance tolerance factor. 


2. An objective function f defined over the superedges E is optimized. Common objectives include: 
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¢ Minimizing the superedge cut: 
Sout = » (spanned_partitions(e) — 1), 
ecE 


where spanned_partitions(e) is the number of subsets V; spanned by the superedge e. 


¢ Minimizing the sum of external degrees (SOED): 


SSOED = > external_degree(e), 
ece 


where external_degree(e) is the number of subsets V; that the superedge e spans. 
The multilevel k-way partitioning algorithm consists of three phases: 


* Coarsening Phase: The n-SuperHyperGraph H is iteratively coarsened into a series of smaller n-SuperHyperGraphs 
A, H,..., He 
by merging supervertices to reduce complexity. 


¢ Initial Partitioning Phase: The smallest n-SuperHyperGraph Hy is directly partitioned into k subsets 
using an efficient partitioning algorithm. 


¢ Uncoarsening Phase: The partitioning is progressively refined as it is projected back to the original n- 
SuperHyperGraph H, using refinement algorithms to optimize the objective function while maintaining 
the balancing constraint. 


Theorem 5.3. The Multilevel k-way n-SuperHyperGraph Partitioning generalizes the Multilevel k-way Hyper- 
graph Partitioning. Specifically, when n = 1, the Multilevel k-way n-SuperHyperGraph Partitioning reduces to 
the standard Multilevel k-way Hypergraph Partitioning. 


Proof. To prove that the Multilevel k-way n-SuperHyperGraph Partitioning generalizes the Multilevel k-way 
Hypergraph Partitioning, we need to show that when n = 1, the definitions coincide. 
1. Atn = 1, the n-SuperHyperGraph reduces to a Hypergraph: 


* The 1-th iterated power set of Vo is P!(Vo) = P(Vo), the power set of Vo. 


¢ However, in standard hypergraphs, the vertex set is V = Vo, not V C P(Vo). To align the definitions, we 
consider only the elements of P! (Vo) that are singletons. That is, V = Vo C P(Vo). 


* The hyperedges E C P(Vo), which matches the definition of hyperedges in a standard hypergraph. 
2. Partitioning Definitions Align: 


¢ The partitioning of supervertices V into k subsets {V;,V2,..., Vx} in the n-SuperHyperGraph becomes 
the partitioning of vertices Vo when n = 1. 


¢ The balancing constraints and objective functions remain the same, as they are defined over V and E, 
which now correspond to Vo and E of the hypergraph. 


3. Algorithm Phases Correspond: 


Coarsening Phase: Merging supervertices in the n-SuperHyperGraph corresponds to merging vertices in 
the hypergraph. 


¢ Initial Partitioning Phase: Partitioning the smallest n-SuperHyperGraph aligns with partitioning the 
coarsest hypergraph. 


¢ Uncoarsening Phase: Refinement steps are analogous in both cases. 


Therefore, when n = 1, the Multilevel k-way n-SuperHyperGraph Partitioning reduces to the Multilevel 
k-way Hypergraph Partitioning, proving that the former generalizes the latter. 
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5.2 Superhypergraph Random Walk 
A Graph Random Walk is a discrete-time Markov chain where transitions between vertices follow edge- 
based probabilities, modeling stochastic processes on graphs . These concepts have been extended to 


hypergraphs, leading to the development of Hypergraph Random Walks . In this subsection, 


we extend Hypergraph Random Walks to the domain of Superhypergraphs. The related definitions and theorems 
are provided below. 


Definition 5.4 (Markov Chain). (cf.(30/[84)|157| ) A Markov Chain is a mathematical framework used to model 
stochastic processes where the future state depends solely on the current state and not on how it was reached. 
Formally: 


¢ State Space: The set of possible states is denoted by S = {51,52,...}, which may be finite or countable. 


* Transition Rule: The process satisfies the property: 


P(Xpa1 = 87 | Xt = 8;, Xp-1,---, X0) = P(Xt41 = 57 | Xt = 5i). 


* Transition Matrix: Probabilities of moving between states are organized in a matrix P = [p;;], with: 


Pij = P(Xt41 = 5; | Xt = Si), and > py = Vi. 
jes 


¢ Initial State Distribution: The process begins with probabilities 29 (i) = P(Xo = 5;). 


Example 5.5 (Weather System (Markov Chain)). A simplified weather model predicts sunny (S$) or rainy (R) 
conditions based on current weather: 
px he 0. | 


0.5 0.5 
If today is sunny, there is a 90% chance of sunshine tomorrow. 


Definition 5.6 (Discrete-time Markov Chain). (cf.(88][330|[423]) A Discrete-time Markov Chain (DTMC) is a 
stochastic process {X;}/" ) defined on a discrete state space S = {51,2,...}, satisfying the Markov property, 
which states that the probability of transitioning to the next state depends only on the current state and not on 
the sequence of previous states. Formally: 


P( X41 = 57 | Xt = 87, Xp-1 = Sx,.--,XQ = Sm) = P(X = 57 | Xr = Si), 


for all t > 0, sj, 5; € S, and any sequence of states S,..., 8k, Sj. 
The dynamics of a DIMC are governed by a transition probability matrix P = [pj], where 


Pij = P(Xra1 = 5; | Xr = 83), 


and 
Y) ij = 1 forallie S. 
jes 
The initial distribution over the states is specified by a vector 29, where (i) = P(X = 57). 


Definition 5.7 (Hypergraph Random Walk). A Hypergraph Random Walk is a discrete-time Markov 
process defined over the vertices of a hypergraph H = (V, E), with transition probabilities determined as follows: 


1. Hyperedge Selection: Starting from the current vertex v; € V at time ft, a hyperedge e € E containing v; 
is selected with probability proportional to its weight w(e) > 0. Formally, the selection probability is: 


w(e) 


A ae ET 


2. Vertex Selection within the Hyperedge: From the selected hyperedge e, a vertex v7+1 € e is chosen. This 
selection can follow either: 
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a) Uniform Selection: Choose v;4, uniformly at random from e, such that: 


1 
P(Vr41 |e) = —- 


le| 
b) Weighted Selection: Choose v;4, based on a vertex-specific weight ye(v) > 0 within e, such that: 


Ye (Vr41) 


P(v;41 | @) = x ye(v)" 


The full transition probability from vz to v;41 is then given by: 


Pini lye)= DS) Pel ve): Prt Le): 


€2Vr5Vr+1 


This formulation generalizes random walks on graphs by accounting for hyperedges that can connect 
more than two vertices. 


Definition 5.8 (n-SuperHyperGraph Random Walk). Let H = (V,£) be an n-SuperHyperGraph, where V C 
P" (Vo) is the set of supervertices, and E C P" (Vo) is the set of superedges. Here, P”(Vo) denotes the n-th 
iterated power set of the base set Vo. 

A n-SuperHyperGraph Random Walk is a discrete-time stochastic process {X;} 
vertices V, with transitions determined as follows: 


co 
+o defined on the super- 


1. Superedge Selection: Starting from the current supervertex v; € V at time ¢, select a superedge e € E 
containing v;, with probability proportional to its weight w(e) > 0: 


w(e) 


Bee) i ey 


2. Supervertex Selection within the Superedge: From the selected superedge e, select a supervertex v;41 € @ 
according to a probability distribution, which can be: 


a) Uniform Selection: Choose v;4, uniformly at random from e: 


1 
P(V41 |e) = jel’ 


b) Weighted Selection: Choose v;4, based on weights ye(v) > 0: 


Ye (Vr41) 


P(vr41 | e) = ee oe 


The full transition probability from v; to v;4, is then: 


PO lve) = >) Plelve)- P(r Le). 


€2Vr,Vt+1 
Theorem 5.9. The n-SuperHyperGraph Random Walk has the structure of an n-SuperHyperGraph. 


Proof. Since the random walk is defined over supervertices V C P”(Vo) and utilizes superedges E C P” (Vo) 
for transitions, it inherently possesses the structure of an n-SuperHyperGraph. 


Corollary 5.10. The n-SuperHyperGraph Random Walk possesses the structure of a superhypergraph, hyper- 
graph, and graph. 


Proof. This follows directly from the above theorem. 


Theorem 5.11. The n-SuperHyperGraph Random Walk is a Discrete-time Markov Chain. 
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Proof. The process {X;} satisfies the Markov property because the probability of transitioning to v;,; depends 
only on the current supervertex v; and not on any previous supervertices v;_1,V;_2,.. .. The transition probabil- 
ities P(vz41 | vz) are well-defined, and the process evolves in discrete time steps. Therefore, it is a Discrete-time 
Markov Chain. 


Theorem 5.12. The n-SuperHyperGraph Random Walk generalizes the Hypergraph Random Walk. 


Proof. When n = 1, the n-SuperHyperGraph reduces to a standard hypergraph, and the n-SuperHyperGraph 
Random Walk becomes equivalent to the Hypergraph Random Walk. Therefore, the n-SuperHyperGraph Ran- 
dom Walk is a generalization of the Hypergraph Random Walk. 


Question 5.13. The concept of HyperRandom [149} , which extends the idea of randomness, is well-known. 
Can this be used to further extend the concept of Random Walk? 


5.3 Superhypergraph Turan Problem 

The Hypergraph Turan Problem aims to determine the maximum number of edges in a 
uniform hypergraph (cf. (184/185}/203}) on n vertices while avoiding a specific forbidden subhypergraph. This 
concept is extended to superhypergraphs, and their characteristics are briefly examined. The relevant definitions 
and theorems are presented below. 


Definition 5.14 (Forbidden Graph). (cf. ) A forbidden graph F is a graph that is not allowed as a subgraph 
in a larger graph G. If G contains F as a subgraph, G violates the specified constraints, often used in Turan-type 
problems or graph property investigations. 


Definition 5.15 (Hypergraph Turan Problem). Let G = (V,E) be an r-uniform hypergraph, where V is 
the set of vertices and E is the set of edges, with each edge being a subset of V containing exactly r vertices. 
Let F be any r-uniform hypergraph. A hypergraph G is said to be F-free if G does not contain F as a 
subhypergraph. 
The Hypergraph Turan Number ex;(n, F) is defined as the maximum number of edges in an F-free 
r-uniform hypergraph on n vertices: 


ex;(n, F) = max{|E(G)| : G is an F-free r-uniform hypergraph with |V(G)| =n}. 
Furthermore, the Turdn Density 1(F) of F is given by: 
ex; (n, F) 
(r) 


where (") denotes the number of all possible r-element subsets of n vertices. 


nF) = im. 


Definition 5.16 (r-Uniform n-SuperHyperGraph). An n-SuperHyperGraph H = (V, E) is called r-uniform if 
every superedge e € E contains exactly r supervertices, i.e., e € V and |e| =r. 


Definition 5.17 (n-SuperHyperGraph Turan Problem). Let F' be an r-uniform n-SuperHyperGraph. 
An r-uniform n-SuperHyperGraph G = (V, E) is said to be F-free if G does not contain F as a subgraph. 
The n-SuperHyperGraph Turdn Number ex'!(N, F) is defined as the maximum number of edges in an 
F-free r-uniform n-SuperHyperGraph G with |V(G)| = N: 


ex)! (N, F) = max {|E(G)| : G is an F-free r-uniform n-SuperHyperGraph with |V(G)| = N}. 
Furthermore, the n-SuperHyperGraph Turdn Density x" (F) is defined as: 


n"(F) = lim exr (N, F) 
N-0oo N > 
Ce) 


where (y ) denotes the number of all possible r-element subsets of N supervertices. 


Theorem 5.18. An r-uniform hypergraph is a special case of an r-uniform n-SuperHyperGraph when n = 0. 


Proof. When n = 0, we have P"(Vy) = Vo. Thus, the supervertices V are exactly the base vertices Vo. The 
superedges E are subsets of V containing exactly r supervertices. Therefore, an r-uniform 0-SuperHyperGraph 
H = (V, E) is identical to an r-uniform hypergraph on the vertex set Vo. 
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Theorem 5.19. Every r-uniform hypergraph can be represented as an r-uniform n-SuperHyperGraph for any 
n>=0. 


Proof. Given an r-uniform hypergraph H = (Vo, E), we can construct an r-uniform n-SuperHyperGraph H’ = 
(V, E’) by setting V = Vo C P” (Vo) and E’ = E. Since the supervertices V are the original vertices Vo, and the 
superedges E’ are the same as E, H’ is an r-uniform n-SuperHyperGraph equivalent to H. 


Theorem 5.20. The n-SuperHyperGraph Turan Problem generalizes the Hypergraph Turan Problem. 


Proof. When n = 0, the n-SuperHyperGraph Turan Problem reduces to the classical Hypergraph Turan Problem 
because the supervertices are the original vertices Vo, and the superedges are subsets of Vo of size r. There- 
fore, the n-SuperHyperGraph Turan Problem includes the Hypergraph Turan Problem as a special case, thus 
generalizing it. 


Theorem 5.21. For any r-uniform hypergraph F, the Hypergraph Turdn Number ex;(N, F) is less than or 
equal to the n-SuperHyperGraph Turdn Number ex!!(N, F’), where F’ is the corresponding r-uniform n- 
SuperHyperGraph constructed from F. 


Proof. Since every r-uniform hypergraph G can be viewed as an r-uniform n-SuperHyperGraph G’ by treating 
vertices as supervertices (as per the previous theorem), any F-free r-uniform hypergraph G corresponds to an 
F’ -free r-uniform n-SuperHyperGraph G’. However, the set of r-uniform n-SuperHyperGraphs includes more 
general structures due to the hierarchical nature of supervertices. Therefore, there may exist F’-free r-uniform 
n-SuperHyperGraphs with more edges than any F-free r-uniform hypergraph. Thus, 


ex,(N, F) < ex? (N, F’). 


Corollary 5.22. The Turdn Density of an r-uniform hypergraph F satisfies: 
mE) <a), 

where F’ is the corresponding r-uniform n-SuperHyperGraph constructed from F.. 

Proof. This follows directly from the previous theorem and the definitions of Turan Densities: 

ex;(N, F) oy ex]! (N, F’) _ 


(%) am (8) 


F)= ii "(F’). 
a sa 


Theorem 5.23. An n-SuperHyperGraph Turan Number can be strictly greater than the corresponding Hyper- 
graph Turan Number. 


Proof. Due to the additional complexity and hierarchical structure of supervertices in an n-SuperHyperGraph, 
there are more possibilities for constructing F'-free r-uniform n-SuperHyperGraphs with more edges than pos- 
sible in the standard hypergraph case. Therefore, for certain F and sufficiently large n, we have: 


ex, (N, F) < ex) (N, F’). 
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5.4 Binary decision n-superhypertree 


A Binary Decision Hypertree is a rooted acyclic graph representing Boolean function evaluations, branch- 
ing on variables with outputs at leaves . This concept is extended to the superhyper framework. The 
definitions and theorems are provided below. 


Definition 5.24 (hyperdiagram). (cf. |168]) 
A hyperdiagram on a finite set G = {x1,x,...,Xn} is an ordered pair H = (G, {E, }¥"_,) where: 


¢ Foreach 1 <k <m, Ex © Gand |E;| > 1. 


Definition 5.25 (n-Superhyperdiagram). Let Vo be a finite set of base elements. Define the n-th iterated power 
set of Vo recursively as: 


P'(Vo) =Vo, P1(Vo) = P (PK (Vo)) 


where f(A) denotes the power set of set A. 
An n-Superhyperdiagram is an ordered pair H = (V, {Ex }7_,) where: 


* VC P"(Vo) is the set of supervertices. 
¢ Foreach 1 < k < m, Ex C V is called a superedge (or hyperedge), with |E;| > 1. 
Theorem 5.26. An n-Superhyperdiagram generalizes the hyperdiagram. 


Proof. When n = 0, the n-th iterated power set is P°(Vo) = Vo. Therefore, the supervertices V C P(Vo) = Vo 
are simply elements of the base set Vo. 

Thus, when n = 0, an n-Superhyperdiagram H = (V, {E kh he ,) teduces to a hyperdiagram on Vo, since 
V = Vo and each Ex CV. 

Therefore, the concept of a hyperdiagram is a special case of an n-Superhyperdiagram when n = 0. 
Thus, n-Superhyperdiagrams generalize hyperdiagrams. 


Definition 5.27 (Binary Decision Hypertree). (cf. ) 
A Binary Decision Hypertree is a rooted tree constructed from a Boolean function f where: 


¢ Each node corresponds to a variable x; € Vo. 
¢ Each internal node has two outgoing edges representing x; = 1 and x; = 0. 
¢ Leaves are labeled with the output of f. 


Definition 5.28 (Binary Decision n-Superhypertree). Let Vo be a finite set of variables. Consider a Boolean 
function f defined on Vo. A Binary Decision n-Superhypertree (BDnSHT) is a rooted tree constructed as fol- 
lows: 


¢ Each node represents a supervertex v € P” (Vo). 
¢ Internal nodes are associated with testing a variable x; € Vo. 
¢ Each internal node has two outgoing edges: 


— A solid directed edge representing the assignment x; = 1. 


— A dashed directed edge representing the assignment x; = 0. 


¢ Leaves are labeled with the output value of the function f corresponding to the path from the root to the 
leaf. 


Theorem 5.29. A binary decision n-superhypertree generalizes the binary decision hypertree. 


Proof. When n = 0, the n-th iterated power set is P(Vo) = Vo, so the supervertices are simply the base variables 
Vo. 

In a binary decision hypertree, nodes correspond to variables x; € Vo, and the tree represents the evalu- 
ation of the Boolean function f by branching on the assignments of these variables. 

Therefore, when n = 0, the binary decision n-superhypertree reduces to the binary decision hypertree. 

Thus, the binary decision n-superhypertree generalizes the binary decision hypertree. 
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6 Future Directions of this Research 

This section highlights potential future directions for this research. A key objective is the practical im- 
plementation and experimental validation of the SuperHyperGraph Neural Network (SHGNN). Through com- 
putational experiments, we hope to discover related concepts that make the SHGNN more suitable for practical 
applications. 

Another promising avenue is the exploration of extensions to SuperHyperGraph Neural Networks in- 
corporating Fuzzy sets and Neutrosophic sets (126]|133][134|[332}{337} [353] [356}[359]. This 
includes developing and validating frameworks such as Fuzzy SuperHyperGraph Neural Networks and Neu- 
trosophic SuperHyperGraph Neural Networks. These frameworks aim to generalize Fuzzy Neural Networks 
and Neutrosophic Neural Networks by integrating the structural advantages of 
hypergraphs, laying the groundwork for advanced representations and computations. Additionally, future re- 
search could explore considerations involving Directed SuperHyperGraphs and their applications [126]. 

In addition to the concepts mentioned above, numerous frameworks for handling uncertainty, such as 


Soft Set (Soft Graph) [127| , hypersoft set(2|[119] , Rough Set (Rough Graph) 
28811293), Hyperfuzzy set] 126) , and Plithogenic Set (Plithogenic Graph) ' 


are well-known in the literature. Future research could explore how these concepts behave when applied to Graph 
Neural Networks, Hypergraph Neural Networks, and SuperHyperGraph Neural Networks. Such investigations 
could also shed light on whether these extensions result in more efficient and effective networks. This area holds 
significant potential for advancing understanding and innovation. 
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